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Introduction

Context

Logic
» language: typically freely generated from a signature
» deductive system
» Hilbert calculi
> tableaux systems
» Gentzen systems
>
> semantics
> algebraic
> relational

> games
>
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Introduction

Context
Classical propositional logic
» language:
freely generated from a set of propositional symbols I, by
using the unary connective —. and the binary connective D,
> semantics:
the class of all valuations from [, into {0,1}

» deductive system:
Hilbert system with the following axioms

§Dc (€ 2c8)
(€ Dc (6 Dc€") Dc ((€ Dc &) De (€ Oc £7))
((_‘cf) e (_‘cg/)) e (fl e f)

and the rule of Modus Ponens stating that from £ and £ D, ¢
it is possible to conclude &’
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Introduction

Context

Fibring
> operation on logic systems:
the fibring of two logic systems is a logic system such that

> language:
obtained by interleaving the constructors of both logics in
formulas

» deductive system:
should be such that the set of consequences are in some sense
minimal

> semantics:
should be sound and complete with respect to the deductive
system
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Introduction

Motivation
Multi-graphs: very appropriate for describing a logic system

> language:
constructors are seen as edges between sorts:
Dc

RS

O ——mT
NG

and formulas as paths (or trees) in a multi-graph:

p -
QHT{'%-T(
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Introduction

Motivation

Multi-graphs: very appropriate for describing:

> semantics:
graph representation of the operations:
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Motivation

Multi-graphs: very appropriate for describing:
» deductive systems:

rules are m-edges between formulas:

T

T
! T ax1 |
T — aXji
\ A
T ™
T iviwis
T — aX2
\ Y T T Viwis
s ™ | | |
7l | > a7
T T Ly - MP  1P2
| axz | Yoy Y
vTﬂ'ﬂ' —_— VaX3 T T T
T ™
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Introduction

Motivation

Multi-graphs: very appropriate for describing fibring:
» offer a natural way to represent interleaving which is at the
heart of fibring

» allow the fibring of an interpretation structure of a logic with
any interpretation structure of the other logic

» make possible the definition of the semantic aspects of fibring
in such a way that the collapsing problem does not appear
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Introduction

Motivation

Moreover, multi-graphs allow the representation of a wide class of
logics:

> logics with an algebraic semantics

» substructural logics

» logics with a partial semantics

» logics endowed with a nondeterministic semantics

>
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Basics

Multi-graphs

By a multi-graph (in short, a m-graph) we mean a tuple

G = (V, E,src,trg)

where:
» V is a set (of vertexes or nodes);

» E is a set (of m-edges);
» src: E— VH,

» trg: E— V.
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Basics

Multi-graphs

and by a m-graph morphism h : G; — G, we mean a pair of maps

hY : V1 — V2
h*: EL — E
such that:
» srco o h® = hY osrcy;
> trg, o h®* = h¥ o trg;.

We denote by mGraph the category of m-graphs and their
morphisms.

J Rasga Departamento de Matemadtica, Instituto Superior Técnico SQIG-Instituto de Telecomunicagdes

Graph-theoretic fibring of logics



Basics

Generation of a category with binary products out of a m-graph

1. from a m-graph G to a graph G' where:
» the set of vertexes of GT is V'
» the edges of G' are the edges of G plus edges for projections
and tuples
2. from the graph G to the category G?* freely generated by G'

3. from the category G? to the category G with binary
products: quotient over the class of morphisms ensuring that
projections and tuples have the required universal properties
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Logic systems

Language
A language signature or, simply, a signature is a tuple
Y =(G,m,0)

where G = (V, E,src,trg) is a m-graph, and 7 and ¢ are in V.

Example The propositional signature > where [1. is a set of

propositional symbols, is a m-graph with sorts 7 and ¢ and the
following m-edges:

» p:o — m for each pin llg;
> I — T,

> Deimm — T

J Rasga

Departamento de Matemadtica, Instituto Superior Técnico SQIG-Instituto de Telecomunicagdes

Graph-theoretic fibring of logics



Logic systems

Language

Given a signature ¥ = (G, m,9)
» the objects of G* are the finite and non-empty sequences of
sorts in X
» the morphisms of G* play the role of expressions (schema
formulas, schema terms, whatever) over .

