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Ramón González Rodrı́guez
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Introduction

Let H be a Hopf algebra over a commutative base ring R, and A a right H-comódule algebra
with comodule structure ρA : A→ A⊗H, ρA(a) = a(0) ⊗ a(1).

The extension B ⊂ A, where B = AcoH = {a ∈ A ; ρA(a) = a ⊗ 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

βA : A⊗B A→ A⊗H

defined by

βA(a⊗ b) = ab(0) ⊗ b(1)

is a bijection.

Weak Galois Extensions – p. 2



Introduction

Let H be a Hopf algebra over a commutative base ring R, and A a right H-comódule algebra
with comodule structure ρA : A→ A⊗H, ρA(a) = a(0) ⊗ a(1).

The extension B ⊂ A, where B = AcoH = {a ∈ A ; ρA(a) = a ⊗ 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

βA : A⊗B A→ A⊗H

defined by

βA(a⊗ b) = ab(0) ⊗ b(1)

is a bijection.
A relevant question is the following:

When does surjectivity of βA already imply bijectivity?
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Introduction

Let H be a Hopf algebra over a commutative base ring R, and A a right H-comódule algebra
with comodule structure ρA : A→ A⊗H, ρA(a) = a(0) ⊗ a(1).

The extension B ⊂ A, where B = AcoH = {a ∈ A ; ρA(a) = a ⊗ 1} is the subalgebra of
coinvariants elements, is said to be an H-Galois extension if the Galois map (canonical map)

βA : A⊗B A→ A⊗H

defined by

βA(a⊗ b) = ab(0) ⊗ b(1)

is a bijection.
A relevant question is the following:

When does surjectivity of βA already imply bijectivity?

The Kreimer-Takeuchi Theorem (Indiana Univ. Math. J. (1981)) says that if βA is surjective and
H is finite, then βA is bijective and A is a projective B-module.
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Introduction

Using the notion of entwining structure Schauenburg and Schneider (J. of Pure and Appl. Alge-

bra. (2005)) proved the following theorem in R-Mod:
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Introduction

Using the notion of entwining structure Schauenburg and Schneider (J. of Pure and Appl. Alge-

bra. (2005)) proved the following theorem in R-Mod:

Theorem. Let (A,C, ψ) be an entwining structure. Assume that (A,µA, ρA) belongs to
MC

A
(ψ) and put

B = AcoC = {a ∈ A ; ρA(a) = aρA(1)}

Consider the following statements:

(i) The morphism β′
A

: A⊗A→ A⊗ C is surjective and splits as a C-comodule map.

(ii)

(ii-1) The morphism βA : A⊗B A→ A⊗ C is an isomorphism.

(ii-2) A is relative projective as right B-module.

Then (ii) implies (i). If ψ is bijective and the map sA : A⊗B → (A⊗A)coC (for example if A
is R-flat) is an isomorphism, then (i) implies (ii).

Weak Galois Extensions – p. 3



Introduction

For weak Galois extensions (for example, Galois extension associated to weak Hopf alge-
bras), Brzeziński, Turner and Wrightson (Comm. in Algebra (2006)) using invertible weak en-
twining structures (A,C, ψR, ψL), obtained a generalization of the Kreimer-Takeuchi Theo-
rem in the category of R-Mod assuming the conditions

A⊗AcoC ≈ (A⊗ A)coC .

C is R-flat and projective as C-module.
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Introduction

For weak Galois extensions (for example, Galois extension associated to weak Hopf alge-
bras), Brzeziński, Turner and Wrightson (Comm. in Algebra (2006)) using invertible weak en-
twining structures (A,C, ψR, ψL), obtained a generalization of the Kreimer-Takeuchi Theo-
rem in the category of R-Mod assuming the conditions

A⊗AcoC ≈ (A⊗ A)coC .

C is R-flat and projective as C-module.

The previous arguments can be formulated almost without modification in terms of entwin-
ing structures over non-commutative algebras with bijective entwining map, i.e. entwining
structures over A − A-Bimod where A is an algebra in R-Mod, to prove a generalization
of Kreimer-Takeuchi Theorem for Hopf algebroids Böhm (Ann. Univ. Ferrara-Sez. VII-Sc. Mat.

