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| nt r oducti on

-

Let H be a Hopf algebra over a commutative base ring R, and A a right H-comodule algebra
with comodule structure pa : A — A® H, pa(a) = ao) ® a(1)-

The extension B C A, where B = A°°H = {a € A; ps(a) = a ® 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

Bi:ARp A — AR H

defined by
Bala ®b) = abiy ® b(1)

is a bijection.
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Let H be a Hopf algebra over a commutative base ring R, and A a right H-comodule algebra
with comodule structure pa : A — A® H, pa(a) = ao) ® a(1)-

The extension B C A, where B = A°°H = {a € A; ps(a) = a ® 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

Ba: AR A— AQH
defined by
Ba(a®b) = abg) ® b)

is a bijection.
A relevant question is the following:

When does surjectivity of 54 already imply bijectivity?
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Let H be a Hopf algebra over a commutative base ring R, and A a right H-comodule algebra
with comodule structure pa : A — A® H, pa(a) = ao) ® a(1)-

The extension B C A, where B = A°°H = {a € A; ps(a) = a ® 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

Ba: AR A— AQH
defined by
Ba(a®b) = abg) ® b)

is a bijection.
A relevant question is the following:

When does surjectivity of 54 already imply bijectivity?

The Kreimer-Takeuchi Theorem (Indiana Univ. Math. J. (1981)) says that if 34 is surjective and
H is finite, then 34 is bijective and A is a projective B-module.
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Using the notion of entwining structure Schauenburg and Schneider (J. of Pure and Appl. Alge-
bra. (2005)) proved the following theorem in R-Mod:
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Using the notion of entwining structure Schauenburg and Schneider (J. of Pure and Appl. Alge-
bra. (2005)) proved the following theorem in R-Mod:

Theorem. Let (A, C,+) be an entwining structure. Assume that (A, 4, p4) belongs to
MG () and put
B=A“"={a€c A; pa(a) =apa(1)}

Consider the following statements:

() The morphism 3/, : A® A — A ® C is surjective and splits as a C-comodule map.

(i)
(ii-1) The morphism 34 : A®p A — A ® C'is an isomorphism.
(ii-2) A is relative projective as right B-module.

Then (i) implies (i). If ¢ is bijective and the map s4 : A® B — (A ® A)c°C (for example if A
is R-flat) is an isomorphism, then (i) implies (ii).
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For weak Galois extensions (for example, Galois extension associated to weak Hopf alge-
bras), Brzezifski, Turner and Wrightson (Comm. in Algebra (2006)) using invertible weak en-
twining structures (A, C,v¥Rr, v ), obtained a generalization of the Kreimer-Takeuchi Theo-
rem in the category of R-Mod assuming the conditions

O AR ACC x (AR A)C,

® (is R-flat and projective as C-module.
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For weak Galois extensions (for example, Galois extension associated to weak Hopf alge-
bras), Brzezifski, Turner and Wrightson (Comm. in Algebra (2006)) using invertible weak en-
twining structures (A, C,v¥Rr, v ), obtained a generalization of the Kreimer-Takeuchi Theo-
rem in the category of R-Mod assuming the conditions

O AR ACC x (AR A)C,

® (is R-flat and projective as C-module.

The previous arguments can be formulated almost without modification in terms of entwin-
ing structures over non-commutative algebras with bijective entwining map, i.e. entwining
structures over A — A-Bimod where A is an algebra in R-Mod, to prove a generalization
of Kreimer-Takeuchi Theorem for Hopf algebroids Bohm (Ann. Univ. Ferrara-Sez. VII-Sc. Mat.
(2005)).
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Preli mnaries

Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.
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Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if Vy :' Y — Y is a
morphism such that Vy = Vy o Vy, we have a commutative diagram
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Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if Vy :' Y — Y is a
morphism such that Vy = Vy o Vy, we have a commutative diagram

