Free Constructions
on

Double Categories

Dorette Pronk, Dalhousie University

with
Tom Fiore, University of Chicago

Simona Paoli, Macquarie University

CT2007, Portugal, June 19, 2007



Overview

e Definitions
- Double Categories
- Double Derivation Schemes

e Free Constructions
- Free double category on a DDS
- Horizontal Categorification

e Motivation: Model Structures on DbICat

e Some Pushouts of Double Categories



Double Categories

Definition A double category D is an internal category in Cat:

Dq 1 Do 1
e
D1 Do o
We will write

ObjD = DO,O Dqg, D+, ... HorD = Dl,O Do h D+
ho /
Do Do D}
VeI’]D — DO,]. ’U% Sq ]:D) = Dl,]. ’U% Q fvl
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Examples

1. The horizontal embedding I5(C) of a 2-category C, with
squares

for a: f = g in C.

2. The vertical embedding Iy, (C) of a 2-category C, with squares

T
fpoe
A——2B

for a: f = g in C.



3. The external product C X D of two 2-categories C and D:
objects (C,D)

vertical morphisms (f,D) : (C,D)--(C' D)

horizontal morphisms  (C,gq) : (C,D)—(C, D)

(¢, D)9 (¢, pr

N

)
(C/,D) T (C/,D/) g1—=—=4g9g2

Lemma The external product is a functor

X : 2-Cat x 2-Cat—DblCat.



Note: If C and D are categories, the squares of CX D are

(¢, D)9 (c, Dy
(D) [(f,D")
(C', D) (C', D).

(o)

$1,0 , $2.1 Sn
s 1 2y ...

IfD=[n] = (0 i n), every square has a canonical

horizontal factorization

(Casm,k)

(C,k) (C,m)
(£%)| (fm)) =
(C' k) (C',m)

(C/,s

m,k)

(C. k) (Cisk41,k) (C.k + 1§C7Sk—|—2,k—|—1)
(fk)| (fk+1)] (f,m)l
(C/7 k) (0/7 k + 1()0/

(C/,Sk_|_1,k) Sk42 k4-1) (el Sm,m—1



Double Graphs and Double Derivation Schemes

Definition 1. A double graph is an internal reflexive graph in
RGraph.

2. A double derivation scheme is a double graph whose vertical
and horizontal graphs are categories.

There are adjunctions:

P po

Vpe Ppps
DblCat DbiIDerSch DbIGr
Upps Vba

Upag



The free double category on a double derivation scheme

Let S be a double derivation scheme. The squares of the free

double category Wp(S) are equivalence classes of allowable
pasting diagrams of squares in S.

1. The squares of S are allowable.
2. A pasting diagram is allowable when it admits a vertical or
horizontal cut which creates two allowable pasting diagrams.

Not
allowable:

Allowable:




T he Horizontal Nerve

Definition The horizontal nerve of a double category is the
simplicial category:

(NpD)g = (ObjD, VerD)

o<~ —0

(NyD); = (HorD, Sa D)

o0
o<—o—0

(NyD),, = (paths of n horizontal arrows, rows of n squares)
[ L [ [

I ! I I
¢ | ¢ ¢

Composition in each category is vertical composition.



Example N,(AX B) = (A)« x dNBx, where

(A), = A for all n
and

dNBn = (NBn)disc-

10



Categorification

Recall: the ordinary nerve functor
N: Cat — [A°P, Set]
has a left adjoint
c: [A°P,Set] — Cat,
the fundamental category or categorification functor.
For a simplicial set Xk, c¢(Xx) is the free category on the reflexive

graph (Xg,X1), modulo the smallest congruence such that for
every T € Xo, with boundaries

V;X

we have that go f ~ h.
11



Horizontal Categorification

We define the functor ¢;,: [A°P, Cat] — DblCat in two steps.

Step 1:

[ACP, Cat] °h DblDerSch
X« — sp(Xy), defined by:

Vertical category: X0
Horizontal category: c¢(Obj (X))

Squares: Mor X1

12



Step 2: ¢,(X4) is a quotient of Wpa(cp(Xs)) by the smallest
congruence relation on the squares such that

5]

a. [ o ] ~ [B o a], where the composition is taken from Xjq;

b. For each 7 € Mor X» with simplicial boundaries

VAR

we have [a 8] ~ [7].

Proposition Horizontal categorification ¢ is left adjoint to the
horizontal nerve Ny,.
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Examples

1. For a simplicial set X, let dX« be the simplicial category with
discrete categories,

dXn = (Xn)disc-

2. Let A be a category and Yi a simplicial set. Then
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Motivation - Model Structures on Double Categories

One way to obtain these is to transfer model structures along
the adjunction:

Ch

DbiCat [ACP, Cat]

Specifically, we want to transfer the levelwise Thomason struc-
ture and the levelwise categorical structure on [A°P, Cat].

15



Main Technical Lemma

For the pushouts 51 and j»

(cSd2NF[m]) K [n] D X [n] D
i1, g1 X1y, J2
(eSd?A[m]) K [n] Py I X [n] P>

in DblICat, the morphisms

Np(71) and Np(j2)

are weak equivalences in the Thomason and categorical (resp.)
model structures on [A°P, Cat].
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Theorem Let A C B be a full subcategory satisfying the (FRQC),
D a double category, and P the pushout

A X [n] D
B X [n] P

in DblICat. Then the induced map on horizontal nerves

Np(B® [n]) [N, (AR[n]) N (D)

IS an isomorphism of simplicial objects in Cat.