The morphisms of G* constitute the language generated by the
signature, denoted by L(X).
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Logic systems

Language

For instance, the schema formula
(fl Dc (51 D¢ fl)) Dc 52
is represented by the morphism

Dco(Deo(€1,Dc0(&1,61)),&) i — 7

where &; is pI™, for i = 1,2.
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Logic systems

Semantics

An interpretation structure | over a signature (G, m,o) is a tuple
(G/7 O[7 D7 ’)

such that
» G’ is a m-graph (operations graph)
» «: G’ — G is a m-graph morphism (abstraction morphism)
» D is a non-empty set contained in (o) ()

> o+ is an element of (a¥) (o).
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Logic systems

Semantics

concretization vs abstraction

» concretization: from syntax to semantics, that is, a syntactic
constructor gets a concrete meaning when interpreted for
instance as an operation in a algebra

» abstraction: from semantics to syntax, that is, each semantic
component is abstracted to its syntactic counterpart
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Logic systems

Semantics
Example
The interpretation structure (G', v, D, o) for the signature X,
where N = {q1, g2, g3} over a valuation v : {q1, ¢2, 93} — {0,1}
such that v(g1) =1 and v(g2) = v(g3) = 0, is defined as follows:

» G’ is such that:
Vi={0,1} U{e};
E" = {41, 95,93, 70, 71, Doo; Do1; D105 D11}
src’ and trg’ are such that:
qr:e — 1;
g :e —0fori=23;

v

Dy ivivs — ((1— v) + v3) for each vi and v; in V.

=y vl — (1= V') for each v/ in V;
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Logic systems

Semantics

» o: G' — G is such that:

) =gq; fori=1,2,3;
) = — for each v/ in V/;

*(Duyy) = D for each v{ and vj in V.
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Logic systems

Deductive systems

A deductive signature or meta-signature is a tuple
¢ = (%, T,R)
where ¥ = (G, m,0) is a language signature such that
G® = (Vq>7 E¢,src¢,trg¢)

is a m-graph extending G with
» V=V,

n

» E° =EFEURwhere R={R,:7... T — T}n>0;

and Tisaset {T°:s— T}sey+.
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Logic systems

Deductive systems

Example Graphical representation of part of the m-graph G?
based on X :
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Logic systems

Deductive systems

A deductive system over a meta-signature ® is a pair

(G".B)

where G” is a m-graph such that

> V" is the class of morphisms of G whose target is in V;

> E'(wp:s—vi...Wp:S— vp,w:s—v) forwin G",
contains, among others, the m-edges e : v3...v, — v of E
such that w = eo (wy,...,w,) in GT;

> E"(Wy 51 — Vi...Wp: Sy — Vp,w: s — v) = whenever w
isnotin G" ors; #s forsomei=1,...,n, or wjis notin G*
and n # 1,
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Logic systems

Deductive systems

and 3 is a m-graph morphism from G” to G such that
> BV (w:is—v)=v;
> fle:(W:s—wvi... Wh:s—v,) = (W:s—v))=ceife
isin Eand w = eo (wy,...,w,);

» (3¢(f") € R otherwise.
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Logic systems

Deductive systems
Example Deductive system (®p_, G”, 3) for classical logic:
» ®&p_ is the meta-signature (Xn_, T,R);
» G” has the mandatory m-edges for connectives, and
» m-edge ax; : 17" — ax; where ax; is
(€2c (€' Dc§)) i mm — ;
» m-edge axp : T™™" — ax, where ax; is
(€2 (6 2c€") Dc ((€Dc &) De (€DcE"))) s mmm — m;
» m-edge ax3 : T™" — axs such that axz is
((7c€) D (7c &) Dc (6" Dc §)) - 7w — m;
» m-edge MP : p7" D, — P37,
» (5:G" — G® is such that:
» (%(ax;) =Ry for i =1,2,3;
» 55(MP) = R,.
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Logic systems