\V
Y LS - Y
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Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if Vy :' Y — Y is a
morphism such that Vy = Vy o Vy, we have a commutative diagram

\V
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Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if Vy :' Y — Y is a
morphism such that Vy = Vy o Vy, we have a commutative diagram

\V
Y LS - Y

Z

Vy =1ty opy, Dpy oty =1idg.
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Let C = (C, ®, K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if Vy :' Y — Y is a
morphism such that Vy = Vy o Vy, we have a commutative diagram

\V
Y LS - Y

Z

Vy =iy opy, py oty =1idg.
We assume that the algebras are associative with unit and the coalgebras are coassociative
with counit. If A is an algebra and C a coalgebra:

na K — A, pa: AQA—A, ec:C—-K, 6c:C—-CC

denotes the unit, the product, the counit and the coproduct respectively.
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If Ais an algebra, Bis acoalgebraanda: B — A, 3: B — A are morphismsinC,

aNB=pso(a®pB)odp.

is the convolution product of o and (.
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If Ais an algebra, Bis acoalgebraanda: B — A, 3: B — A are morphismsinC,

aNB=pso(a®pB)odp.

is the convolution product of o and (.
For M, N, P objectsinC and f : M — N a morphism in C, we write

P® fbyidp® f and [f® Pbyf®idp,
where ¢dp denotes the identity morphism of P.
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Let A be an algebrain C.

We will say that (M, pr) is a left A-module if M is anobjectinCand oy : AQM — M
is a morphism in C such that:
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Let A be an algebrain C.

We will say that (M, pr) is a left A-module if M is anobjectinCand oy : AQM — M
is a morphism in C such that:

or 0 (Na®M) =idy, oMo (AR pn) = @nmo(ua ®M).
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Let A be an algebrain C.

We will say that (M, pr) is a left A-module if M is anobjectinCand oy : AQM — M
is a morphism in C such that:

or 0 (Na®M) =idy, oMo (AR pn) = @nmo(ua ®M).

If (M, ppr)and (N, pn) are left A-modules, f : M — N is a morphism of left A-modules if
oN ©° (A® f) = foppn. We denote the category by 4 M (M 4).
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Let A be an algebrain C.

We will say that (M, pr) is a left A-module if M is anobjectinCand oy : AQM — M
is a morphism in C such that:
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Let C' be a coalgebrain C.
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Let A be an algebrain C.

We will say that (M, pr) is a left A-module if M is anobjectinCand oy : AQM — M
is a morphism in C such that:

or 0 (Na®M) =idy, oMo (AR pn) = @nmo(ua ®M).

If (M, ppr)and (N, pn) are left A-modules, f : M — N is a morphism of left A-modules if
oN ©° (A® f) = foppn. We denote the category by 4 M (M 4).

Let C' be a coalgebrain C.

We will say that (M, o) is aleft C-comoduleif M isanobjectinCand o : M — CQM
Is a morphism in C such that:

(g ®@M)oon =idpy, (C®om)oom = (6c®M)oon.

If (M, opr) and (N, o) are morphism of left C-comodules, f : M — N is a morphism of left
C-comodules if o o f = (C ® f) o oar. We denote the category by € M (MC).
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Weak entw ning structures

-

Definition. A right-right weak entwining structure over C is a triple (A, C, ), where A is
an algebra, C'is a coalgebra, and

YVpr: CRA—ARC

Is @ morphism such that
(1) Yro(C®pa)= (na®C)o(ARYR)o (Yr® A),
2) (A®dc)oyr =Wr®C)o(CRYR)o (dc ® A),
(3) Yvro(C®na)=(err®C)odc,
(4) (A®ec)ovr =pao(err®A),

where egpr : C — A is the morphism

err = (A®ec)oYro(C®na).

|
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(1) If C = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).
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Weak entw ning structures
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(1) IfC = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).

(2) Iferr = ec®n4 We obtain the definition of entwining structure introduced by Brzezinski
and Majid (Com. in Math. Phys. (1998)).
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Weak entw ning structures
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(1) IfC = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).

