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Extended real number object in an elementary topos.
1990. L. Lambén. PhD. dissertation, University of Zaragoza
(Spain).

First steps on the bornological topos.
2000. L. Espafiol, L. Lambén. “On bornologies, locales and
toposes of M-sets”. J. Pure Appl. Algebra, 176, pp. 113-125.

An improvement of a part of the Lamban PhD.

...it follows, and ...to be continued ...

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index

Acknowledgements and references

MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

Notations for MSet, M = Set(N, N)

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis
Extended real number M-set, R,, C Q

We consider M-sets E with a right action denoted by composition:
xofeE, xeE, feM.

a: E — Lis equivariant if a(xo f) = a(x) o f.

M is an M-subset and morphisms M — E represent elements of E.
Morphisms 1 — E represent fixed elements of E: set ['(E). Each
set X is a trivial M-set A(X) (any element is fixed).

If S is an M-subset of E and x € E then
(xeS)y={feM;xof €S}

is an ideal (M-subset of M).
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MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis .
Extended real number M-set, R, C Q@

The set Q of all ideals / of M, with the action (x € I), is the
subobject classifier of MSet.

MSet is cartesian closed, (—) x E 4 (=) : MSet — MSet:
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MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis
Extended real number M-set, R, C Q@

The set Q of all ideals / of M, with the action (x € I), is the
subobject classifier of MSet.

MSet is cartesian closed, (—) x E 4 (=) : MSet — MSet:
0 0:P — LE 0(p)(f,x)=E&(pof,x)
° {:PxE—L, &p x)=10(p)(id,x)
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MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysws
Extended real number M-set, R, C QU

The set Q of all ideals / of M, with the action (x € I), is the
subobject classifier of MSet.

MSet is cartesian closed, (—) x E 4 (=) : MSet — MSet:
0 0:P — LE 0(p)(f,x)=E&(pof,x)
° §{: PxE—L &p,x)=0(p)(id,x)

o evaluation morphism: LE x E — L, ev(&,x) = £(id, x)

e membership relation: (x €y &) = {f € M;{(f,xof) = M}.

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index

Acknowledgements and references

MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis
Extended real number M-set, R,, C Q*

The set Q of all ideals | of M, with the action (x € I), is the
subobject classifier of MSet.

MSet is cartesian closed, (—) x E 4 (=) : MSet — MSet:

0 0:P— LE, 0(p)(F.x) = E(po f,x)

o {:PxE—L &(p,x)=10(p)(id, x)

o evaluation morphism: LE x E — L, ev(&,x) = £(id, x)

e membership relation: (x €p &) = {f € M;{(f,x o f) = M}.
C:E— QL ((x)={y;o(x,y)} adjoint of ¢ : E x L — Q.
Im: LE x QF — QL Im(a, H) = {y;3x,x € H A a(x) = y}.
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. . M-sets and covariant analysis
MSet with the monoid M = Set(N, N) =  ~ oQ
The bornological topos B = sh(M; J) < MSet Extended real number M-set, R,, C Q

M-sets and covariant analysis

Sequence spaces as M-sets:

An M-set E is separated if the unit E — I'(E)Y is mono.
E = ¥ (X), bounded sequences in a bornological space X
(we only consider sequential bornologies).

The full and faithful X : Born — MSet preserves exponentials.

Examples of non-separated M-sets:

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index q . = .
= N, N
Acknowledgements and references MSet with the monoid M = Set(N, N). Notations

. . M-sets and covariant analysis
MSet with the monoid M = Set(N, N) =  ~ oQ
The bornological topos B = sh(M; J) < MSet Extended real number M-set, R,, C Q

M-sets and covariant analysis

Sequence spaces as M-sets:

An M-set E is separated if the unit E — T'(E)N is mono.
E = ¥ (X), bounded sequences in a bornological space X
(we only consider sequential bornologies).

The full and faithful X : Born — MSet preserves exponentials.