Deductive systems

Example Graphical representation of part of the m-graph of the
deductive system for classical propositional logic:

357R2
p N
O ——m—= T Q
- R
T T A el
| ax | i
T7T *1> axi ﬁ
\i \i i
Qo 7T
S S
T T | |
| axo | @) — T o
TrTT —5%  aXp A A
\ \ T T iwis T s
e s I | |
7l | | =~
Dy ————
%8 T P17 24 MP P2
| ax3 | vy v \
VTTr7T — V/&JLX3 T T T

™ s

J Rasga Departamento de Matemadtica, Instituto Superior Técnico SQIG-Instituto de Telecomunicagdes

Graph-theoretic fibring of logics



Logic systems

Deductive systems

Derivations are seen as a sequence of derivation steps, also called
derivation levels, where in each level one or several rules may be

applied to different schema formulas coming from the preceding

level.

The morphism idiq_ is applied in a level to a schema formula when
no rule is applied to it in that level.

Axioms are seen as unary rules whose antecedent is a verum
schema formula.
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Logic systems

Deductive systems

Examples Derivation of p D, g from g:

q T™ o {(q,p) 1
lida, | h
q D¢ (P D¢ q) P2

b

pPOcq ¥3
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Logic systems

Deductive systems

In order to define derivations we consider a new category with
binary products, G*, obtained from G”* by adding the morphisms

> A® - ®@fh (311 .. Atmy) 0 PL .. (Ent- - - Anm,) © PL —
(/(?1 o ’p\gsn . ./C\n o b\gis”) where f; . 3,'1 .. .:?\,'mi — E,' is ididw or
is in (3%)71(R) and src(c;) = si;

» (OU:(a1...am)oU — (C1...Cp)ouif uin GT is composable
withc and ¢:31...3, = C1...Cpisof the form A Q-+ ® fy;

while imposing:
> idig, © U = idg;
> L Oids = ¢;
> ((OW)OU =006 (U ou);
> (AR ®fH)OT=(ROGL "o0))®- - & (fHo (P 0l)).
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Logic systems

Deductive systems

We write £ x ¢ whenever there is a substitution T (a morphism in
G") with g = ANT(¥) o u. In this case we define ¢ x J as being
equal to £ ® 1.

By a derivation we mean a pair
d="V1,.... 00 @1

where each /; is a derivation step and @1 is a sequence of
morphisms in V" such that the sequence given by

Bir1 = CONC(¢; * F;), for i =1,...,n, is well defined, and so
there exists the composite morphism

(bn* Bn)o...o(l1xP1)

in G,
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Logic systems

Deductive systems

y MT<—-——=—-——— ——— =5 3
h* g1l
M€ ———— —— — — — 5\ @
(o S S
b @all
!/f M<—————————— S\ Gs
5’1 T<————=———=— — — S)
- N
/,,*go,,o...oll*gal*\\,
MT<———— ——1———— S\ G
\ 7T<————:—”————S)
N\ In % ny
\ T<—-———=—— — —— ——=5 ©
T<————=—=—=—= == S)
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Logic systems

Deductive systems

Example Derivation of & from & and —&s:

in the Hilbert calculus for classical logic, &1 is derived from &> and
=&, as follows:

1. & Hyp
2. & Hyp
3. (7&)2 (&) 2 (&) axa
4. (m&)D(7&) MP 2,3
5. (&) 2 (7€) 2 (L2&) axs
6. £LD0& MP 4,5
7. & MP 1,6
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Logic systems

Deductive systems
which can be depicted graphically by the following picture:

L —&  TMo(=&,7&) T o (&1,€2)

idig.,. i idig., l axi J{ axs

L &L LD (&aD~&L) (C&aD~6L)D(LD&h)
ididﬂ\\Lﬁ J{ idig,,

& ~&a>o7& (~&a2>7&)D(L>&)
id, \HE///

& £20&
\g,lf
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Logic systems

Deductive systems

in our setting this corresponds to the derivation given by
MP, (idig, ® MP), (idig,, @ MP ®idig, ), (idia, ®idia, ® ax1 ® ax3); $1

where @ is the sequence &, &, T™ o (m &, &), T™ o (£1,&2)
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Logic systems

Logic system

A logic system is a triple
L= (%,Z,D)

such that:
» 7 = (X,7) is an interpretation system;

» D= (d,G", ) is a deductive system where ® is a
meta-signature over Y.
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Soundness and completeness

Soundness

A logic system L is said to be sound if [ F1 ¢ whenever I Fp ¢,
where ¢ is a formula and T is a set of formulas of G™.

An interpretation structure / in J is said to be sound for a
deductive rule r in D, if I, p I CONC(r) whenever
I, p IF proper(ANT(r)) for every assignment p over /.

A logic system L is said to be sound for a deductive rule r in D, if
all its interpretation structures over its signature are sound for r.
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Soundness and completeness

Soundness

Theorem A logic system is sound if it is sound for its deductive
rules.
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Soundness and completeness

Completeness

The canonical interpretation structure S"(D) = (I, (G’, a, D, +))
generated by D and I, is such that:

» G' = (V' E' src, trg’) where
» V'’ are the morphisms of G whose target is an element of V

» E'(wy...w,, w) is composed by all the m-edges e of E such
that w =€o (wy,...,w,) in G*

» o'Y(w:s—v)=vandas(e)=e
» D={weV :Ttpw}

> ¢ is the morphism id,, in G™.
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Soundness and completeness

Completeness

Proposition For every deductive rule r in D, set of formulas T,
and assignment p over S"(D), then ST(D), p IF CONC(r)
whenever S"(D), p I proper(ANT(r)).
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Soundness and completeness

Completeness

In order for completeness to hold in a logic system it is not
necessary to impose as sufficient condition that its interpretation
system contains canonical structures.

It is enough to guarantee that its interpretation system contains
structures that share with canonical structures some characteristics.
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Soundness and completeness

Completeness

A logic system contains a representative of the canonical structure
over a set [ when it contains an interpretation structure I such
that

> Ir Ik o implies ST(D) IF ;
> I IF T

for every formula ¢ and set of formulas I in G™.
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Soundness and completeness

Completeness

Theorem
A logic system with representatives of the canonical structures over
all sets of formulas is complete.
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Soundness and completeness

Completeness

Theorem
A logic system is weakly complete if it contains a representative of

the canonical structure over the empty set.
Corollary

A logic system is (weakly) complete whenever it contains all the
interpretation structures that are sound with respect to the rules.

J Rasga Departamento de Matemadtica, Instituto Superior Técnico SQIG-Instituto de Telecomunicag¢des

Graph-theoretic fibring of logics



Soundness and completeness

Completeness

Some logics to which our completeness results apply:
» classical propositional logic;

classical propositional modal logic T;

intuitionistic propositional logic;

relevance logic R;

mbC paraconsistent logic;

one-sorted equational logic;

vV v v v VvY
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Conclusions

Conclusions and future work

» Graph-theoretic account of logics with provisos and
quantification

» Graph-theoretic account of deductive systems like sequents
and labelled deduction

» Study in this context other preservation results like cut
elimination, interpolation, quantifier elimination, decidability

» Graph-theoretic account of fibring of protoalgebraic and
weakly algebraizable logics

» Extension of fusion to the graph-theoretic setting
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Conclusions

A. Sernadas, C. Sernadas, J. Rasga, and M. Coniglio. Graph-theoretic fibring of
logics Part | - Completeness. 2008. Submitted for publication.

A. Sernadas, C. Sernadas, J. Rasga, M. Coniglio. Graph-theoretic fibring of

logics Part Il - Completeness preservation. Submitted for publication.

http://sqig.math.ist.utl.pt/publications.html

Thank you!!
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