(2) Iferr = ec ® na We obtain the definition of entwining structure introduced by
Brzezinski and Majid (Com. in Math. Phys. (1998)).

(3) If Ais an algebrain R-Mod and C = A — A-Bimod we have the definition of entwining
structure over a non-commutative algebra introduced by B6hm (Contemp. Math. (2005)).
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Weak entw ning structures

-

Definition. Let (A, C,vr) be aright-right entwining structure in C. By M (1)) we denote
the category whose objects are triples (M, ¢, par), Where (M, ¢pr) is a right A-module,
(M, ppr) is aright C-comodule and

prm 0 dn = (P ®C) o (M Q@ yYRr)o (pym @ A).

The morphisms in Mi(wR) are the obvious, i.e., morphisms of right A-modules and right

C'-comodules.
The objects of MG (¢r) will called right entwined modules.
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Weak entw ning structures

-

Definition. Let (A, C,vr) be aright-right entwining structure in C. By M (1)) we denote
the category whose objects are triples (M, ¢, par), Where (M, ¢pr) is a right A-module,
(M, ppr) is aright C-comodule and

prm 0 dn = (P ®C) o (M Q@ yYRr)o (pym @ A).

The morphisms in Mi(wR) are the obvious, i.e., morphisms of right A-modules and right
C-comodules.
The objects of MG (¢r) will called right entwined modules.

If (A, pa, pa) € MG (¥r), the morphism

Afgo=(na®C)o(AQYR) 0 (ARC®NA): ARC - ARC

is idempotent and as a consequence, there exist an object ALIC and morphisms ’iﬁ@c ;

AOC - A®C, phyn : A® C — AOC such that A o = iffo o opfl o, idsnc =

: N

R .
Pagc CtAaAgc:
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Weak entw ning structures

-

The triple (AUC, ¢ s, paD ¢ ) IS @ right entwined module, where the action and the coaction
are defined by

®ancC :Pﬁ@(]O(MA®C)O(A®¢R)O(75§®C®A), pAOC = (P§®C®C)O(A®5C)Oi§®c

respectively.
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Weak entw ning structures

-

The triple (AUC, ¢ s, paD ¢ ) IS @ right entwined module, where the action and the coaction
are defined by

banc = Pi@(;O(MA®C)O(A®¢R)O(75§®C®A), pAOC = (P§®C®C)O(A®5C)Oi§®c

respectively.

If (M, ¢ar, par) € MG (¥r), with ME we denote the subobject of right coinvariants of M,
i.e., ME is the equalizer of pp; and

(B = (ppr @C)o (M ® (paona)).

R P M

M C.

YY
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If M = A the triple (AE, AR NAg) is an algebra in C, where

nAg:K—>AR, uAgAg®Ag—>Ag

are the factorization through the equalizer if of na and pa o (if ® if}) : AR @ AR — A,
respectively. This is the subalgebra of the right coinvariants in this setting
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Weak entw ning structures

-

If M = A the triple (Ag7nA§7“A§) is an algebra in C, where
nAg:K—>AR, NAgAg®A§_>Ag

are the factorization through the equalizer iff of n4 and p4 o (i ® i)
respectively. This is the subalgebra of the right coinvariants in this setting

. AR R
. AR @ AR - 4,

The pair (M}, ngg) is a right AZ-module where
. asR R R

is the factorization of
érr o (iyy i) : ME @ AG — M

through the equalizer i} .
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Weak entw ning structures

. N

The morphism
ri = pRoco(ua®C)o(A®pa): A® A — ALC

admits a factorization through the coequalizer qﬁ of
A@(pao(if®A): AQAE®A— ARA, (bao(if®A)QA: AQAG®A— AQA.
Then there exists a morphism called right canonical morphism

5§;A®A2A—>ADC

such that Bﬁ o qﬁ — rﬁ.
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. N

The morphism
ri = pRoco(ua®C)o(A®pa): A® A — ALC

admits a factorization through the coequalizer qﬁ of
A@(pao(if®A): AQAE®A— ARA, (bao(if®A)QA: AQAG®A— AQA.
Then there exists a morphism called right canonical morphism

5§;A®A2A—>ADC

such that Bﬁ o qﬁ — rﬁ.

