Are limits of presheaves really pointwise?
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Given a small category C, the corresponding presheaf category V = [C°P,Set]
is a complete, cocomplete cartesian closed category. We are interested here in the
consideration of weighted V-limits and V-colimits.

Given a small enriched V-category D and two V-functors
FrD—-v, G:D->YVY
we can compose these with the evalution functor at some object C' € C
evo:V = [C°P,Set] — Set, H — H(C)
and ask the question: is it the case that
(limg F)(C) = lim(ey 0 (eve o F)

and analogously for weighted colimits (with then G contravariant). The answer is
negative in general for weighted limits, but turns out to be positive for weighted
colimits. Let us remember that an analogous observation holds for internal limits and
colimits in the topos V = [C°P, Set].

The covariant weight G above is V-finite when D has finitely many objects, while
each D(D, D’) and each G(D) are finitely presentable in V. A weighted V-colimit is
filtered when it commutes with all finite weighted V-limits.

Under a mild condition on C — the existence of finite weak multi-limits (which
certainly holds when C is finitely cocomplete) — we prove that the filtered V-weights
are precisely those which are pointwise filtered over Set. This applies in particular

when V is the category of simplicial sets.
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