(2005)).
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Preliminaries

Let C = (C,⊗,K) be a strict monoidal category with equalizers and coequalizers.
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Let C = (C,⊗,K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if ∇Y : Y → Y is a
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Let C = (C,⊗,K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if ∇Y : Y → Y is a
morphism such that ∇Y = ∇Y ◦ ∇Y , we have a commutative diagram

-

H
H

HHj �
��>

Y Y

Z

∇Y

pY
iY

Weak Galois Extensions – p. 5



Preliminaries

Let C = (C,⊗,K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if ∇Y : Y → Y is a
morphism such that ∇Y = ∇Y ◦ ∇Y , we have a commutative diagram

-

H
H

HHj �
��>

Y Y

Z

∇Y

pY
iY

∇Y = iY ◦ pY , pY ◦ iY = idZ .
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Preliminaries

Let C = (C,⊗,K) be a strict monoidal category with equalizers and coequalizers.

Under these conditions every idempotent morphism splits, i.e. if ∇Y : Y → Y is a
morphism such that ∇Y = ∇Y ◦ ∇Y , we have a commutative diagram

-

H
H

HHj �
��>

Y Y

Z

∇Y

pY
iY

∇Y = iY ◦ pY , pY ◦ iY = idZ .

We assume that the algebras are associative with unit and the coalgebras are coassociative
with counit. If A is an algebra and C a coalgebra:

ηA : K → A, µA : A⊗ A→ A, εC : C → K, δC : C → C ⊗ C

denotes the unit, the product, the counit and the coproduct respectively.
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Preliminaries

If A is an algebra, B is a coalgebra and α : B → A, β : B → A are morphisms in C,

α ∧ β = µA ◦ (α⊗ β) ◦ δB .

is the convolution product of α and β.
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Preliminaries

If A is an algebra, B is a coalgebra and α : B → A, β : B → A are morphisms in C,

α ∧ β = µA ◦ (α⊗ β) ◦ δB .

is the convolution product of α and β.

For M , N , P objects in C and f : M → N a morphism in C, we write

P ⊗ f by idP ⊗ f and f ⊗ P by f ⊗ idP ,

where idP denotes the identity morphism of P .
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Preliminaries

Let A be an algebra in C.

We will say that (M,ϕM ) is a left A-module if M is an object in C and ϕM : A⊗M →M

is a morphism in C such that:

Weak Galois Extensions – p. 7



Preliminaries

Let A be an algebra in C.
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is a morphism in C such that:
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Preliminaries

Let A be an algebra in C.

We will say that (M,ϕM ) is a left A-module if M is an object in C and ϕM : A⊗M →M

is a morphism in C such that:

ϕM ◦ (ηA ⊗M) = idM , ϕM ◦ (A⊗ ϕM ) = ϕM ◦ (µA ⊗M).

If (M,ϕM ) and (N,ϕN ) are left A-modules, f : M → N is a morphism of left A-modules if
ϕN ◦ (A⊗ f) = f ◦ ϕM . We denote the category by AM (MA).

Let C be a coalgebra in C.

We will say that (M,̺M ) is a leftC-comodule ifM is an object in C and ̺M : M → C⊗M

is a morphism in C such that:

(εH ⊗M) ◦ ̺M = idM , (C ⊗ ̺M ) ◦ ̺M = (δC ⊗M) ◦ ̺M .

If (M,̺M ) and (N, ̺N ) are morphism of left C-comodules, f : M → N is a morphism of left
C-comodules if ̺N ◦ f = (C ⊗ f) ◦ ̺M . We denote the category by CM (MC ).
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Weak entwining structures

Definition. A right-right weak entwining structure over C is a triple (A,C, ψR), where A is
an algebra, C is a coalgebra, and

ψR : C ⊗A → A⊗ C

is a morphism such that

(1) ψR ◦ (C ⊗ µA) = (µA ⊗ C) ◦ (A⊗ ψR) ◦ (ψR ⊗A),

(2) (A⊗ δC) ◦ ψR = (ψR ⊗ C) ◦ (C ⊗ ψR) ◦ (δC ⊗ A),

(3) ψR ◦ (C ⊗ ηA) = (eRR ⊗ C) ◦ δC ,

(4) (A⊗ εC) ◦ ψR = µA ◦ (eRR ⊗A),

where eRR : C → A is the morphism

eRR = (A⊗ εC) ◦ ψR ◦ (C ⊗ ηA).
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Weak entwining structures

(1) If C = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).
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Weak entwining structures

(1) If C = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).