R
T'A

A

- ALIC

X A
qﬁ\k /(555
L A®,n A J
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Weak entw ning structures

-

The morphisms £ and 3% are morphisms of right C-comodules where psg4 = A® p4 and

PA® , g A is the factorization of (¢! ® C) o (A ® p4) through the coequalizer ¢ff.
C

If the functor A ® — preserves coequalizers, Bﬁ is a morphism of left A-modules where

PA® g A is the factorization of qff o(ua ®A) through the coequalizer of A®q§ and p sqc =
C

PRoco(a®C)o(Aifi, o).
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Weak entw ning structures

-

The morphisms £ and 3% are morphisms of right C-comodules where psg4 = A® p4 and

PA® , g A is the factorization of (¢! ® C) o (A ® p4) through the coequalizer ¢ff.
C

If the functor A ® — preserves coequalizers, Bﬁ is a morphism of left A-modules where

PA® g A is the factorization of qff o(ua ®A) through the coequalizer of A®q§ and p sqc =
C

PRoco(a®C)o(Aifi, o).

Definition. Let (A, C,vg) a right-right weak entwining structure in C such that A @ —
preserves coequalizers and there exist a coaction p 4 satisfying that (A, u4,p4) belongs to
MG (Yr). We will say that AZ — A is a right weak C-Galois extension if the morphism 8%
IS an isomorphism.
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Weak entw ning structures

-

The morphisms £ and 3% are morphisms of right C-comodules where psg4 = A® p4 and

PA® , g A is the factorization of (¢! ® C) o (A ® p4) through the coequalizer ¢ff.
C

If the functor A ® — preserves coequalizers, Bﬁ is a morphism of left A-modules where

PA® g A is the factorization of qff o(ua ®A) through the coequalizer of A®q§ and p sqc =
C

PRoco(a®C)o(Aifi, o).

Definition. Let (A, C,vg) a right-right weak entwining structure in C such that A @ —
preserves coequalizers and there exist a coaction p 4 satisfying that (A, u4,p4) belongs to
MG (Yr). We will say that AZ — A is a right weak C-Galois extension if the morphism 8%
IS an isomorphism.

We have similar results and definitions for the left side.
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Weak entw ning structures

-

(1) (A7 Ca wL),

VAR C — C® A,

err = (ec ®A)oypr o (na ®C).
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1) (A,C¢¥r), YL A®RC —-CR®A, err=(c®@®A)oyro(na®lC).
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1) (A C%L), Y :ARC —-C®A, erp=(c®A)oypro(na®C).
(3) Aé@)A:(C®MA)O(¢L®A)O(77A®C®A):C’®A—>C’®A

o |
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Weak entw ning structures

1) (A C%L), Y :ARC —-C®A, erp=(c®A)oypro(na®C).
(3) Aé@)A:(C®MA)O(¢L®A)O(77A®C®A):C’®A—>C’®A

4) AI@@A = ié@A opé®A, Im(Aé®A) = CDLA, pé@A oiIC’@)A =idoOa-
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Weak entw ning structures

(1) (ACvr), YL :ARC —-CR®A, e =(Ec®A)oyYro(na®C).
) GM©@L), (M, onm,om).

B) Afga=(COpa)o(Wr®A)oMa®CRA):CRA—-CRA

(4) Abga =ifga OPégar IM(Afga) = COA, péga0ifga =idooa-
(5) If (A, na,04) € GM(4r) then (COA, pcras 0coa) € GMWL).
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Weak entw ning structures

-

(1)
(2)
(3)
(4)
(5)
(6)

(AacawL)l wLA®C—>C®A,
gM(lpL)' (M7Q0M7QM)

err = (ec ®A)oypr o (na ®C).