N, (P)
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Pushouts of inclusions - in Set

Lemma If A C B and D are sets, then the pushout in Set
T T
B—P

is P = D]I(B\A).
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Pushouts of inclusions - in Cat

Lemma If A C B are sets and C and D are categories, then the
pushout in Cat

Agisc X C

D
1 X lc[ l
P

Byisc X C

P = DH((B\A)disc x C).
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Lemma Let A C B be a full subcategory. Then the pushout

D

T

B—P
in Cat can be desribed as:

ObjP =0ObjD H(Obj B\Obj A)
and the morphisms of P have two forms:

1. Arrows BOLBl with f € B\A.
2. Paths

Xl fl D]_ d D2 f2 X2
where d € D, and f1, fo € B\ A or identities.

If f1 is nontrivial, then D € A.
If f> is nontrivial, then D, € A.

20



Definition A subcategory A C B satisfies the Factorization
Refinement Condition (FRCQC) if for any two paths of morphisms

b b b’ / b!
Bl—1>A1 4. A5 2 B> and Bl—>A/ L A’Q 2 B>

with a,a’ € A and bpaby = b5a’t], there are
al,ag,all,alz € A and 61,52 cB

such that
b1 b

a1 2 ao
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Propositon Let A C B be a full subcategory satisfying the
(FRC), and D a double category. Then the pushout

AKX [n]+-D
@1[4
BX [n] —DP
in DblCat has the following explicit description.

e Objects:
e Horizontal Arrows:
e Vertical Arrows:

e Squares:
22



First create the pushout
AX[n]-£-D
i&l[n]l
BX [n] —S

in DbIDerSch and use the previous lemmas to obtain:
e ObjP = ObjS: (B,k) and D;
e HorP = HorS: (B, sy, ) with B € B\A or d € HorD

e VerP = VerS: 1. Arrows (Bg, k) (0.5 (B1,k).

2. Paths X; /1-D; @-D, 72. X, where d € VerD,
and each of f1, fo € B\A x {k} or identities.
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The squares of S are:

SaS = SaD][(Sa (B [r])\Sa (AKX [n])).

The squares of P are equivalence classes of allowable pasting di-
agrams of squares in S. The equivalence relation is generated
by:

- any rectangular subdiagram containing only squares from one
double category may be replaced by its composition in that dou-
ble category;

- any square may be factored in the double category it came
from;

- any A X [n]-square is considered as a D-square.
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Step 1: Layer the B X [n]-squares

We can factor all B X [n]-squares into vertical layers, and then
compose these vertically where possible.

Note any BX [n]-square which has D-squares above and below it
is an AX[n]-square and such squares will be viewed as D-squares.

So there are no floating B X [n]-squares.

He
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The pasting diagram has a shape as in

t |
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Step 2: Horizontally compose B X [n]-squares

Horizontally compose the B X [n]-squares where possible, to ob-
tain a pasting diagram as in

i |
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Note: The D-regions are separated by configurations of the
following three forms:

Step 3: Separation Removal
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Separation Removal I: Clusters

i [ ]

Note: any vertical arrow shared by two neighbouring columns in
a cluster is of the form (a, k).
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Assume that the left-most column of the cluster is part of the
bottom layer. Then it is of the form

(a,k) (a,m)
(a" ;m)
(b,k)
(b',m)
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Use (FRC) to refactor this:

(a’;m)
(a,k) AX[n]

/ (a'27k)
<b,k>’\ (apm)

(a”,m)

(b, m)
(Gl (Bm) /

T his will disconnect the neigbouring columns or turn them into
touching columns.
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The resulting pasting diagram is of the form

i — |
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Separation Removal II: Full Height Columns

On the side of the diagram:

B —

BX|[n]

BX|[n]

BX[n]

BX|[n]

BX|[n]

AX[n]

BX|[n]

BX|[n]

33



In the middle of the diagram:

BX|[n]

BX|[n]

b1
b3

BX|[n]

b5

BX[n]

a D

BX|[n]

BX|[n]

BX([n]
by b

BX|[n]

AX[n]

D a

AX[n]

ai al

AX([n]

an a2

AX[n]

a D

AX[n]

BX|[n]

BX([n]
by by

BX|[n]
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T he resulting pasting diagram is of the form:

IR

D D D

A

Note the boundaries of the D-region:

S L

DY D D Dt D

i




Straighten the boundaries I:

Staircase removal

f

36



The resulting pasting diagram will be of the following form:

|
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Straighten the boundaries II:
Minima removal

- Boundary minima:

338



- Other local minima:

(2)

BX|[n]

AX[n]

BX[n]

BX|[n]

BX[n]

A X[ ]

(b)

AX[n]

AX([n]

(©)
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Conclusion: Squares of P have two forms:

1. A square

(8,107 B, m)

(f,k)l j(f,m>
(B K) (B m)

B’ s,
in Sa (B X [n])\Sa (A X [n]).

2. A vertical path of squares

B1 60 € SgD
5 B1,B2 € Sa (BX [n])\Sa (AKX [n])
B> or vertical identity squares
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