(2) If eRR = εC⊗ηA we obtain the definition of entwining structure introduced by Brzeziński
and Majid (Com. in Math. Phys. (1998)).
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Weak entwining structures

(1) If C = R-Mod, where R is a commutative ring, the last definition is the one introduced
by Caenepeel and De Groot (Contemp. Math. (2000)).

(2) If eRR = εC ⊗ ηA we obtain the definition of entwining structure introduced by
Brzeziński and Majid (Com. in Math. Phys. (1998)).

(3) If A is an algebra in R-Mod and C = A − A-Bimod we have the definition of entwining
structure over a non-commutative algebra introduced by Böhm (Contemp. Math. (2005)).
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Weak entwining structures

Definition. Let (A,C, ψR) be a right-right entwining structure in C. By MC
A

(ψR) we denote
the category whose objects are triples (M,φM , ρM ), where (M,φM ) is a right A-module,
(M,ρM ) is a right C-comodule and

ρM ◦ φM = (φM ⊗ C) ◦ (M ⊗ ψR) ◦ (ρM ⊗A).

The morphisms in MC
A(ψR) are the obvious, i.e., morphisms of right A-modules and right

C-comodules.
The objects of MC

A(ψR) will called right entwined modules.
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Weak entwining structures

Definition. Let (A,C, ψR) be a right-right entwining structure in C. By MC
A

(ψR) we denote
the category whose objects are triples (M,φM , ρM ), where (M,φM ) is a right A-module,
(M,ρM ) is a right C-comodule and

ρM ◦ φM = (φM ⊗ C) ◦ (M ⊗ ψR) ◦ (ρM ⊗A).

The morphisms in MC
A(ψR) are the obvious, i.e., morphisms of right A-modules and right

C-comodules.
The objects of MC

A(ψR) will called right entwined modules.

If (A,µA, ρA) ∈ MC
A

(ψR), the morphism

∆R
A⊗C = (µA ⊗ C) ◦ (A⊗ ψR) ◦ (A⊗ C ⊗ ηA) : A⊗ C → A⊗ C

is idempotent and as a consequence, there exist an object A�C and morphisms iRA⊗C :

A�C → A ⊗ C, pR
A⊗C

: A ⊗ C → A�C such that ∆R
A⊗C

= iR
A⊗C

◦ pR
A⊗C

, idA�C =

pR
A⊗C

◦ iR
A⊗C

.

Weak Galois Extensions – p. 10



Weak entwining structures

The triple (A�C,φA�C , ρA�C) is a right entwined module, where the action and the coaction
are defined by

φA�C = pR
A⊗C ◦(µA⊗C)◦(A⊗ψR)◦(iRA⊗C ⊗A), ρA�C = (pR

A⊗C ⊗C)◦(A⊗δC)◦iRA⊗C

respectively.
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Weak entwining structures

The triple (A�C,φA�C , ρA�C) is a right entwined module, where the action and the coaction
are defined by

φA�C = pR
A⊗C ◦(µA⊗C)◦(A⊗ψR)◦(iRA⊗C ⊗A), ρA�C = (pR

A⊗C ⊗C)◦(A⊗δC)◦iRA⊗C

respectively.

If (M,φM , ρM ) ∈ MC
A

(ψR), with MR
C

we denote the subobject of right coinvariants of M ,
i.e., MR

C
is the equalizer of ρM and

ζR
M = (φM ⊗ C) ◦ (M ⊗ (ρA ◦ ηA)).

