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Preliminaries

C strict monoidal category with split idempotents.
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∇Y = iY ◦ pY , pY ◦ iY = idZ .
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We assume that algebras are associative with unity and the coalgebras coassociative with
counity. Given an algebra A and a coalgebra C:

ηA : K → A, µA : A⊗ A→ A, εC : C → K, δC : C → C ⊗ C

denote the unity, the product, the counity, and the coproduct respectively.
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∇Y = iY ◦ pY , pY ◦ iY = idZ .

We assume that algebras are associative with unity and the coalgebras coassociative with
counity. Given an algebra A and a coalgebra C:

ηA : K → A, µA : A⊗ A→ A, εC : C → K, δC : C → C ⊗ C

denote the unity, the product, the counity, and the coproduct respectively.
If A is an algebra, B is a coalgebra and α : B → A, β : B → A are morphisms, we denote
the convolution product by

α ∧ β = µA ◦ (α⊗ β) ◦ δB .
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Weak Yang-Baxter operators

Definition. (Joyal and Street , Adv. in Math., 1993 )
Let D ∈ Obj(C). A Yang-Baxter operator is an isomorphism tD,D : D ⊗ D → D ⊗ D in C

satisfying the Yang-Baxter equation

(tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D) = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D)
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Weak Yang-Baxter operators

Definition. LetD ∈ Obj(C). A weak Yang-Baxter operator is a morphism tD,D : D⊗D →

D ⊗D in C satisfying the following conditions:

(1) tD,D satisfies the Yang-Baxter equation.

(2) There exists an idempotent morphism ∇D⊗D : D ⊗D → D ⊗D such that:

(2-1) (∇D⊗D ⊗D) ◦ (D ⊗∇D⊗D) = (D ⊗∇D⊗D) ◦ (∇D⊗D ⊗D),

(2-2) (∇D⊗D ⊗D) ◦ (D ⊗ tD,D) = (D ⊗ tD,D) ◦ (∇D⊗D ⊗D),

(2-3) (tD,D ⊗D) ◦ (D ⊗∇D⊗D) = (D ⊗∇D⊗D) ◦ (tD,D ⊗D),

(2-4) tD,D ◦ ∇D⊗D = ∇D⊗D ◦ tD,D = tD,D.

(3) There exists a morphism t′
D,D

: D ⊗D → D ⊗D such that:

(3-1) t′
D,D

satisfies the Yang-Baxter equation.

(3-2) The morphism pD⊗D ◦ tD,D ◦ iD⊗D : D ×D → D ×D is an isomorphism with
inverse pD⊗D ◦ t′

D,D
◦ iD⊗D : D ×D → D ×D, where pD⊗D and iD⊗D are

the morphisms such that iD⊗D ◦ pD⊗D = ∇D⊗D and pD⊗D ◦ iD⊗D = idD×D

being D ×D the image of ∇D⊗D .

(3-3) t′
D,D

◦ ∇D⊗D = ∇D⊗D ◦ t′
D,D

= t′
D,D

.
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Weak Yang-Baxter Operators

Definition. (Böhm, Nill and Szlach ányi , J. of Algebra, 1999)

A weak Hopf algebra (or quantum groupoid) in a strict symmetric monoidal category C is by
definition an algebra (H, ηH , µH) and coalgebra (H, εH , δH) such that the following axioms
hold:

(1) δH ◦ µH = (µH ⊗ µH) ◦ (H ⊗ cH,H ⊗H) ◦ (δH ⊗ δH).

(2) εH ◦ µH ◦ (µH ⊗H) = (εH ⊗ εH) ◦ (µH ⊗ µH) ◦ (H ⊗ δH ⊗H)

= (εH ⊗ εH) ◦ (µH ⊗ µH) ◦ (H ⊗ (cH,H ◦ δH) ⊗H).

(3) (δH ⊗H) ◦ δH ◦ ηH = (H ⊗ µH ⊗H) ◦ (δH ⊗ δH) ◦ (ηH ⊗ ηH)

= (H ⊗ (µH ◦ cH,H ) ⊗H) ◦ (δH ⊗ δH) ◦ (ηH ⊗ ηH).

(4) There exists a morphism λH : H → H in C (called antipode of H) satisfying:

(4-1) idH ∧ λH = ((εH ◦ µH) ⊗H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH) ⊗H).

(4-2) λH ∧ idH = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗H) ◦ (H ⊗ (δH ◦ ηH)).

(4-3) λH ∧ idH ∧ λH = λH .
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(4-3) λH ∧ idH ∧ λH = λH .

