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What is “Categorical Topology”?

m Today’s answer: Topology driven by Category Theory, not
Category Theory driven by Topology
m Inspiration:

m Eilenberg and Moore 1965
m Manes 1969, Barr 1970
m Lawvere 1973
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|
VY = (V,®, k) commutative unital quantale, k > L

u®\/v¢:\/u®vi

V-Cat: X = (X,a) k<a(x,x)

®
f: X —Y=(,b) a(z,y) <b(f(z

[N)
I
—

2,A,T) 2-Cat = Ord
]P’+ = ([0, 00]°P, +,0) P,-Cat = Met
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|
V-Rel: r:X—+—Y s: Y+ 7

(s-7)(®@,2) = Vyey 7(2, ) ® s(y, 2)
Set — V-Rel: f: X — Y

k if =
f(:c,y):{J_ elsgx) !

|
V-Cat: (X, a) Ix <a k<a(z,x)

F:X—Y f-a<b-f
a< fo-b-f a(z,a’) <b(f(z), f(a)))
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Some properties

V-Rel is sup-enriched (a quantaloid),
symmetric monoidal
V-Cat is symmetric monoidal closed, involutive

X®Y a®b((zy) (1)) =alz,2') @by,y)

E 1g
X-—oY a—ob(f,g) = Ab(f(x),9(z))
X g°

YV —o (z<u——o0v <= zQu <)
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p: XY
p-a<yp, b-p<op
a(z,2') @ p(a',y') @by, y) < p(x,y)

V-Mod is a quantaloid

(f: X —Y)— (fu: X—-Y) fi=b-f
(F*: Y-+ X) fr=f-b
Se A"
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The 2-category V-Cat

|
V-Cat is Ord-enriched:

< Vz € X :k<b(f(z),9(z))

(=)« : (V-Cat)*® — V-Mod, (—)*: (V-Cat)®® — V-Mod

fAg = g 1f = g1fi = fi=g"
— Vz,y:a(z,9(y) = b(f(x),y)

p: XYV <= ¢: XPRY —V
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V-Cat is topological

V-Cat — Set is a fibration and opfibration with complete fibres

(X,a) —=(Y;b) a=f°-b-f
| a(z, ') =b(f(z), f(2))
x-1oy

f fully faithful: 1% = f*- fu(=f°-b-b- f)
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Where is the topology?

f L-dense: 13, =fi-f* (=b-f-f°-0)
b(y,y") = Vyex b(y, f(2)) @ b(f(2),¥/)
M =|J{N C X | M < N L-dense}:
m an idempotent closure operator
m even finitely additive if (k <uVv —= k<uork< v)

m (L-dense, L-closed embedding)-factorizations
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X is L-separated

<= 0x : X — X x X L-closed

= Vf9:Z—X (f2g = [f=9)

— Vw,y:E—>X(x2y == xzy)

— Vz,y € X(k < a(z,y) Na(y,z) = z=y)
f

S VDLW X (f-j=g- = f=9)

L-dense
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X L-complete

= V@:Z—%X(@map = EIf:cp:f*)
<= X L-injective X

fff, L-dense
— VYp: F-o> X (cpmap =5 Elw:g0:x*)
Choice!

Walter Tholen (York University) Topology for (T, V)—cats CT2007



Preservation properties

V is L-separated and L-complete

Y L-separated = X —oY L-separated
Y L-complete — X —oY L-complete

X ®Y L-separated if k=T
X ®Y L-complete if k = T and (k: <Vu = k<Vuy ®ui)
(for X, Y L-separated/L-complete)
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a=1%: X—- X

a: XPX —Y

y:X—>(X°p—OV):X

I
= a(0.%) = Avex 0la) —0t(a)
® Yoneda Lemma: y is fully faithful
m X is L-complete and L-separated
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Reflectivity

X — y(X) is the (V-Catgep)-reflection
X — y(X) =: X is the (V-Catcp)-pseudo-reflection

Equivalent:
(i) peX (¥:XP—V)
(7i) 1 right adjoint (¢ : X —— E)
(i11) k < Vyex (Asex a(@,y) —op(z)) @ P(y)

V cogenerates V-Catgep and V-Catep).
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Topological spaces

c:fX — X ey —= 1r—y
(X,c) B —

X—phyp—2z = > X—=z
f:X—=Y t—y = f@) — W)

Barr

mc:fX—+— X VX
mly <c-ex c
X

BX

[ ] C-Bcgc-mx

Be = Bq- (Bp)°
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The (T,V)-setting

V= (V,®,k) as before
T= (T e m) Set-monad with laz extension (G. Seal)
T : V-Rel — V-Rel
TX =TX
1rx TlX,Ts-TTST(s-r),Tgr’:>T7“§Tr’
Tf < Tf (Tf)° <T(f°)
r<

I
A

TT-eX,my-TTTSTT-mX

)
)
)
) e
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(X,¢) c:TX—+— X 1x<c-ex 1§§c
c-Te<e-mx cxc<c
[+ X—Y=%,d) f-c<dTf 1%<f"xfs

1?? — ¢S - Ty (discrete structure on X)
r:TX—=Y,s:TY —— Z: sxr=s-Tr-m$ (Kleisli)

(T, V)-Cat is topological over Set
But: monoidal, monoidal closed, involutive, Yoneda 777

CT2007
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p:(X,0)= (V,d): ¢:TX—+Y
s0*0<s0,d*<ﬁ<90 ¢-Tc-mg < p,d-Tp-mS < o

fi=d-Tf: X—-Y, ff=f-d: Y- X, f.df"

(T,V)-Cat ~% (T,V)-Mod (T, V)-Cat)”® =~ (T, 1)-Mod
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What (T, V)-Mod actually is

|
M = (T,V)-Mod, K = (T,V)-Cat

M: K —  [K°P,Ord]
Y—  (X+— M(X,Y))

(f — M(£,Y) : (o — @ * £2))
g— M(X,g): (pr— g* *p)

“equipment with scalar category K” (Carboni, Kelly, Wood)
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T as a V-Cat monad with V-Mod extension

‘Walter Tholen

ycat—Toycar (Ko@) — TXTa)

J > J 17X =Tly <Tlx
et T et

V-Mod —— V-Mod V-Mod

L V-Mod
(—»T - T(—)* <—>*T - T(—)*
V-Cat ——= V-Cat (V-Cat)”® L5 (V-Cat) ™
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Strict vs. lax Eilenberg-Moore

|
(v-Cat)" —5= (T, V)-Cat
((X7 a)’g) = (X,CL . 5)

Properties?

(T, V)-ModCat: (X,a,c) (X,a)e€ V-Cat
(X,c) € (T,V)-Cat
c:T(X,a)—> (X,a) in V-Mod

(T, V)-ModCat is topological over V-Cat: (X,a,c) — (X, a)

(V-Cat)" —% (T, V)-ModCat
((X7 a),ﬁ) L (X, a,f*)
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The whole picture

v LW
T, (V-Cat)" L (T, V)-CatCat
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Dualizing a (T, V)-category

M

V-Cat —— (T, V)-Cat V-Cat
(—)op (—)e (—)e

V-Cat — (T,V)-Cat — V-Cat
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