Examples of non-separated M-sets:
e Q, with Cont 4 Ext : Q — P(N), Ext o Cont = id
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MSet with the monoid M = Set(N, N) =
The bornological topos B = sh(M; J) < MSet St ozl mumlbay Ak Ty € §

M-sets and covariant analysis

Sequence spaces as M-sets:

An M-set E is separated if the unit E — T'(E)N is mono.
E = ¥ (X), bounded sequences in a bornological space X
(we only consider sequential bornologies).

The full and faithful X : Born — MSet preserves exponentials.

Examples of non-separated M-sets:
e Q, with Cont 4 Ext : Q — P(N), Ext o Cont = id

° R; ={p:P(N) — R w monotone, () = 0}

@ Outer measures (add countably subadditive).

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index q . = .
= N, N
cknowledgements and references MSet with the monoid M = Set(N, N). Notations

A f M-sets and covariant analysis
MSet with the monoid M = Set(N, N) =
The bornological topos B = sh(M; J) < MSet St ozl mumlbay Ak Ty € §

M-sets and covariant analysis

Sequence spaces as M-sets:

An M-set E is separated if the unit E — T'(E)N is mono.
E = ¥ (X), bounded sequences in a bornological space X
(we only consider sequential bornologies).

The full and faithful X : Born — MSet preserves exponentials.

Examples of non-separated M-sets:
e Q, with Cont 4 Ext : Q — P(N), Ext o Cont = id

° R; ={p:P(N) — R w monotone, () = 0}

@ Outer measures (add countably subadditive).

Discrete measures does't give M-sets.
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Extended real number M-set, R,, C QU

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

Parts of Q in MSet:

Because Q is trivial in MSet, elements of QU are (equivalently):
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MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

Parts of Q in MSet:
Because Q is trivial in MSet, elements of QU are (equivalently):
e a:Q—-QCP(M), a(x) ={f € M;x € af)}

o a: M — P(Q)° monotone, a(f) = {x € Q;f € a(x)}
f <gifIm(f) C Im(g) is a preorder in M
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Extended real number M-set, R,, C QU

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C Q@

Parts of Q in MSet:
Because Q is trivial in MSet, elements of QU are (equivalently):
e a:Q—-QCP(M), a(x) ={f € M;x € af)}
o a: M — P(Q)° monotone, a(f) = {x € Q;f € a(x)}
f <gifIm(f) C Im(g) is a preorder in M

@ L ’P(N) — P(Q)OP monotone, /L(@) = Q.
n(A) = a(f), A= Im(f)
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Extended real number M-set, R,, C QU

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C Q@

Parts of Q in MSet:

Because Q is trivial in MSet, elements of QU are (equivalently):
e a:Q—-QCP(M), a(x) ={f € M;x € af)}
o a: M — P(Q)° monotone, a(f) = {x € Q;f € a(x)}
f <gifIm(f) C Im(g) is a preorder in M

@ L ’P(N) — P(Q)OP monotone, /L(@) = Q.
n(A) = a(f), A= Im(f)

Actions:
o (aof)(x)=(f €a(x)), (aof)(g)=0c(fog)
o (pnof)(A) = n(f(A))
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... Upper cuts of Q in MSet

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

RnCQR  4(a):Vx,Vy((x <y =y €a)— x € a)

Elements of R,y

Hence
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... Upper cuts of Q in MSet

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

RnC QL (o) :Vx,Vy((x <y =y €a) < x€a)
Elements of R,,:

©a:Q—Q Vfar={xeQfca(x)} upper cut
o a: M — P(Q)°: Vf, a(f) upper cut

Hence
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... Upper cuts of Q in MSet

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

RnC QL (o) :Vx,Vy((x <y =y €a) < x€a)
Elements of R,,:

©a:Q—Q Vfar={xeQfca(x)} upper cut
o a: M — P(Q)°: Vf, a(f) upper cut

Hence
e R, = {a: M — R;a monotone} (Reichman, 1983)
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... Upper cuts of Q in MSet

MSet with the monoid M = Set(N, N). Notations
M-sets and covariant analysis _
Extended real number M-set, R, C o

RnC QL (o) :Vx,Vy((x <y =y €a) < x€a)
Elements of R,,:

©a:Q—Q Vfar={xeQfca(x)} upper cut
o a: M — P(Q)°: Vf, a(f) upper cut

Hence
e R, = {a: M — R;a monotone} (Reichman, 1983)

o R, = {p: P(N) — R; u monotone, () = —co}
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The bornological topos B

The bornological Grothendieck topology
Rational number object Q,;,
Extended real number object Ry, in B

Dense and closed £ C XV
E =¥ (A), with A= Ext(E) C X and the final bornology.

sc E ifandonlyif 3si,...,s,€E, Im(s) C Ui<i<n Im(si)

E C XN is dense if E = XN, and closed if E = E.
@ E is dense if and only if has a finite covering, that is,

ds1,...,spn € E, N= U Im(s;)

1<i<n

@ E is closed if and only if is finitely determined, that is,

(3s1,...,sn € E,Im(s) C U Im(s;)) =se€E
1<i<n
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. Finite coverings and sheaves

The bornological Grothendieck topology
Rational number object Q,;,
Extended real number object Ry, in B

Case X =N, ideals | C M.

@ The dense ideals form a Grothendieck topology J C Q on M.
The bornological topos is B = sh(M; J) — MSet.

Each X(X) is a sheaf, ¥ : Born — B.

The sheafification on a set X is the M-set X, of all sequences
N — X with finite image.

The subobject classifier of B is the M-subset 2, C Q of all
closed ideals of M. Moreover 1+ 1 =2, = P(N).

Rational number sheaf: Q.

Real number sheaf: Ry, = ¢°° (real bounded sequences)

C(Q) =R =R, xR, 2R, ™
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Rational number object Q

MSet with the monoid M = Set(N, N) =
The bornological topos B = sh(M; J) < MSet Extended real number object Ry, in B

P(N) and Qb

The inclusion 1 + 1 < £, is a open morphism of locales
(=) 1 Ext 4 Cont : P(N) — Qp

Cont(A) = {f € M; Im(f) C A} (content)

Ext o (=), = id = Ext o Cont

Cont o Ext = ——

°
°
°
@ Frobenius identity: (AN Ext(/))x = As N/
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Rational number object Q@

(i widh it (venelts ) = St 1) Extended real number object Ry, in B
The bornological topos B = sh(M; J) < MSet J b =

P(N) and Qb

The inclusion 1 + 1 < £, is a open morphism of locales
(=) 1 Ext 4 Cont : P(N) — Qp
e Cont(A) = {f € M;Im(f) C A} (content)
@ Exto(—), = id = Ext o Cont
e Cont o Ext = ——
@ Frobenius identity: (AN Ext(/))x = As N/

Qp, is isomorphic to the local of open set of the space SN
Qp is the free regular compact local on the discrete local P(N).
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(i widh it (venelts ) = St 1) Extended real numbjer obj:ct Ry in B
The bornological topos B = sh(M; J) < MSet b

Rational number object Q,

Image finite sequences s € Qy
Display of s :N—Q, Im(s)={x1,...,xk}
N=%A;, A= S_l(X,'), s = Z,-x,-eA,.

l; = <S = X,'> = COI‘It(A,') ey

Is=%Xili={g € M;sog=cte} €]

(i = (&), Im(gi) = A V;li=M
Definition of « : Q. — E by its constant level ag : Q — I'(E)
Ala(s), Vi, a(s)o gi = aop(x;)
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The bornological topos B = sh(M; J) < MSet b

Parts of Q..

The bornological Grothendieck topology

Official: Q2% = B(M x Qs, Q)
M xQy — Qp, (3of)(g,s)=23(fog,s)

Free sheaf: 3 MxQ— Qp

Ll

Practical: Q%"‘ = Qg = Set(Q, Q2p)
a:Q— Qp, (aof)(x)=/(f €a(x))

From a to a:
o 3(f,x) = (a0 F)(x)

o a(f,s) = V,;(lin(f € a(x)))
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Set theory of Q,

The bornological Grothendieck topology
Rational number object Q,;,
Extended real number object Ry, in B