A weak Hopf algebra is a Hopf algebra if an only if the morphism δH (comultiplication) is
unit-preserving (if and only if the counit is a homomorphism of algebras).
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Weak Yang-Baxter Operators

If H is a weak Hopf algebra, the antipode λH is unique, antimultiplicative, anticomultiplicative
and leaves the unit ηH and the counit εH invariant:

λH ◦ µH = µH ◦ (λH ⊗ λH) ◦ cH,H , δH ◦ λH = cH,H ◦ (λH ⊗ λH) ◦ δH ,

λH ◦ ηH = ηH , εH ◦ λH = εH .
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The morphisms ΠL
H

(target), ΠR
H

(source), Π
L
H and Π

R
H defined by

ΠL
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In this talk we denote by HL the image of ΠL

H
and by pL : H → HL, iL : HL → H the

morphisms such that iL ◦ pL = ΠL
H

and iL ◦ pL = idHL
.
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Weak Yang-Baxter Operators

Let H be a weak Hopf algebra. We say that (M,ϕM ) is a left H-module if M is an object in
C and ϕM : H ⊗M →M is a morphism in C satisfying:
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Weak Yang-Baxter Operators

The morphisms

∇M⊗N = ϕM⊗N ◦ (ηH ⊗M ⊗N) : M ⊗N →M ⊗N

∇′
M⊗N = (εH ⊗M ⊗N) ◦ ̺M⊗N : M ⊗N →M ⊗N

are idempotent.
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M⊗N
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M⊗N

i′
M⊗N

∇M⊗N = iM⊗N ◦ pM⊗N , idM×N = pM⊗N ◦ iM⊗N .

∇′
M⊗N = i′M⊗N ◦ p′M⊗N , idM⊚N = p′M⊗N ◦ i′M⊗N .
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M⊗N
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M⊗N
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M⊗N

∇M⊗N = iM⊗N ◦ pM⊗N , idM×N = pM⊗N ◦ iM⊗N .

∇′
M⊗N = i′M⊗N ◦ p′M⊗N , idM⊚N = p′M⊗N ◦ i′M⊗N .

If H is a Hopf algebra then ∇M⊗N = idM⊗N = ∇′
M⊗N

and M ×N = M ⊗N = M ⊚N.
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Weak Yang-Baxter Operators

Definition. (Böhm , Comm. in Algebra, 2000)

Let H be a weak Hopf algebra. We shall denote by H
H
YD the category of left-left Yetter-

Drinfeld modules over H. That is, M = (M,ϕM , ̺M ) is an object in H
H
YD if (M,ϕM ) is a

left H-module, (M,̺M ) is a left H-comodule and

(1) (µH ⊗M) ◦ (H ⊗ cM,H) ◦ ((̺M ◦ ϕM ) ⊗H) ◦ (H ⊗ cH,M ) ◦ (δH ⊗M)

= (µH ⊗ ϕM ) ◦ (H ⊗ cH,H ⊗M) ◦ (δH ⊗ ̺M ),

(2) (µH ⊗ ϕM ) ◦ (H ⊗ cH,H ⊗M) ◦ ((δH ◦ ηH) ⊗ ̺M ) = ̺M .
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Weak Yang-Baxter Operators

Definition. (Böhm , Comm. in Algebra, 2000)

Let H be a weak Hopf algebra. We shall denote by H
H
YD the category of left-left Yetter-

Drinfeld modules over H. That is, M = (M,ϕM , ̺M ) is an object in H
H
YD if (M,ϕM ) is a

left H-module, (M,̺M ) is a left H-comodule and
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Let M , N in H
H
YD. The morphism f : M → N is a morphism of left-left-Yetter-Drinfeld

modules if

f ◦ ϕM = ϕN ◦ (H ⊗ f), (H ⊗ f) ◦ ̺M = ̺N ◦ f.
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If the antipode of H is an isomorphism
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H

H
YD is a non-strict braided monoidal category
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Weak Yang-Baxter Operators

For two left-left Yetter-Drinfeld modules M = (M,ϕM , ̺M ), N = (N,ϕN , ̺N ) we have
∇M⊗N = ∇′

M⊗N
and then the tensor product is defined as object by

Im(∇M⊗N ) = M ×N = M ⊚N = Im(∇′
M⊗N ).
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M⊗N
and then the tensor product is defined as object by

Im(∇M⊗N ) = M ×N = M ⊚N = Im(∇′
M⊗N ).

M ×N is a left-left Yetter-Drinfeld module with the following action and coaction:

ϕM×N = pM⊗N ◦ ϕM⊗N ◦ (H ⊗ iM⊗N ),

̺M×N = (H ⊗ pM⊗N ) ◦ ̺M⊗N ◦ iM×N .
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̺M×N = (H ⊗ pM⊗N ) ◦ ̺M⊗N ◦ iM×N .

The unit object is

HL = Im(ΠL
H).