Aboa=(COpua)o (@A) oMa®CRA):CRA—-CRA

AIé@A = ié@A opé@)A, Im(Aé(X)A) = CUA, pé@A o iIé@A =idoOa-
If (A, pa,04) € GM(yr) then (COA, ocras 0ca) € GML).
If (M, onr, onr) € GM(r) we define M} as the equalizer of the morphisms oy

and (3, = (C® o) o ((0a 0na) @ M).

.T, OM
Vi
L -
2\40 N M -
CL
M

C ® M.
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(1) (ACvr), YL :ARC —-CR®A, e =(Ec®A)oyYro(na®C).
) GM©@L), (M, onm,om).

B) Afga=(COpa)o(Wr®A)oMa®CRA):CRA—-CRA

(4) Abga =ifga OPégar IM(Afga) = COA, péga0ifga =idooa-
(5) If (A, na,04) € GM(4r) then (COA, pcras 0coa) € GMWL).

(6) If (M, ¢, 0m) € GM(yr) we define ML as the equalizer of the morphisms oy
and C]@ = (C®eppm)o((0aona) @ M).

.T, OM
s
L
My —— M

C ® M.

YY

Sy

(7) If M = A, the triple (A%, MAL > NAg) is an algebra in C.
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(1) (ACvr), YL :ARC —-CR®A, e =(Ec®A)oyYro(na®C).
) GM©@L), (M, onm,om).

B) Afga=(COpa)o(Wr®A)oMa®CRA):CRA—-CRA

(4) Abga =ifga OPégar IM(Afga) = COA, péga0ifga =idooa-
(5) If (A, na,04) € GM(4r) then (COA, pcras 0coa) € GMWL).

(6) If (M, ¢, 0m) € GM(yr) we define ML as the equalizer of the morphisms oy
and C]@ = (C®eppm)o((0aona) @ M).

.T, OM
s
L
My —— M

C ® M.

YY

Sy

(7) If M = A, the triple (A%, MAL > NAg) is an algebra in C.

8) (Mg, goMé) is a left A%-module.
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- N

For the morphism

rh :pﬁ®co(C®MA)o(gA®A) AR A— CLA
there exists a factorization through the coequalizer qfé of
(Ao (ARiIEN®A: AQALR®A - ARA, AR (uao(ifi®A): AAL®A - AR A.
As a consequence, there exists a morphism called left canonical morphism
ﬁﬁ:A@AéA—»CDA

such that 84 o ¢4 = ri.
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Weak entw ning structures

- N

For the morphism

rh :pﬁ®co(C®MA)o(gA®A) AR A— CLA
there exists a factorization through the coequalizer qfé of
(Ao (ARiIEN®A: AQALR®A - ARA, AR (uao(ifi®A): AAL®A - AR A.
As a consequence, there exists a morphism called left canonical morphism
ﬁﬁ:A@AéA—»CDA

such that 84 o ¢4 = ri.

L
A

A

> CLA

® A
\\\\* ///}L
\_ g A®A5A ' J
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Weak entw ning structures

-

The morphisms rf and g% are morphisms of left C-comodules where p4g4 = 04 ® A and

0A® ,1 A is the factorization of (C' ® qﬁ) o (0a ® A) through the coequalizer qf;.
C

If the functor — ® A preserves equalizers, then Bﬁ is a morphism of right A-modules where

qu@AL A Is the factorization of qﬁ o (A ® ) through the coequalizer qf; ®Aand ¢poa =
C

pé@A o (C®pua)o (iﬁ@)c ® A).
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Weak entw ning structures

-

The morphisms rf and g% are morphisms of left C-comodules where p4g4 = 04 ® A and

0A® ,1 A is the factorization of (C' ® qﬁ) o (0a ® A) through the coequalizer qf;.
C
If the functor — ® A preserves equalizers, then Bﬁ is a morphism of right A-modules where

qu@AL A Is the factorization of qﬁ o (A ® ) through the coequalizer qf; ®Aand ¢poa =
C

pé@A o (C®pua)o (iﬁ@)c ® A).