- -
-MR

C M M ⊗ C.
iR
M

ρM

ζR
M
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Weak entwining structures

If M = A the triple (AR
C
, η

AR
C

, µ
AR

C

) is an algebra in C, where

η
AR

C

: K → AR
C , µ

AR
C

: AR
C ⊗AR

C → AR
C

are the factorization through the equalizer iR
A

of ηA and µA ◦ (iR
A

⊗ iR
A

) : AR
C

⊗ AR
C

→ A,
respectively. This is the subalgebra of the right coinvariants in this setting
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Weak entwining structures

If M = A the triple (AR
C
, η

AR
C

, µ
AR

C

) is an algebra in C, where

η
AR

C

: K → AR
C , µ

AR
C

: AR
C ⊗AR

C → AR
C

are the factorization through the equalizer iR
A

of ηA and µA ◦ (iR
A

⊗ iR
A

) : AR
C

⊗ AR
C

→ A,
respectively. This is the subalgebra of the right coinvariants in this setting

The pair (MR
C , φMR

C

) is a right AR
C -module where

φ
MR

C

: MR
C ⊗AR

C →MR
C

is the factorization of

φM ◦ (iRM ⊗ iRA) : MR
C ⊗AR

C →M

through the equalizer iR
M
.
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Weak entwining structures

The morphism

rR
A = pR

A⊗C ◦ (µA ⊗ C) ◦ (A⊗ ρA) : A⊗A→ A�C

admits a factorization through the coequalizer qR
A of

A⊗ (µA ◦ (iRA ⊗A)) : A⊗AR
C ⊗A→ A⊗A, (µA ◦ (iRA ⊗A))⊗A : A⊗AR

C ⊗A→ A⊗A.

Then there exists a morphism called right canonical morphism

βR
A : A⊗

AR
C

A→ A�C

such that βR
A

◦ qR
A

= rR
A
.
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A = pR
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A⊗ (µA ◦ (iRA ⊗A)) : A⊗AR
C ⊗A→ A⊗A, (µA ◦ (iRA ⊗A))⊗A : A⊗AR

C ⊗A→ A⊗A.

Then there exists a morphism called right canonical morphism

βR
A : A⊗

AR
C

A→ A�C

such that βR
A

◦ qR
A

= rR
A
.

-

H
H

HHj �
��>

A⊗ A A�C

A⊗
AR

C

A

rR
A

qR
A

βR
A
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Weak entwining structures

The morphisms rR
A

and βR
A

are morphisms of right C-comodules where ρA⊗A = A⊗ρA and
ρA⊗

AR
C

A is the factorization of (qR
A

⊗ C) ◦ (A⊗ ρA) through the coequalizer qR
A
.

If the functor A ⊗ − preserves coequalizers, βR
A

is a morphism of left A-modules where
ϕA⊗

AR
C

A is the factorization of qR
A
◦(µA⊗A) through the coequalizer ofA⊗qR

A
and ϕA�C =

pR
A⊗C ◦ (µA ⊗ C) ◦ (A⊗ iRA⊗C).
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Weak entwining structures

The morphisms rR
A

and βR
A

are morphisms of right C-comodules where ρA⊗A = A⊗ρA and
ρA⊗

AR
C

A is the factorization of (qR
A

⊗ C) ◦ (A⊗ ρA) through the coequalizer qR
A
.

If the functor A ⊗ − preserves coequalizers, βR
A

is a morphism of left A-modules where
ϕA⊗

AR
C

A is the factorization of qR
A
◦(µA⊗A) through the coequalizer ofA⊗qR

A
and ϕA�C =

pR
A⊗C ◦ (µA ⊗ C) ◦ (A⊗ iRA⊗C).

Definition. Let (A,C, ψR) a right-right weak entwining structure in C such that A ⊗ −

preserves coequalizers and there exist a coaction ρA satisfying that (A,µA, ρA) belongs to
MC

A
(ψR). We will say that AR

C
→֒ A is a right weak C-Galois extension if the morphism βR

A

is an isomorphism.
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The morphisms rR
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are morphisms of right C-comodules where ρA⊗A = A⊗ρA and
ρA⊗
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A is the factorization of (qR
A

⊗ C) ◦ (A⊗ ρA) through the coequalizer qR
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.