Weak Yang-Baxter operators and weak braided Hopf algebras – p. 11



Weak Yang-Baxter Operators

For two left-left Yetter-Drinfeld modules M = (M,ϕM , ̺M ), N = (N,ϕN , ̺N ) we have
∇M⊗N = ∇′

M⊗N
and then the tensor product is defined as object by

Im(∇M⊗N ) = M ×N = M ⊚N = Im(∇′
M⊗N ).

M ×N is a left-left Yetter-Drinfeld module with the following action and coaction:

ϕM×N = pM⊗N ◦ ϕM⊗N ◦ (H ⊗ iM⊗N ),

̺M×N = (H ⊗ pM⊗N ) ◦ ̺M⊗N ◦ iM×N .

The unit object is

HL = Im(ΠL
H).

The structure of left-left Yetter-Drinfeld module for HL is

ϕHL
= pL ◦ µH ◦ (H ⊗ iL), ̺HL

= (H ⊗ pL) ◦ δH ◦ iL.
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HL = Im(ΠL
H).

The structure of left-left Yetter-Drinfeld module for HL is

ϕHL
= pL ◦ µH ◦ (H ⊗ iL), ̺HL

= (H ⊗ pL) ◦ δH ◦ iL.

The unit constrains are:

lM = ϕM ◦ (iL ⊗M) ◦ iHL⊗M : HL ×M →M,

rM = ϕM ◦ cM,H ◦ (M ⊗ (Π
L
H ◦ iL)) ◦ iM⊗HL

: M ×HL →M.
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Weak Yang-Baxter Operators

These morphisms are isomorphisms with inverses:

l−1
M

= pHL⊗M ◦ (pL ⊗ ϕM ) ◦ ((δH ◦ ηH) ⊗M) : M → HL ×M,

r−1
M

= pM⊗HL
◦ (ϕM ⊗ pL) ◦ (H ⊗ cH,M ) ◦ ((δH ◦ ηH) ⊗M) : M →M ×HL.
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Weak Yang-Baxter Operators

These morphisms are isomorphisms with inverses:

l−1
M

= pHL⊗M ◦ (pL ⊗ ϕM ) ◦ ((δH ◦ ηH) ⊗M) : M → HL ×M,

r−1
M

= pM⊗HL
◦ (ϕM ⊗ pL) ◦ (H ⊗ cH,M ) ◦ ((δH ◦ ηH) ⊗M) : M →M ×HL.

If M , N , P are objects in the category H
H
YD, the associativity constrains are defined by

aM,N,P : M × (N × P ) → (M ×N) × P,

aM,N,P = p(M×N)⊗P ◦ (pM⊗N ⊗ P ) ◦ (M ⊗ iN⊗P ) ◦ iM⊗(N×P )
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where the inverse are the morphisms:

a−1
M,N,P

: (M ×N) × P →M × (N × P ).

a−1
M,N,P

= pM⊗(N×P ) ◦ (M ⊗ pN⊗P ) ◦ (iM⊗N ⊗ P ) ◦ i(M×N)⊗P
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where the inverse are the morphisms:

a−1
M,N,P

: (M ×N) × P →M × (N × P ).

a−1
M,N,P

= pM⊗(N×P ) ◦ (M ⊗ pN⊗P ) ◦ (iM⊗N ⊗ P ) ◦ i(M×N)⊗P

If γ : M →M ′ and φ : N → N ′ are morphisms in the category, then

γ × φ = pM′⊗N′ ◦ (γ ⊗ φ) ◦ iM⊗N : M ×N →M ′ ×N ′

is a morphism in H
H
YD and

(γ′ × φ′) ◦ (γ × φ) = (γ′ ◦ γ) × (φ′ ◦ φ).
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Weak Yang-Baxter Operators

Finally, the braiding is

τM,N = pN⊗M ◦ tM,N ◦ iM⊗N : M ×N → N ×M,

where

tM,N = (ϕN ⊗M) ◦ (H ⊗ cM,N ) ◦ (̺M ⊗N) : M ⊗N → N ⊗M.
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Weak Yang-Baxter Operators

Finally, the braiding is

τM,N = pN⊗M ◦ tM,N ◦ iM⊗N : M ×N → N ×M,

where

tM,N = (ϕN ⊗M) ◦ (H ⊗ cM,N ) ◦ (̺M ⊗N) : M ⊗N → N ⊗M.

