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Sublocales

Let L be a frame and let &L be the frame of the sublocales of L
Closed sublocales ¢ (a)

complemented
Open sublocales 0 (a)

Subframes of GL

cL:={c(a):aelL}
L = L
a — ¢.(a)

oL:=<{o,(a):ael} >

Sublocale biframe (&L, ¢cL,o0L)
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L (p,q)A(r,s)=(pVr,qAs)
2.p<r<qg<s=(p,q)V(r,s)=(p,s)
3. (pg)=V{(r,s) I p<r<s<aq}

4. V{(p;9) | p,qgeQ} =1)

(—a) =\ (p.q) (p,—) ==\ (p.q)

peQ qeQ

LR):=((=nlreQ Lu(R) :=((r,—) [reQ)
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L frame

F(L) = Frm(£(R),SL) Real functions

feF(L)is

e lower semicontinuous if f(£,(R)) C cL LSC(L)

e upper semicontinuous if f(£/(R)) C cL USC(L)

e continuous if F(£(R)) C cL C(L)
C(L) = LSC(L) nUSC(L)

f.g € F(L)

f<g & f(r,—) <g(r,—) forallre@
< g(—r)<f(—r) forallreqQ.
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Real functions: a general localic setting
[Gutiérrez Garcia, Kubiak, Picado-J. Pure Appl. Alg, to appear]

L frame

S complemented sublocale of L

The characteristic map xs : £(R) — &L is defined by

1 ifr<o, 0 ifr<o,
xs(r,—)=<¢S5* if0<r<1, and xs(—r)=1S f0<r<i,
0 ifr>1, 1 ifr>1,

for each r € Q
1. xs € LSC(L) if and only if S is open,
2. xs € USC(L) if and only if S is closed,
3. xs € C(L) if and only if S is clopen.
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Semicontinuity in biframes

(Lo, L1, L2) biframe

(cLo)i={c1,(a) | a € L} i=1,2
f: £(R) — SLg arbitrary real function on Lg is

o Li-Iscif f(£4(R)) C (cLo);

o Li-uscif F(£/(R)) C (cLo);

f is Li-usc and Lp-Isc if and only if f € C(Lp) and

ol o f 1 (E(R), &i(R), £u(R)) — (Lo, L1, L2)

is a biframe homomorphism
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(Lo, L1, L2) biframe

(Lo, L1, L2) is normal if

avb=1laclj,belj=ducljvel;:uANv=0,avVu=1=bVv

&SaVvVb=lacl,belj=duclj:aVvu=1=bVu®

(Lo, L1, Lp) is extremally disconnected if

aAb=0,aclj,belj=3ducljvel;:uvv=1aAu=0=bAv

eVacl,aVa=1aVbe Ly b* Vb =1
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(Lo, [_1, L2) biframe

Characterization of normality

(Lo, L1, L2) is normal iff for any {ax}keny C L1 and {bx}ren C Lo

s.t.
Nken 3k € L1
/\keN by € L
a V (Agen be)
bi V (Aen ac)

1 =duel,:VkeN, agVu=1= bV u®
=1

{ak | k € N} enumeration of Q

Construction of the insertion function

(Lo, L1, Lp) is normal H oy tken C Lo :
g is Li-usc N q> o= g(—,q)Veo(uy)=1
fis Lo-lsc p < oak=f(p,—)Veo(us,)=1

g<f ak1<ak2:>uak1vU;k2:1



Katétov-Tong-type insertion theorem for biframes
TFAE for a biframe (Lo, L1, L2):

(i) (Lo, L1, L2) is normal

Vi - E(R) — GLO L2—|SC
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&(R) — GlLo Li-usc }ggf;‘gghg f
for some Li-usc and Ly-Isc h: £(R) — &Lg



Katétov-Tong-type insertion theorem for biframes
TFAE for a biframe (Lo, L1, L2):

(i) (Lo, Ll, L2) is

. VF:L(R)— &Ly Ly-Isc
(1) vg . g(R) - 6Lo Lr-usc } weshs
for some and h: &(R) — &Ly

Stone-type insertion theorem for biframes
TFAE for a biframe (Lo, L1, Lp):