If the functor A ⊗ − preserves coequalizers, βR
A

is a morphism of left A-modules where
ϕA⊗

AR
C

A is the factorization of qR
A
◦(µA⊗A) through the coequalizer ofA⊗qR

A
and ϕA�C =

pR
A⊗C ◦ (µA ⊗ C) ◦ (A⊗ iRA⊗C).

Definition. Let (A,C, ψR) a right-right weak entwining structure in C such that A ⊗ −

preserves coequalizers and there exist a coaction ρA satisfying that (A,µA, ρA) belongs to
MC

A
(ψR). We will say that AR

C
→֒ A is a right weak C-Galois extension if the morphism βR

A

is an isomorphism.

We have similar results and definitions for the left side.

Weak Galois Extensions – p. 14



Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).
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Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).
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Weak entwining structures
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(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A
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Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A

(4) ∆L
C⊗A

= iL
C⊗A

◦ pL
C⊗A

, Im(∆L
C⊗A

) = C�A, pL
C⊗A

◦ iL
C⊗A

= idC�A.

Weak Galois Extensions – p. 15



Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A

(4) ∆L
C⊗A

= iL
C⊗A

◦ pL
C⊗A

, Im(∆L
C⊗A

) = C�A, pL
C⊗A

◦ iL
C⊗A

= idC�A.

(5) If (A,µA, ̺A) ∈ C
A
M(ψL) then (C�A,ϕC�A, ̺C�A) ∈ C

A
M(ψL).
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Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A

(4) ∆L
C⊗A

= iL
C⊗A

◦ pL
C⊗A

, Im(∆L
C⊗A

) = C�A, pL
C⊗A

◦ iL
C⊗A

= idC�A.

(5) If (A,µA, ̺A) ∈ C
A
M(ψL) then (C�A,ϕC�A, ̺C�A) ∈ C

A
M(ψL).

(6) If (M,ϕM , ̺M ) ∈ C
A
M(ψL) we define ML

C
as the equalizer of the morphisms ̺M

and ζL
M

= (C ⊗ ϕM ) ◦ ((̺A ◦ ηA) ⊗M).

- -
-ML

C M C ⊗M.
iL
M

̺M

ζL
M
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Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A

(4) ∆L
C⊗A

= iL
C⊗A

◦ pL
C⊗A

, Im(∆L
C⊗A

) = C�A, pL
C⊗A

◦ iL
C⊗A

= idC�A.

(5) If (A,µA, ̺A) ∈ C
A
M(ψL) then (C�A,ϕC�A, ̺C�A) ∈ C

A
M(ψL).

(6) If (M,ϕM , ̺M ) ∈ C
A
M(ψL) we define ML

C
as the equalizer of the morphisms ̺M

and ζL
M

= (C ⊗ ϕM ) ◦ ((̺A ◦ ηA) ⊗M).

- -
-ML

C M C ⊗M.
iL
M

̺M

ζL
M

(7) If M = A, the triple (AL
C
, η

AL
C

, µ
AL

C

) is an algebra in C.
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Weak entwining structures

(1) (A,C, ψL), ψL : A⊗ C → C ⊗A, eLL = (εC ⊗ A) ◦ ψL ◦ (ηA ⊗ C).

(2) C
A
M(ψL), (M,ϕM , ̺M ).

(3) ∆L
C⊗A

= (C ⊗ µA) ◦ (ψL ⊗ A) ◦ (ηA ⊗ C ⊗ A) : C ⊗A→ C ⊗A

(4) ∆L
C⊗A

= iL
C⊗A

◦ pL
C⊗A

, Im(∆L
C⊗A

) = C�A, pL
C⊗A

◦ iL
C⊗A

= idC�A.

(5) If (A,µA, ̺A) ∈ C
A
M(ψL) then (C�A,ϕC�A, ̺C�A) ∈ C

A
M(ψL).

(6) If (M,ϕM , ̺M ) ∈ C
A
M(ψL) we define ML

C
as the equalizer of the morphisms ̺M

and ζL
M

= (C ⊗ ϕM ) ◦ ((̺A ◦ ηA) ⊗M).

- -
-ML

C M C ⊗M.
iL
M

̺M

ζL
M

(7) If M = A, the triple (AL
C
, η

AL
C

, µ
AL

C

) is an algebra in C.