The morphism τM,N is a natural isomorphism with inverse:

τ−1
M,N

= pM⊗N ◦ t′M,N ◦ iN⊗M : N ×M →M ×N

where

t′M,N = cN,M ◦ (ϕN ⊗M) ◦ (cN,H ⊗M) ◦ (N ⊗ λ−1
H

⊗M) ◦ (N ⊗ ̺M ).
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Weak Yang-Baxter Operators

Proposition. Let H be a weak Hopf algebra with invertible antipode. If (M,ϕM , ̺M ) is a
left-left Yetter-Drinfeld module over H, the morphism tM,M : M ⊗M →M ⊗M defined by

tM,M = (ϕM ⊗M) ◦ (H ⊗ cM,M ) ◦ (̺M ⊗M)

is a weak Yang-Baxter operator where

∇M⊗M = ϕM⊗M ◦ (ηH ⊗M ⊗M),

t′M,M = cM,M ◦ (ϕM ⊗M) ◦ (cM,H ⊗M) ◦ (M ⊗ λ−1
H

⊗M) ◦ (M ⊗ ̺M ).
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Weak braided Hopf algebras

Definition. A weak braided Hopf algebra (WBHA) D is an object in C with an algebra
structure (D, ηD , µD) and a coalgebra structure (D, εD, δD) such that there exists a weak
Yang-Baxter operator tD,D : D ⊗D → D ⊗D with associated idempotent ∇D⊗D satisfying
the following conditions:

(1)

(1-1) µD ◦ ∇D⊗D = µD,

(1-2) ∇D⊗D ◦ (µD ⊗D) = (µD ⊗D) ◦ (D ⊗∇D⊗D),

(1-3) ∇D⊗D ◦ (D ⊗ µD) = (D ⊗ µD) ◦ (∇D⊗D ⊗D).

(2)

(2-1) ∇D⊗D ◦ δD = δD,

(2-2) (δD ⊗D) ◦ ∇D⊗D = (D ⊗∇D⊗D) ◦ (δD ⊗D),

(2-3) (D ⊗ δD) ◦ ∇D⊗D = (∇D⊗D ⊗D) ◦ (D ⊗ δD).
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Weak braided Hopf algebras

(3) The morphisms ηD , µD , εD and δD commute with tD,D , i.e.,

(3-1) tD,D ◦ (ηD ⊗D) = ∇D⊗D ◦ (D ⊗ ηD),

(3-2) tD,D ◦ (D ⊗ ηD) = ∇D⊗D ◦ (ηD ⊗D),

(3-3) tD,D ◦ (µD ⊗D) = (D ⊗ µD) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D),

(3-4) tD,D ◦ (D ⊗ µD) = (µD ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D),

(3-5) (εD ⊗D) ◦ tD,D = (D ⊗ εD) ◦ ∇D⊗D ,

(3-6) (D ⊗ εD) ◦ tD,D = (εD ⊗D) ◦ ∇D⊗D ,

(3-7) (δD ⊗D) ◦ tD,D = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ δD),

(3-8) (D ⊗ δD) ◦ tD,D = (tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (δD ⊗D).
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Weak braided Hopf algebras

(4) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ tD,D ⊗D) ◦ (δD ⊗ δD).

(5) εD ◦ µD ◦ (µD ⊗D) = (εD ⊗ εD) ◦ (µD ⊗ µD) ◦ (D ⊗ δD ⊗D)

= (εD ⊗ εD) ◦ (µD ⊗ µD) ◦ (D ⊗ (t′
D,D

◦ δD) ⊗D).

(6) (δD ⊗D) ◦ δD ◦ ηD = (D ⊗ µD ⊗D) ◦ (δD ⊗ δD) ◦ (ηD ⊗ ηD)

= (D ⊗ (µD ◦ t′
D,D

) ⊗D) ◦ (δD ⊗ δD) ◦ (ηD ⊗ ηD).

(7) There exists a morphism λD : D → D in C (called the antipode of D) satisfying:

(7-1) idD ∧ λD = ((εD ◦ µD) ⊗D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD) ⊗D),

(7-2) λD ∧ idD = (D ⊗ (εD ◦ µD)) ◦ (tD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)),

(7-3) λD ∧ idD ∧ λD = λD .
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Weak braided Hopf algebras

If C is symmetric, tD,D = cD,D = t′
D,D

, i.e. the weak Yang-Baxter operator is the twist
of the symmetric category C, then ∇D⊗D = idD⊗D and the last definition is the usual
definition of weak Hopf algebra (Böhm, Nill and Szlach ányi ).
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Weak braided Hopf algebras

If C is symmetric, tD,D = cD,D = t′
D,D

, i.e. the weak Yang-Baxter operator is the
twist of the symmetric category C, then ∇D⊗D = idD⊗D and the last definition is the
usual definition of weak Hopf algebra (Böhm, Nill and Szlach ányi ).

If C is symmetric, tD,D = cD,D = t′
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a Hopf algebra.
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D,D

, i.e. the weak Yang-Baxter operator is the
twist of the symmetric category C, then ∇D⊗D = idD⊗D and the last definition is the
usual definition of weak Hopf algebra (Böhm, Nill and Szlach ányi ).

