Categorical logics extending Birkhoff's equational logic
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In a category of algebras the satisfaction of an equation, or an implication, is
nothing else than injectivity with respect to a convenient regular epimorphism (as
observed in [5]). Departing from this fact (and from ideas of Rosu [7]) we formulated
injectivity and orthogonality logics with respect to morphisms of a category in two
versions: a finitary one and a general one ([4, 1, 2, 3]).

In reasonable categories the finitary orthogonality and injectivity logics are sound
and complete, and they encompass the equational logic of Birkhoff and the implica-
tional logic of Quackenbush [6].

Concerning the general injectivity and orthogonality logics, which are always
sound, we obtained several completeness theorems.

I am going to present these logics and their relationship with the Orthogonal
Subcategory Problem and the Small Object Argument.

If time permits I will talk about ongoing work on a different approach of the

categorical finitary logic.

REFERENCES

[1] J. Addmek, M. Hébert and L. Sousa, A Logic of Injectivity, Journal of Homotopy
and Related Structures, 2 (2007), 13-47.

[2] J. Addmek, M. Hébert and L. Sousa, A Logic of Orthogonality, Arch. Math.
(Brno) 42 (2006), 309-334.

[3] J. Addmek, M. Hébert and L. Sousa, The Orthogonal Subcategory Problem and
the Small Object Argument, to appear in Appl. Categor. Struct.

[4] J. Addmek, M. Sobral and L. Sousa, A logic of implications in algebra and

coalgebra, to appear in Algebra Universalis.

[5] B. Banaschewski and H. Herrlich, Subcategories defined by implications, Houston
Journal of Mathematics 2, 149-171 (1976).

[6] R. Quackenbush, Completeness theorems for universal algebra and implicational
logics of algebras via congruences, Proc. Amer. Math. Society 103 (1988) 1015-
1021.

[7] G. Rosu, Complete Categorical Equational Deduction, Lecture Notes in Comput.
Sei. 2142 (2001), 528-538.