(i) (/_0, L1, L2) is

Y
IA
S
IA

iy V7 ER) = Lo Lolsc
Vg : £(R) — &Ly L;-usc
for some and h: £(R) — Sl
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(Lo, L1, Lp) biframe

aely, bely:avb=1 = Xery(a) < Xoy(b)
L1-usc L>-lsc

[Schauert-Ph.D.Thesis, 1992]

Urysohn-type lemma

A biframe (Lo, L1, L2) is normal iff, whenever aVb=1,a€ L1, b €
Ly, there exists h : (£(R), £/(R), £4,(R)) — (Lo, L1, L2) such that
h(—,1) < aand h(0,—) < b
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Consequences: biframes

(Lo, L1, Lp) biframe

acly, bely:anb=0 - Xeig(a) = Xog(b)
Li-usc  Ls-Isc



(Lo, L1, Lo) biframe

acely, bely,:aNb=0 - XcLO(a) > XoLo(b)
L1-usc L>-Isc

Urysohn-type lemma for extremally disconnected biframes

A biframe (Lo, L1, L2) is extremally disconnected iff whenever a A
b=0,a€ L, b € Ly, there exists h : (£(R), £/(R), £,(R)) —
(Lo, L1, L) such that aA h(0,—) =0and bV h(—,1) = 1.
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Lo=Li=Lo=1

[Gutiérrez Garcia,Picado-J. Pure Appl. Alg., 2007]

Katétov-Tong-type insertion theorem
TFAE for a frame L:

(i)L is normal
Vf: £(R) — &L Isc

(i) Vg : £(R) — &L usc
for some continuous h: £(R) — 6L

}géfégéhﬁf



[Y.M. Li-Z.H. Li-Alg. Univ., 2000]
[Gutiérrez Garcia,Kubiak,Picado-Alg. Univ., to appear]

Katétov-Tong-type insertion theorem
TFAE for a frame L:

(i)L is extremally disconnected

(i) Vf: &(R) — &L Isc
Vg : £(R) — 6L usc
for some continuous h: £(R) — 6L

}fég:féhsg
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(X, %1, %) bitopological space

Lo=F1VE, Li=%, L =%

[H. Priestley-J. London Math. Soc., 1971]

Katétov-Tong-type insertion theorem
TFAE for a bitopological space (X, %1,%>):

(i) (X,%1,%2) is normal

(il Vf: X —R Tr-lsc
Vg : X — R %j-usc
for some T1-usc and To-lsc h: X — R

}géfégéhgf



(X, %1, %) bitopological space

Lo=%1VE, L=5, =5

Katétov-Tong-type insertion theorem
TFAE for a bitopological space (X, %1, %>2):

|
I
1

(i) (X,%1,%2) is extremally disconnected

(ii) Vf: X —- R Tr-Isc
Vg : X — R %j-usc
for some T -usc and To-lsc h: X — R

}fgg#féhég
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(X, %, <) ordered topological space is

e normal if Fiel§, el FANF=10

I3
3G, €] T, 6 €1 %, F, CGpyr=1,2

e N;-space if FReF RHLeld FinF=10

N2
361 €l %, 6 €1 %, F CGyr=1,2

o Ny-spaceif Fel§ FHLeF FinF=10

N8
361 €l %, 6 €1 T, F CGr=1,2
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(X, %, <) ordered topological space
Lo=1%V %, L=1% L=|%

[H. Priestley-J. London Math. Soc., 1971]

Katétov-Tong-type insertion theorem
TFAE for an order topological space (X, %, <):

(i) (X,%, <) is normal

Vf : X — R Isc,monotone
Vg : X — R usc,monotone
for some continuous monotone h: X — R

(ii) }g§f=>g§h§f



(X, %, <) ordered topological space

Lo=3v]|T=F, L=, Lhb=|%

[H. Priestley-J. London Math. Soc., 1971]

Katétov-Tong-type insertion theorem
TFAE for an order topological space (X, %, <):

(i) (X, %, <) is IV,
Vf: X — R lsc

i
) Vg : X — R usc,monotone
for some continuous monotone h: X — R

(

}gsfégﬁhéf



(X, %, <) ordered topological space
Lo=13VvE=T, 11 =1%, L, =%

[H. Priestley-J. London Math. Soc., 1971]

Katétov-Tong-type insertion theorem
TFAE for an order topological space (X, %, <):

(i) (X, T, <) is I

(il Vf : X — R Isc, monotone
Vg : X — R usc
for some continuous monotone h: X — R

}gﬁfégshgf
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