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Fa
t 1 (J.M.E., CT'06)Frobenius monoid in Sup (w.r.t. non-trivial l.d. stru
ture) =quantale with (not ne
essarily 
y
li
) dualising element.Question 1 (D.K., CT'06)Does theory of Frobenius monoids apply to Girard quouples?

(a) Is there some l.d. 
ategory whose Frobenius monoids arequouples with a (not ne
essarily 
y
li
) dualising element?(b) Is 
y
li
ity equivalent to some axiom on Frobenius monoids?1



Observation 1quouple = [monoidal fun
tor (� ! �) �! Sup℄.Observation 2 (folklore?)[monoidal fun
tor (� ! �) �! Sup℄ = monoid in Sup(�!�),when latter equipped with \
onvolution tensor produ
t".
2



De�nition 1 (\Convolution tensor produ
t")

x0
��x1 �\ y0

��y1 :=
x0 �\ y0

vv ((p.o.x1 �\ y0
((

''

x0 �\ y1

vv

xx

p
��x1 �\ y1

Arrows x0

��x1 �\ y0

��y1 ! z0

��z1 
orrespond bije
tively to n.t.sxj �\ yk �! zj^k:Tensor unit is the unique sup-homomorphism 0! 2. 3



Observation 3(Sup(�!�);�\; 0! 2) is 
losed, and 2! 0 is dualising. Duality isx0
��x1 7! x1�

��x0� [i.e., (x�)j = (x:j)�℄|therefore, dual tensor produ
t is \
o-
onvolution": arrows

x0

��x1 ! y0

��y1 �[ z0

��z1 �=
y0 �[ z0

�� ��

��q
vv ((p.b.y1 �[ z0

((

y0 �[ z1
vvy1 �[ z1
orrespond bije
tively to n.t.s xj_k �! yj �[ zk. 4



Observation 4[linear fun
tors (� ! �) �! Sup℄= [linear fun
tors 1 �! Sup(�!�)℄= \
y
li
 nu
lear monoids" in Sup(�!�)Theorem 1Frobenius monoids in Sup(�!�), w.r.t. �\ and �[ de�ned above,are indeed quouples equipped with a dualising element.[Proof 
ontained in appendix of . . . ℄
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Observation 5Cy
li
ity of dualising elements, for both quantales and quouples,is equivalent to the 
ommutativity ofq �\ q �
//�

��

q "
//2q �\ q �

// q "
//2:|a 
ondition whi
h, in the 
ontext of Frobenius algebras, is
alled symmetry.[This 
ondition is dis
ussed further in se
tion 5 of my CT'06paper.℄ 6



Question 2How far 
an Observations 3 and 4 be generalised?Theorem 2Suppose J and K are (not ne
essarily symmetri
) �-autonomous
ategories, su
h that K has \(
o)limits of size J " (e.g. �nite(
o)limits, if J is �nite). Then KJ is also �-autonomous, w.r.t.the \natural operations":(X �\ Y )r = 
olimp�\q!rXp �\ Yq;(X �[ Y )r = limr!s�[tXs �[ Yt;(X�)r = (X�r)�; and(�X)r = �(Xr�): 7



Sket
h of Proof, Part 1It suÆ
es to 
onstru
t linear distributionsX �\ (Y �[ Z) �! (X �\ Y ) �[ Z(X �[ Y ) �\ Z �! X �[ (Y �\ Z)and linear adjointsE �! X� �[ X X �\ X� �! DE �! X �[ �X �X �\ X �! DBut to de�ne a map[X �\ (Y �[ Z)℄r // [(X �\ Y ) �[ Z℄r
olimp�\q!r "Xp �\  limq!s0�[t0 Ys0 �[ Zt0!# limr!s�[t " 
olimp0�\q0!sXp0 �\ Yq0! �[ Zt#8



Sket
h of Proof, Part 2it suÆ
es to de�ne natural mapsXp �\  limq!s0�[t0 Ys0 �[ Zt0! �!  
olimp0�\q0!sXp0 �\ Yq0! �[ Ztindexed by arrows p �\ q // r // s �[ t: Given su
h maps, we 
antranspose their 
omposite into a map q ; t �! p �Æ s. [Here, ;denotes the fun
tor for whi
h ( ); t is left adjoint to ( ) �[ t.℄Therefore, we 
an 
onsider the 
ompositesXp �\  limq!s0�[t0 Ys0 �[ Zt0!

��

 
olimp0�\q0!sXp0 �\ Yq0! �[ ZtXp �\ (Yq;t �[ Zt) // (Xp �\ Yq;t) �[ Zt // (Xp �\ Yp�Æs) �[ ZtOO

and these have the desired properties. 9



Sket
h of Proof, Part 3Similarly, E �! X� �[ X is essentially de�ned by the pro
esse �! s �[ t�s �! tX�s �! Xte �! (X�s)� �[ Xt:whi
h allows us to 
onstru
t a mape �! (X� �[ X)e = lime!s�[t(X�)s �[ Xtwhi
h, in turn, de�nes a n.t. E �! X� �[ X.
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S
holiumThe 
onstru
tion of linear distributions for KJ does not requirethe full �-autonomous stru
ture of either J or K. It suÆ
es that

(a) J and K are l.d.,(b) K has distributive limits and 
olimits of size J , and(
) J is bilinear|i.e., �\ is 
losed and �[ is 
o
losed.Theorem 3Under the same hypotheses,[linear fun
tors J �! K℄ = [linear fun
tors 1 �! KJ ℄= \
y
li
 nu
lear monoids" in KJ11
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