If C is symmetric, tD,D = cD,D = t′
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a Hopf algebra.

If C is braided, tD,D = cD,D , t′
D,D

= c−1
D,D

, i.e. the weak Yang-Baxter operator is the
braiding of the braided category C, then ∇D⊗D = idD⊗D and we introduce the
definition of weak Hopf algebra in a braided category.
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Weak braided Hopf algebras
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D,D
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D,D

, i.e. the weak Yang-Baxter operator is the
braiding of the braided category C, then ∇D⊗D = idD⊗D and we introduce the
definition of weak Hopf algebra in a braided category.

If C is a category of vector spaces (symmetric), tD,D is a Yang-Baxter operator,
t′
D,D

= t−1
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a braided Hopf algebra (Takeuchi ).
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If C is symmetric, tD,D = cD,D = t′
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a Hopf algebra.

If C is braided, tD,D = cD,D , t′
D,D

= c−1
D,D

, i.e. the weak Yang-Baxter operator is the
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definition of weak Hopf algebra in a braided category.

If C is a category of vector spaces (symmetric), tD,D is a Yang-Baxter operator,
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D,D

= t−1
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a braided Hopf algebra (Takeuchi ).

If C is braided, tD,D = cD,D , t′
D,D

= c−1
D,D

and ηD ⊗ ηD = δD ◦ ηD , D is a Hopf
algebra in a braided category (Majid ).
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Weak braided Hopf algebras

Definition. Let D, B be weak braided Hopf algebras. We will say that f : D → B

is a morphism of weak braided Hopf algebras if f is an algebra coalgebra morphism and
tB,B ◦ (f ⊗ f) = (f ⊗ f) ◦ tD,D and t′

B,B
◦ (f ⊗ f) = (f ⊗ f) ◦ t′

D,D
.

If f : D → B is a morphism of weak braided Hopf algebras, then f ◦ λD = λB ◦ f.
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Weak braided Hopf algebras

Definition. Let D, B be weak braided Hopf algebras. We will say that f : D → B

is a morphism of weak braided Hopf algebras if f is an algebra coalgebra morphism and
tB,B ◦ (f ⊗ f) = (f ⊗ f) ◦ tD,D and t′

B,B
◦ (f ⊗ f) = (f ⊗ f) ◦ t′

D,D
.

If f : D → B is a morphism of weak braided Hopf algebras, then f ◦ λD = λB ◦ f.

Proposition. Let H be a weak Hopf algebra in C such that λH is an isomorphism. Let
(D,uD,mD, eD,∆D, λD) be a Hopf algebra in H

HYD with action ϕD and coaction ̺D .
Let tD,D = (ϕD ⊗ D) ◦ (H ⊗ cD,D) ◦ (̺D ⊗ D) be the weak Yang-Baxter operator and
∇D⊗D = iD⊗D ◦ pD⊗D the associated idempotent. Then

D = (D, ηD = uD ◦pL ◦ηH , µD = mD ◦pD⊗D, εD = εH ◦ iL ◦ eD , δD = iD⊗D ◦∆D , λD)

is a WBHA in C.
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Weak braided Hopf algebras

D is not a Hopf algebra neither a weak Hopf algebra.
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Weak braided Hopf algebras

D is not a Hopf algebra neither a weak Hopf algebra.

If εD ◦ µD = εD ⊗ εD then ΠL
H = εH ⊗ ηH , or equivalently, H is a Hopf algebra in C.
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Weak braided Hopf algebras

D is not a Hopf algebra neither a weak Hopf algebra.

If εD ◦ µD = εD ⊗ εD then ΠL
H = εH ⊗ ηH , or equivalently, H is a Hopf algebra in C.

By an analogous calculus, if ηD ⊗ ηD = δD ◦ ηD , we obtain that H is a Hopf algebra.
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Weak braided Hopf algebras

D is not a Hopf algebra neither a weak Hopf algebra.

If εD ◦ µD = εD ⊗ εD then ΠL
H = εH ⊗ ηH , or equivalently, H is a Hopf algebra in C.

By an analogous calculus, if ηD ⊗ ηD = δD ◦ ηD , we obtain that H is a Hopf algebra.

If λD ∧ idD = εD ⊗ ηD we have uD ◦ eD = ηD ◦ εD and then

idHL
= pL ◦ ηH ◦ εH ◦ iL.

Therefore, ΠL
H = εH ⊗ ηH and we obtain that H also is a Hopf algebra.
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Weak braided Hopf algebras

D is not a Hopf algebra neither a weak Hopf algebra.

If εD ◦ µD = εD ⊗ εD then ΠL
H = εH ⊗ ηH , or equivalently, H is a Hopf algebra in C.

By an analogous calculus, if ηD ⊗ ηD = δD ◦ ηD , we obtain that H is a Hopf algebra.

