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Overview

e Modelling homotopy n-types:

Homotopy Theory Higher categories
Cat™ 1l-groups Tamsamani
(path-connected case) weak n-groupoids

e Semistrictification hypothesis
Weak n-groupoids suitably equivalent to
“semistrict” ones. Simpson’s conjecture.

e L Ow dimensions
n =2 strict 2-groupoids model 2-types.

n=3 - Gray groupoids model 3-types
[Joyal -Tierney; Leroy]
- One object 3-groupoids with weak units

model 1-connected 3-types [Joyal - Kock]

e Main result. Every Tamsamani weak n-groupoid
representing a connected n-type is equivalent
to a “'semistrict” one via zig-zag of n-equivalences.

e Method. Comparison between cat“—l-groups
and Tamsamani’'s weak n-groupoids.




Cat”-groups as homotopy models.

e Definition: Cat9(Gp) = Gp
Cat™(Gp) = Cat (Cat™ 1(Gp))

e Classifying space B
n N A nop diag o W
Cat™(Gp) = [A"",Gp] — [A%, Gp] =

(A% Set]o L Top,

e Fact: G € Cat™(Gp)
Then BG is connected (n + 1)-type.

e Weak equivalence f in Cat"(Gp) if Bf weak
homotopy equivalence.

e | heorem

[MacLane-Whitehead n = 1]
[Loday; Bullejos-Cegarra-Duskin;
Porter; n > 1]

5. cat"(Gp) . (connected ) .5
' - n + 1-types) =" "

Y



Segal maps.

e Segal maps ¢ € [AOP,C] ¢ln] =

¢(52)
$1
\¢<s/ \ \ /
() #(t)
®0

Hence maps

n @ dn — @1 X¢O'7?'X¢O¢1

e Fact: ¢ nerve of Cat(C iff Segal maps
isomorphisms

e Fact: For suitable C,

C-Cat ~ {¢ € CatC | ¢p discrete}
= {¢ € [A°P,C] | ¢po discrete, Segal maps isos}



Segal maps: Examples

a) Inductive definition of Cat™-groups.
n=1 Cat(Gp)
Given Cat™~1(Gp)
¢ € Cat™(Gp) if ¢ € [A%, Cat™1(Gp)]
with Segal maps isomorphisms.

b) Inductive definition of strict n-categories.
n=1 Cat
Given (n — 1)-Cat
¢ € n-Cat if ¢ € [A°P, (n — 1)-Cat] with
(i) ¢ discrete
(ii) Segal maps isomorphisms.

e Note: In ex. b), NG(0,-), NG(my .". m;0,-)
1 < k<n-—2 are constant
(globularity condition).
Not the case in general in example a).



Tamsamani’s model

e Idea: weaken associativity of composition and unit laws
by requiring Segal maps to be "equivalences” rather
than isomorphisms.

e Inductive definition [Tamsamani; Toen]:

Wi = Cat, 1l-equivalence = equiv. of categories
Tén : Cat — Set iso class of objects

(1) : Set — W, discrete category

7 =id: W, — Cat

Inductive step:

e Given W, _1, (n — 1)-equivalences
5(n=1) - Set — W,_1 image “discrete”
+ axioms

e Define ¢ € W, C [A?, W, _1] s.t.
¢o discrete
Segal maps (n — 1)-equivalences.

e Note Tl(”> : W,, — Cat restriction of
7D (AP W, 1] — [AP, Set]
¢1 = H ¢(ac,y)

xay€¢0
e Define f:¢ — v in W, n-equivalence if
= Pay) — V(. fy) (n — 1)-equiv.

- Mg — My equiv. of Cat
L = )



Weak n-groupoids as homotopy models.

e Tamsamani's weak n-groupoids 7,, C Wy,
n=1 77 = Gpd
Given 7d(n_1)
Define ¢ € 7, C W, if
P(zy) € Tn—1 For all z,y € ¢o
Tl(n)gb & Tl

e Note: N :7;, — [A™™, Set]

e Theorem [Tamsamani]

Equivalence of categories

T _
B~ ~ Ho (n-types) : I,

~ T



Comparison problem: overview.

e Comparison method:

disc V
Catn(Gp) Dy, 7_(n+1
strict cubical weak globular semistrict
structure internal structure internal Tamsamani
to Gp to Gp (n 4+ 1)-groupoids

- ¢ € Hpy1 C Tpg1 C [AP,Ty] iff

o = {*}, Pn = ¢1 ><¢O'T'L'><¢O¢1
- D, C [A™, Gp] internal weak n-groupoids.
- V induced by nerve Gp — [A%, Set]
- disc and V preserve the homotopy type.

e Discretization functor: is composite

Sp

Dn
Cat™(Gp) Cat™(Gp)s Dy,

- Cat™(Gp)s C Cat"™(Gp) special cat™-groups.
The “faces” which in n-Cat (Gp) are discrete
are now ‘'strongly contractible™.

- Sp composite of functorial cofibrant
replacements.

- D, ‘'squeezes contractible faces to discrete
ones’ .



Special cat®-groups.

e Notation G € Cat™(Gp)
NG(x1 -+ k1 & Ty Tn) Multinerves
of Cat™ 1(Gp) denoted by g,f’“), i =0,1.

e Strongly contractible (s.c.) cat™-groups
n=1 d:g Gd:t dt=id
G? discrete, d w.e.
Given s.c. Cat™ 1(Gp)
Define G € Cat™(Gp) s.c. if
d: g G¢:t dt=id
G4 discrete, d w.e.
g(()k) g("” s.c. Cat” 1(Gp)
for all directions 1 <k < n.

e Special Cat™(Gp), inductive definition.

g € Cat™(Gp)s if Q(k) iss.c. and g("“) is special
for some direction k£, 1 < k < n.

e Example: G € Cat3(Gp)s, NG looks like:

Th

X
L

(
| I
I I
| I
I I
L

special Cat?(Gp) s.c. Cat?(Gp)



T he discretization functor.

e Internal weak n-groupoids Dy = Cat (Gp),
n>1GelD, C [A°P,D,_1] with Gy discrete,
Segal maps w.e.

e Discrete multinerve

G € Cat™(Gp)s d: Go Gd:t dt=id

9o
Ner g .- -g1><gog1 g1 o1 go

_—

g0

ddg
ds NG - G1%Xg,01 ——=G1 401 Gd

—_—

oot
hence dsN : Cat™(Gp)s — [A%, Cat™ 1(Gp)g]

e Functor Dy = dsN : Cat2(Gp)s — D>
n>2, Dy:Cat"(Gp)s — Dy
Dy = ﬁn—l ods N
preserves homotopy type

e Discretization disc : Cat™(Gp) — Dy,
disc = Dp o Sp




Semistrictification, general n.

e Semistrict Tamsamani’s n + 1-groupoids H,, 41
¢ € Hpyp1 CTpy1 CLAP T, ] 0
po={*}, 0 =1 x-" X1

e Functor V : Dn — Hyyq
induced by nerve Gp — [A°P, Set]
V' preserves homotopy type.

e Theorem [P.] Commutative diagram

Cat”(Gp)/N Vodisc Hn—l—l/Nn_I_l

o

connected
Ho (n 4+ 1—types>

Further, every object of %+1 representing a
connected (n + 1)-type is equivalent to an ob-
ject of H,41 through a zig-zag of (n+1)-
equivalences in 7, 1.