(8) (ML
C
, ϕ

ML
C

) is a left AL
C

-module.
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Weak entwining structures

For the morphism

rL
A = pL

A⊗C ◦ (C ⊗ µA) ◦ (̺A ⊗A) : A⊗A→ C�A

there exists a factorization through the coequalizer qL
A

of

(µA ◦ (A⊗ iLA))⊗A : A⊗AL
C ⊗A→ A⊗A, A⊗ (µA ◦ (iLA ⊗A)) : A⊗AL

C ⊗A→ A⊗A.

As a consequence, there exists a morphism called left canonical morphism

βL
A : A⊗

AL
C

A → C�A

such that βL
A
◦ qL

A
= rL

A
.
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Weak entwining structures

For the morphism

rL
A = pL

A⊗C ◦ (C ⊗ µA) ◦ (̺A ⊗A) : A⊗A→ C�A

there exists a factorization through the coequalizer qL
A

of

(µA ◦ (A⊗ iLA))⊗A : A⊗AL
C ⊗A→ A⊗A, A⊗ (µA ◦ (iLA ⊗A)) : A⊗AL

C ⊗A→ A⊗A.

As a consequence, there exists a morphism called left canonical morphism

βL
A : A⊗

AL
C

A → C�A

such that βL
A
◦ qL

A
= rL

A
.

-

H
H

HHj �
��>

A⊗ A C�A

A⊗
AL

C

A

rL
A

qL
A

βL
A
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Weak entwining structures

The morphisms rL
A

and βL
A

are morphisms of left C-comodules where ̺A⊗A = ̺A ⊗ A and
̺A⊗

AL
C

A is the factorization of (C ⊗ qL
A

) ◦ (̺A ⊗A) through the coequalizer qL
A
.

If the functor − ⊗ A preserves equalizers, then βL
A

is a morphism of right A-modules where
φA⊗

AL
C

A is the factorization of qL
A
◦ (A⊗ µA) through the coequalizer qL

A
⊗A and φC�A =

pL
C⊗A ◦ (C ⊗ µA) ◦ (iLA⊗C ⊗ A).
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Weak entwining structures

The morphisms rL
A

and βL
A

are morphisms of left C-comodules where ̺A⊗A = ̺A ⊗ A and
̺A⊗

AL
C

A is the factorization of (C ⊗ qL
A

) ◦ (̺A ⊗A) through the coequalizer qL
A
.

If the functor − ⊗ A preserves equalizers, then βL
A

is a morphism of right A-modules where
φA⊗

AL
C

A is the factorization of qL
A
◦ (A⊗ µA) through the coequalizer qL

A
⊗A and φC�A =

pL
C⊗A ◦ (C ⊗ µA) ◦ (iLA⊗C ⊗ A).

Definition. Let (A,C, ψL) left-left weak entwining structure in C such that −⊗A preserve
coequalizers and there exists a coaction ̺A satisfying that (A,µA, ρA) belongs to C

A
M(ψL).

We will say that AL
C

→֒ A is a left weak C-Galois extension if βL
A

is an isomorphism.
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Invertible weak entwining structures

Definition. (Brzezi ński, Turner y Wrightson , Comm. in Algebra., 2006 , C = R-Mod)
If (A,C, ψR) is a right-right weak entwining structure in C and (A,C, ψL) is a left-left weak en-
twining structure in C, we will say that (A,C, ψR, ψL) is an invertible weak entwining structure
in C, if ψR ◦ ψL = ∆R

A⊗C
and ψL ◦ ψR = ∆L

C⊗A
.
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Invertible weak entwining structures

Definition. (Brzezi ński, Turner y Wrightson , Comm. in Algebra., 2006 , C = R-Mod)
If (A,C, ψR) is a right-right weak entwining structure in C and (A,C, ψL) is a left-left weak en-
twining structure in C, we will say that (A,C, ψR, ψL) is an invertible weak entwining structure
in C, if ψR ◦ ψL = ∆R

A⊗C
and ψL ◦ ψR = ∆L

C⊗A
.

Nota.
(1) If (A,C, ψR, ψL) is an invertible weak entwining structure in C and ψR ◦ ψL = idA⊗C

y ψL ◦ ψR = idC⊗A, then (A,C, ψR) is an entwining structure.