If λD ∧ idD = εD ⊗ ηD we have uD ◦ eD = ηD ◦ εD and then

idHL
= pL ◦ ηH ◦ εH ◦ iL.

Therefore, ΠL
H = εH ⊗ ηH and we obtain that H also is a Hopf algebra.

Finally, D is not a weak Hopf algebra since the condition

δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ tD,D ⊗D) ◦ (δD ⊗ δD)

does not imply δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ cD,D ⊗D) ◦ (δD ⊗ δD) where cD,D is
the symmetric braiding of C.
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Weak braided Hopf algebras

Proposition. In a WBHA D the following assertions are equivalent.

(1) The equality

εD ◦ µD ◦ (µD ⊗D) = ((εD ◦ µD) ⊗ (εD ◦ µD)) ◦ (D ⊗ (t′D,D ◦ δD) ⊗D)

holds.

(2) There exists a morphism ΠL
D : D → D such that

µD ◦ (D ⊗ ΠL
D) = ((εD ◦ µD) ⊗D) ◦ (D ⊗ tD,D) ◦ (δD ⊗D).

(3) There exists a morphism ΠR
D : D → D such that

µD ◦ (ΠR
D ⊗D) = (D ⊗ (εD ◦ µD)) ◦ (tD,D ⊗D) ◦ (D ⊗ δD).
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Weak braided Hopf algebras

Proposition. In a WBHA D the following assertions are equivalent.

(1) The equality

εD ◦ µD ◦ (µD ⊗D) = ((εD ◦ µD) ⊗ (εD ◦ µD)) ◦ (D ⊗ δD ⊗D)

holds.

(2) There exists a morphism Π
L
D : D → D such that

µD ◦ (D ⊗ Π
L
D) = (D ⊗ (εD ◦ µD)) ◦ (δD ⊗D).

(3) There exists a morphism Π
R
D : D → D such that

µD ◦ (Π
R
D ⊗D) = ((εD ◦ µD) ⊗D) ◦ (D ⊗ δD).
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Weak braided Hopf algebras

Proposition. In a WBHA D the following assertions are equivalent.

(1) The equality

(δD ⊗D) ◦ δD ◦ ηD = (D ⊗ (µD ◦ t′D,D) ⊗D) ◦ ((δD ◦ ηD) ⊗ (δD ◦ ηD))

holds.

(2) There exists a morphism ΠL
D : D → D such that

(D ⊗ ΠL
D) ◦ δD = (µD ⊗D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD) ⊗D).

(3) There exists a morphism ΠR
D : D → D such that

(ΠR
D ⊗D) ◦ δD = (D ⊗ µD) ◦ (tD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)).

Weak Yang-Baxter operators and weak braided Hopf algebras – p. 23



Weak braided Hopf algebras

Proposition. In a WBHA D the following assertions are equivalent.

(1) The equality

(δD ⊗D) ◦ δD ◦ ηD = (D ⊗ µD ⊗D) ◦ ((δD ◦ ηD) ⊗ (δD ◦ ηD))

holds.

(2) There exists a morphism Π
L
D : D → D such that

(Π
L
D ⊗D) ◦ δD = (D ⊗ µD) ◦ ((δD ◦ ηD) ⊗D).

(3) There exists a morphism Π
R
D : D → D such that

(D ⊗ Π
R
D) ◦ δD = (µD ⊗D) ◦ (D ⊗ (δD ◦ ηD)).
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Weak braided Hopf algebras

Proposition. If D is a WBHA the morphisms ΠL
D

(target), ΠR
D

(source), Π
L
D and Π

R
D

defined by

ΠL
D = ((εD ◦ µD) ⊗D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD) ⊗D) : D → D,

ΠR
D

= (H ⊗ (εD ◦ µD)) ◦ (tD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)) : D → D,

Π
L
D = (D ⊗ (εD ◦ µD)) ◦ ((δD ◦ ηD) ⊗D) : D → D,

Π
R
D = ((εD ◦ µD) ⊗D) ◦ (D ⊗ (δD ◦ ηD)) : D → D.

are idempotent and leave the unit and the counit invariant.
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Weak braided Hopf algebras

Proposition. If D is a WBHA the morphisms ΠL
D

(target), ΠR
D

(source), Π
L
D and Π

R
D

defined by

ΠL
D = ((εD ◦ µD) ⊗D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD) ⊗D) : D → D,

ΠR
D

= (H ⊗ (εD ◦ µD)) ◦ (tD,D ⊗D) ◦ (D ⊗ (δD ◦ ηD)) : D → D,

Π
L
D = (D ⊗ (εD ◦ µD)) ◦ ((δD ◦ ηD) ⊗D) : D → D,

Π
R
D = ((εD ◦ µD) ⊗D) ◦ (D ⊗ (δD ◦ ηD)) : D → D.

are idempotent and leave the unit and the counit invariant.