(5) = Qe x Qs = D, (s=1) =V, (inJ)
Free sheaf: Q x Q — {0, M} — Q,

I,', = ial—.*k
at:Qnﬁﬂga 3t(5)(X):<S:X>:{ 0, )):¢I)’<”(S)<I<

Free sheaf: aty : Q — P(Q), ato(x) = {x}

ev:Q%xQHHQb, a(s): hLina(s)=1Ihna(x), 1<i<k

Free sheaf: ev : Q%} x Q — Qp, ev(a,x)=a(x)
s€a & [[Ca(x), 1<i<k & at(s)Ca
s<s' & Vij(inll#0 = x <x))

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index

Acknowledgements and references

MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

Variations of Q(g

The bornological Grothendieck topology
Rational number object Q,;,
Extended real number object Ry, in B

Recall:
© a:Q—QCP(M), a(x) ={f € M;x € a(f)}
@ a: M — P(N)° monotone, «(f)={x€Q;f € a(x)}
@ u:P(N) — P(Q)°% monotone, u(A) = a(f), A= Im(f), p(0) =Q

Now are equivalent:

@ a factorizes throught
° (g1,-.--,81) €J = a(f)=),a(f cgi)

o A=UiAi = wA)=mA) (1<i<n)
Set theory: se < x; € pu(Ai), 1<i<k

Luis Espafiol luis.espanol@unirioja.es Extended real number object in the bornological topos



Index

Acknowledgements and references

MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

Extended real number object R, in B

The bornological Grothendieck topology
Rational number object Q,; _
Extended real number object Ry, in B

Ry, C Q%: dla): Vx,Vy((x<y—-y€a)—xeca)
Recall R, in MSet. Elements: o : M — P(Q)°:

Now Rp in B. Elements: o : M — P(Q)°P:
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The bornological Grothendieck topology
The bornological topos B = sh(M; J) < MSet

Rational number object Q@

Extended real number object Ry, in B

Extended real number object R, in B

Ebgﬂg: d(a): Vx,Vy((x<y—y€a)—xeca)

Recall R, in MSet. Elements: o : M — P(Q)°:

@ Vf, «(f) is an upper cut, and « monotone

Now Rp in B. Elements: o : M — P(Q)°P:

e Vf, a(f) is an upper cut, and « factorizes through €y
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MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

Extended real number object R, in B

The bornological Grothendieck topology
Rational number object Q,; _
Extended real number object Ry, in B

Ry, C Q%: dla): Vx,Vy((x<y—-y€a)—xeca)
Recall R, in MSet. Elements: o : M — P(Q)°:
@ Vf, «(f) is an upper cut, and « monotone

@ R,, = {u: P(N) — R; u monotone, u(f}) = —co}

Now Rp in B. Elements: o : M — P(Q)°P:
e Vf, a(f) is an upper cut, and « factorizes through

e Ry = {u: P(N) — R; u preserves finite VV}
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MSet with the monoid M = Set(N, N)

The bornological topos B = sh(M; J) < MSet

Extended real number object R, in B

The bornological Grothendieck topology
Rational number object Q,; _
Extended real number object Ry, in B

Ry, C Qg: dla): Vx,Vy((x<y—-y€a)—xeca)
Recall R, in MSet. Elements: o : M — P(Q)°:
@ Vf, «(f) is an upper cut, and « monotone

@ R,, = {u: P(N) — R; u monotone, u(f}) = —co}

Now Rp in B. Elements: o : M — P(Q)°P:
e Vf, a(f) is an upper cut, and « factorizes through

e Ry = {u: P(N) — R; u preserves finite VV}

Ry, is non-separated (I'(Rp) = R)
Ry is an internal local.
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The bornological topos B = sh(M; J) < MSet

The bornological Grothendieck topology
Rational number object Q,; _
Extended real number object Ry, in B

Relating Ry, and Ry,
® Ry — Ry, s(A) = suppeas(n)
=+
o [—[:Rp =Ry, [s[(A) = supncals(x)|
o R} = {u:P(N) = R'; u preserves finite V} (semiring)

@Z has the properties we need to study internal normed linear
. =+
spaces with norms valued on R,

To be continued ... CT2007?
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