(2) As a consequence of this definition we have eRR = eLL.
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Invertible weak entwining structures

Definition .(Alonso, Fern ández y Gonz ález, J. of Algebra, 2008 )
A weak Hopf algebra in a strict braided monoidal category C, with braiding c, is an algebra
(D, ηD , µD), coalgebra (D, εD, δD), satisfying the following:

(1) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ cD,D ⊗D) ◦ (δD ⊗ δD).

(2) εD ◦ µD ◦ (µD ⊗D) = ((εD ◦ µD) ⊗ (εD ◦ µD)) ◦ (D ⊗ δD ⊗D)

= ((εD ◦ µD) ⊗ (εD ◦ µD)) ◦ (D ⊗ (c−1
D,D

◦ δD) ⊗D).

(3) (δD ⊗D) ◦ δD ◦ ηD = (D ⊗ µD ⊗D) ◦ ((δD ◦ ηD) ⊗ (δD ◦ ηD))

= (D ⊗ (µD ◦ c−1
D,D

) ⊗D) ◦ ((δD ◦ ηD) ⊗ (δD ◦ ηD)).

(4) There exists a morphism λD : D → D in C (called the antipode of D) such that:

(4-1) idD ∧ λD = ((εD ◦ µD) ⊗D) ◦ (D ⊗ cD,D) ◦ ((δD ◦ ηD) ⊗D),

(4-2) λD ∧ idD = (D ⊗ (εD ◦ µD)) ◦ (cD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)),

(4-3) λD ∧ idD ∧ λD = λD .
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Invertible weak entwining structures

Definition . Let D be a weak Hopf algebra in a strict braided monoidal category C. Let A
be an algebra with structure of right D-comodule ρA : A → A ⊗ D and such that µA⊗D ◦

(ρA ⊗ ρA) = ρA ◦ µA where µA⊗D = (µA ⊗ µD) ◦ (A⊗ cD,A ⊗D). We will say that A is a
right D-comodule algebra if any of the following equivalent conditions holds:

(i) (ρA ⊗D) ◦ ρA ◦ ηA = (A⊗ (µD ◦ c−1
D,D

) ⊗D) ◦ (ρA ⊗ δD) ◦ (ηA ⊗ ηD),

(ii) (ρA ⊗D) ◦ ρA ◦ ηA = (A⊗ µD ⊗D) ◦ (ρA ⊗ δD) ◦ (ηA ⊗ ηD),

(iii) (A⊗ Π
R
D) ◦ ρA = (µA ⊗D) ◦ (A⊗ ρA) ◦ (A⊗ ηA),

(iv) (A⊗ ΠL
D

) ◦ ρA = ((µA ◦ c−1
A,A

) ⊗D) ◦ (A⊗ ρA) ◦ (A⊗ ηA),

(v) (A⊗ Π
R
D) ◦ ρA ◦ ηA = ρA ◦ ηA,

(vi) (A⊗ ΠL
D) ◦ ρA ◦ ηA = ρA ◦ ηA.
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Invertible weak entwining structures

Proposition . Let D be a weak Hopf algebra in a strict braided monoidal category C such
that λD is an isomorphism. Let A be a D-comodule algebra. Then (A,D, ψR, ψL) with

ψR = (A⊗ µD) ◦ (cD,A ⊗D) ◦ (D ⊗ ρA) : D ⊗A→ A⊗D

and

ψL = c−1
D,A

◦ (A⊗ (µD ◦ c−1
D,D

◦ (λ−1
D

⊗D))) ◦ (ρA ⊗D) : A⊗D → D ⊗ A

is an invertible weak entwining structure.
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Invertible weak entwining structures

Proposition . Let (A,C, ψR, ψL) be an invertible weak entwining structure in C.
(1) ΦA,C = pL

C⊗A
◦ ψL ◦ iR

A⊗C
: A�C → C�A is an isomorphism with inverse

Φ−1
A,C

= pR
A⊗C ◦ ψR ◦ iLC⊗A.