Definition. Let (A, C,+r,) left-left weak entwining structure in C such that — @ A preserve
coequalizers and there exists a coaction o4 satisfying that (A, 4, pa) belongsto GM(zr).
We will say that A% — A is a left weak C-Galois extension if 3% is an isomorphism.

|
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Definition. (Brzezinski, Turner y Wrightson , Comm. in Algebra., 2006 , C = R-Mod)
If (A, C, ¥ pR) is aright-right weak entwining structure in C and (A, C, ¢ y,) is a left-left weak en-
twining structure in C, we will say that (A, C, ¢ r, 1) is an invertible weak entwining structure

inC,ifyroyr = Al - andyr or = Afg 4

o |
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Definition. (Brzezinski, Turner y Wrightson , Comm. in Algebra., 2006 , C = R-Mod)
If (A, C, ¥ pR) is aright-right weak entwining structure in C and (A, C, ¢ y,) is a left-left weak en-
twining structure in C, we will say that (A, C, ¢ r, 1) is an invertible weak entwining structure

inC,ifyroyr = Al - andyr or = Afg 4

Nota.

(1) If (A,C,v¥Rr,vr) is an invertible weak entwining structure in C and ¥r o ¥, = idagc
Yy or = idoga, then (A, C, ¢ R) is an entwining structure.

(2) As a consequence of this definition we have egrr = e, 1.

|
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Definition .(Alonso, Fern andez y Gonz alez, J. of Algebra, 2008 )
A weak Hopf algebra in a strict braided monoidal category C, with braiding ¢, is an algebra
(D,np,up), coalgebra (D,ep,dp), satisfying the following:

(1) dpoup =(up ®pp)o(D®cp.p ® D)o (dp ®p).
(2) epoppo(up ® D) = ((epoup)®@(epoup))o(D®p ® D)
= ((epopp)®(epopup)) o (D® (cp'p08p) ® D).
(3) (bp®D)odponp =(DQup®D)o((dponp)® (6ponp))
= (D® (up o cp'p) ® D) o ((6p 0 np) ® (6p 0 1p)).
(4) There exists a morphism Ap : D — D in C (called the antipode of D) such that:
(4-1) idp ANAp = ((epopup)® D)o (D®cp.p)o ((dponp) ® D),
(4-2) Ap Aidp = (D® (epopp))o(cp.p®D)o(D® (6ponp)),
(4-3) Ap ANidp AN Ap = Ap.

o |
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Definition . Let D be a weak Hopf algebra in a strict braided monoidal category C. Let A
be an algebra with structure of right D-comodule p4 : A — A ® D and such that pagp o

(pa®pa)=paopnswhere pagp = (ta @up)o (AR cp a4 ® D). We will say that A is a
right D-comodule algebra if any of the following equivalent conditions holds:

() (pa®D)opaons=(A® (upocpp)®D)o(pa®p)o(na®np),
(i) (pa®D)opaona=(AQup ®D)o(pa®dp)o(na®np),
(i) (A®TIS)opa = (1ra® D)o (A®pa)o (AR 1a4),
(iv) (A®TE)opa=((paocy 4)®D)o(A®pa)o(AQna),
(V) (A®TIS)o0paona =paona,
(Vi) (A®TE)opaona =paona.

|

Weak Galois Extensions — p. 20



| nverti ble weak entw ning structures

-

Proposition . Let D be a weak Hopf algebra in a strict braided monoidal category C such
that Ap is an isomorphism. Let A be a D-comodule algebra. Then (A, D, ¥R, v1,) with