Proposition. In a WBHA D the following identities hold.

(1) ΠL
H

◦ Π
L
D = ΠL

D
, ΠL

D
◦ Π

R
D = Π

R
D , Π

L
D ◦ ΠL

D
= Π

L
D, Π

R
D ◦ ΠL

D
= ΠL

D
.

(2) ΠR
D ◦ Π

L
D = Π

L
D, ΠR

D ◦ Π
R
D = ΠR

D, Π
L
D ◦ ΠR

D = ΠR
D, Π

R
D ◦ ΠR

D = Π
R
D.

(3) ΠL
D

◦ λD = ΠL
D

◦ ΠR
D

= λD ◦ ΠR
D
, ΠR

D
◦ λD = ΠR

D
◦ ΠL

D
= λD ◦ ΠL

D
.

(4) ΠL
D

= Π
R
D ◦ λD = λD ◦ Π

L
D, ΠR

D
= Π

L
D ◦ λD = λD ◦ Π

R
D.
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Weak braided Hopf algebras

Proposition. In a WBHA D the following identities hold.

(1) tD,D ◦ (ΠL
D

⊗D) = (D ⊗ ΠL
D

) ◦ tD,D , t′
D,D

◦ (ΠL
D

⊗D) = (D ⊗ ΠL
D

) ◦ t′
D,D

.

(2) tD,D ◦ (D ⊗ ΠL
D) = (ΠL

D ⊗D) ◦ tD,D , t′D,D ◦ (D ⊗ ΠL
D) = (ΠL

D ⊗D) ◦ t′D,D .

(3) tD,D ◦ (ΠR
D

⊗D) = (D ⊗ ΠR
D

) ◦ tD,D , t′
D,D

◦ (ΠR
D

⊗D) = (D ⊗ ΠR
D

) ◦ t′
D,D

.

(4) tD,D ◦ (D ⊗ ΠR
D

) = (ΠR
D

⊗D) ◦ tD,D , t′
D,D

◦ (D ⊗ ΠR
D

) = (ΠR
D

⊗D) ◦ t′
D,D

.

(5) ∇D⊗D ◦(ΠL
D
⊗D) = (ΠL

D
⊗D)◦∇D⊗D , ∇D⊗D ◦(ΠR

D
⊗D) = (ΠR

D
⊗D)◦∇D⊗D,

∇D⊗D ◦(D⊗ΠL
D) = (D⊗ΠL

D)◦∇D⊗D , ∇D⊗D ◦(D⊗ΠR
D) = (D⊗ΠR

D)◦∇D⊗D .

(6) tD,D ◦ (D ⊗ Π
L
D) = (Π

L
D ⊗D) ◦ tD,D , t′

D,D
◦ (D ⊗ Π

L
D) = (Π

L
D ⊗D) ◦ t′

D,D
.

(7) tD,D ◦ (Π
R
D ⊗D) = (D ⊗ Π

R
D) ◦ tD,D , t′

D,D
◦ (Π

R
D ⊗D) = (D ⊗ Π

R
D) ◦ t′

D,D
.
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Weak braided Hopf algebras

Proposition. Let D be a WBHA. If the antipode of D is an isomorphism the following
identities hold.

(1) tD,D ◦ (Π
L
D ⊗D) = (D ⊗ Π

L
D) ◦ tD,D , t′

D,D
◦ (Π

L
D ⊗D) = (D ⊗ Π

L
D) ◦ t′

D,D
.

(2) tD,D ◦ (D ⊗ Π
R
D) = (Π

R
D ⊗D) ◦ tD,D , t′

D,D
◦ (D ⊗ Π

R
D) = (Π

R
D ⊗D) ◦ t′

D,D
.

(3) ∇D⊗D ◦(Π
L
D ⊗D) = (Π

L
D ⊗D)◦∇D⊗D , ∇D⊗D ◦(Π

R
D ⊗D) = (Π

R
D ⊗D)◦∇D⊗D,

∇D⊗D ◦(D⊗Π
L
D) = (D⊗Π

L
D)◦∇D⊗D , ∇D⊗D ◦(D⊗Π

R
D) = (D⊗Π

R
D)◦∇D⊗D .
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Weak braided Hopf algebras

Proposition. Let D be a WBHA. If the antipode of D is an isomorphism the following
identities hold.

(1) tD,D ◦ (Π
L
D ⊗D) = (D ⊗ Π

L
D) ◦ tD,D , t′

D,D
◦ (Π

L
D ⊗D) = (D ⊗ Π

L
D) ◦ t′

D,D
.