(2) If (A,µA, ρA) is a right entwined module, (A,µA, ρ
L
A

= ψL◦ζR
A

) is a left entwined module.
Also, if (A,µA, ̺A) ∈ C

AM(ψL) then (A,µA, ̺
R
A = ψR ◦ ζL

A) ∈ MC
A(ψR). Moreover,

ρLR
A = ρA and ̺RL

A = ̺A

(3) If (A,µA, ρA) ∈ MC
A(ψR) there exists an algebra isomorphism aA : AL

C → AR
C (aA is

the unique morphism such that iRA ◦ aA = iLA).
(4) If (A,µA, ρA) ∈ MC

A(ψR), then βL
A = ΦA,C ◦ βR

A ◦ hA where

hA : A⊗
AL

C

A→ A⊗
AR

C

A

is an isomorphism and the unique morphism such that hA ◦ qL
A

= qR
A

.
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Invertible weak entwining structures

Proposition . Let (A,C, ψR, ψL) be an invertible weak entwining structure. Then, if the
functorsA⊗− and −⊗A preserve coequalizers,AR

C
→֒ A is a right weakC-Galois extension

iff, AL
C

→֒ A is a left weak C-Galois extension.
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Projectivity and weak Galois extensions

Proposition. Let (A,C, ψR, ψL) be an invertible weak entwining structure in C. Let
(M,φM , ρM ) be an object in MC

A
(ψR). There exists a bijective map

ΘR
M : HomMC (C,M) → Hom

MC
A

(A�C,M).

defined by

ΘR
M (f) = φM ◦ (f ⊗ A) ◦ ψL ◦ iRA⊗C

and with inverse

(ΘR
M )−1(g) = g ◦ pR

A⊗C ◦ (ηA ⊗ C).

Moreover, each morphism in Hom
MC

A

(M,A�C) that splits in MC , splits also in MC
A
.
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Projectivity and weak Galois extensions

Theorem. Let (A,C, ψR) be a right-right weak entwining structure in C. Suppose that
(A,µA, ρA) belongs to MC

A
(ψR).

Consider the following statements:

(i) The morphism rR
A

: A⊗A → A�C splits in MC .

(ii)

(ii-1) The morphism βR
A

: A⊗
AR

C

A → A�C is an isomorphism.

(ii-2) (A,φA = µA ◦ (A⊗ iR
A

)) is relative projective in M
AR

C

,i.e., φA : A⊗AR
C

→ A

splits as morphism of right AR
C

-modules.

Then (ii) implies (i). If (A,C, ψR, ψL) is an invertible weak entwining structure in C and sR
A

:

A⊗AR
C

→ (A⊗A)R
C

is an isomorphism then (i) implies (ii).
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Projectivity and weak Galois extensions

Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).
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Projectivity and weak Galois extensions

Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).

(2) The Brzeziński-Turner-Wrightson Theorem (weak version of Kreimer-Takeuchi
Theorem)(Comm. in Algebra (2006)).
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Projectivity and weak Galois extensions

Particular cases.

(1) The Schauenburg-Schneider Theorem (J. of Pure and Appl. Algebra (2005)).

(2) The Brzeziński-Turner-Wrightson Theorem (weak version of Kreimer-Takeuchi
Theorem)(Comm. in Algebra (2006)).

(3) The Böhm Theorem for algebroids (algebroid version of Kreimer-Takeuchi
Theorem)(Ann. Univ. Ferrara-Sez. VII-Sc. Mat. (2005)).
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Projectivity and weak Galois extensions

Corollary. Let D be a weak Hopf algebra in a strict braided monoidal category C with
equalizers and coequalizers. Suppose that the antipode λD is an isomorphism. Let (A, ρA)

be a right D-comodule algebra.
Consider the following statements:

(i) The morphism rR
A

: A⊗A → A�D splits in MD .

(ii)

(ii-1) The morphism βR
A : A⊗

AR
D

A → A�D is an isomorphism.

(ii-2) (A,φA = µA ◦ (A⊗ iR
D

)) is relative projective in M
AR

D

.

Then (ii) implies (i). If sR
A

: A⊗AR
D

→ (A⊗ A)R
D

is an isomorphism, then (i) implies (ii).
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