Yr=(AQup)o(cpa®D)o(DR®pa):DRA— AR D
and

¢L:cB’le(A(X)(,uDocB’lDo()\Bl®D)))o(pA®D):A®D—>D®A

Is an invertible weak entwining structure.

|
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Proposition . Let (A, C,v¥ g, ) be an invertible weak entwining structure in C.
(1) Pac = pé@)A oy, 0 iﬁ@(} . ALIC — CL]A is an isomorphism with inverse

1 _ R Ns
P40 =Pagc OYROICgA-

(2) If (A, pa, pa)is arightentwined module, (A, pa, p% = v oCk) is aleft entwined module.
Also, if (A, pa,04) € GM(YL) then (A, pa,off = g o (k) € MG(¥r). Moreover,
pi" = pa and off" = 04

(3) If (A, 1a,pa) € MG (¥R) there exists an algebra isomorphism a4 : AL — AE (a4 is
the unique morphism such that iff o a4 = i%).

@) If (A, na,p4) € MG (¥R), then BE = & 4 ¢ 0 BF o h 4 where

hA:A®AéA—>A®AgA

Is an isomorphism and the unique morphism such that h 4 o qf{ = qf}.

o |
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Proposition . Let (A, C,vr,) be an invertible weak entwining structure. Then, if the
functors AR — and —® A preserve coequalizers, Ag — Ais aright weak C-Galois extension
iff, AL — Ais a left weak C-Galois extension.

o |
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Proposition. Let (A, C,vr,) be an invertible weak entwining structure in C. Let
(M, ¢pr, par) be an object in M§(¢R). There exists a bijective map

CIVE Hom yc(C,M) — HomMi(ADC, M).

defined by
OV (f) = dm o (f®A)ovr 0ifige

and with inverse

(O Hg) =gophigeo(na® ).

Moreover, each morphism in Hom ,,c (M, ACIC) that splits in MC, splits also in MY.

|
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Theorem. Let (A, C,+r) be a right-right weak entwining structure in C. Suppose that

(A, 14, pa) belongs to MG (Yr).
Consider the following statements:

(i) The morphismrZ: A® A — ACC splits in M©.
(1)
(i-1) The morphism Bﬁ A ®A§ A — ALIC is an isomorphism.
(i-2) (A, a4 = pa o (A®if)) is relative projective in MAg,i.e., pa: AR AR — A
splits as morphism of right Ag-modules.

Then (i) implies (). If (A, C, ¥R, ) is an invertible weak entwining structure in C and sﬁ :
A® Ag — (A® A)g Is an isomorphism then (i) implies (ii).

o |
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Projectivity and weak Gal oi s ext ensions

Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).

|
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Projectivity and weak Gal oi s ext ensions

Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).

(2) The Brzezinski-Turner-Wrightson Theorem (weak version of Kreimer-Takeuchi

Theorem)(Comm. in Algebra (2006)).
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Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).

(2) The Brzezinski-Turner-Wrightson Theorem (weak version of Kreimer-Takeuchi
Theorem)(Comm. in Algebra (2006)).

(3) The Bohm Theorem for algebroids (algebroid version of Kreimer-Takeuchi
Theorem)(Ann. Univ. Ferrara-Sez. VII-Sc. Mat. (2005)).
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Corollary. Let D be a weak Hopf algebra in a strict braided monoidal category C with
equalizers and coequalizers. Suppose that the antipode \p is an isomorphism. Let (A, pa)
be a right D-comodule algebra.

Consider the following statements:

(i) The morphismrf : A® A — AOD splitsin MP.
(1)
(i-1) The morphism Bﬁ : A ®A§ A — ALID is an isomorphism.

(i-2) (A, ¢pa = pa o (A®iE)) is relative projective in MAg-

Then (i) implies (). If s% : A ® AR — (A ® A)E is an isomorphism, then (i) implies (.

|
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