(2) tD,D ◦ (D ⊗ Π
R
D) = (Π

R
D ⊗D) ◦ tD,D , t′

D,D
◦ (D ⊗ Π

R
D) = (Π

R
D ⊗D) ◦ t′

D,D
.

(3) ∇D⊗D ◦(Π
L
D ⊗D) = (Π

L
D ⊗D)◦∇D⊗D , ∇D⊗D ◦(Π

R
D ⊗D) = (Π

R
D ⊗D)◦∇D⊗D,

∇D⊗D ◦(D⊗Π
L
D) = (D⊗Π

L
D)◦∇D⊗D , ∇D⊗D ◦(D⊗Π

R
D) = (D⊗Π

R
D)◦∇D⊗D .

Proposition. Let D be a WBHA. The following identities hold.

(1) tD,D ◦ (λD ⊗D) = (D ⊗ λD) ◦ tD,D, t′
D,D

◦ (D ⊗ λD) = (λD ⊗D) ◦ t′
D,D

.

(2) tD,D ◦ (D ⊗ λD) = (λD ⊗D) ◦ tD,D, t′
D,D

◦ (λD ⊗D) = (D ⊗ λD) ◦ t′
D,D

.

(3) ∇D⊗D ◦ (λD ⊗D) = (λD ⊗D)◦∇D⊗D , ∇D⊗D ◦ (D⊗λD) = (D⊗λD)◦∇D⊗D .
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Weak braided Hopf algebras

Proposition. Let D be a WBHA. The antipode is unique, antimultiplicative, anticomulti-
plicative and leaves the unit and the counit invariant,i.e.:

λD ◦ µD = µD ◦ tD,D ◦ (λD ⊗ λD),

δD ◦ λD = (λD ⊗ λD) ◦ tD,D ◦ δD,

λD ◦ ηD = ηD, εD ◦ λD = εD.
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Hopf modules for WBHA

Definition. (Caenepeel and De Groot , Cont. Math., 2000 )
A right-right weak entwining structure on C consists of a triple (A,C, ψ), where A is an alge-
bra, C a coalgebra, and ψ : C ⊗A→ A⊗ C a morphism satisfying the relations

(e1) ψ ◦ (C ⊗ µA) = (µA ⊗ C) ◦ (A⊗ ψ) ◦ (ψ ⊗A),

(e2) (A⊗ δC) ◦ ψ = (ψ ⊗ C) ◦ (C ⊗ ψ) ◦ (δC ⊗ A),

(e3) ψ ◦ (C ⊗ ηA) = (eRR ⊗ C) ◦ δC ,

(e4) (A⊗ εC) ◦ ψ = µA ◦ (eRR ⊗ A),

where eRR : C → A is the morphism defined by eRR = (A ⊗ εC) ◦ ψ ◦ (C ⊗ ηA). The
morphism ψ is known as entwining morphism.
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Hopf modules for WBHA

Definition. (Caenepeel and De Groot , Cont. Math., 2000 )
A right-right weak entwining structure on C consists of a triple (A,C, ψ), where A is an alge-
bra, C a coalgebra, and ψ : C ⊗A→ A⊗ C a morphism satisfying the relations

(e1) ψ ◦ (C ⊗ µA) = (µA ⊗ C) ◦ (A⊗ ψ) ◦ (ψ ⊗A),

(e2) (A⊗ δC) ◦ ψ = (ψ ⊗ C) ◦ (C ⊗ ψ) ◦ (δC ⊗ A),

(e3) ψ ◦ (C ⊗ ηA) = (eRR ⊗ C) ◦ δC ,

(e4) (A⊗ εC) ◦ ψ = µA ◦ (eRR ⊗ A),

where eRR : C → A is the morphism defined by eRR = (A ⊗ εC) ◦ ψ ◦ (C ⊗ ηA). The
morphism ψ is known as entwining morphism.

Proposition. Let D be a WBHA. If ψ is the morphism defined by

ψ = (D ⊗ µD) ◦ (tD,D ⊗D) ◦ (D ⊗ δD),

(D,D,ψ) is a right-right weak entwining structure.
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Hopf modules for WBHA

Definition. Let (A,C, ψ) be a right-right weak entwining structure in C. We denote by
MC

A
(ψ) the category whose objects are triples (M,φM , ρM ), where (M,φM ) is a right A-

module , (M,ρM ) is a right C-comodule and

ρM ◦ φM = (φM ⊗ C) ◦ (M ⊗ ψ) ◦ (ρM ⊗A).

The morphisms in MC
A

(ψ) are morphisms of A-modules and C-comodules.

If D is a WBHA, a right D-Hopf module is an object in MD
D

(ψ) for the right-right weak en-
twining structure (D,D,ψ). The category of right D-Hopf modules is denoted by MD

D
.

For example, D itself is an right-right D-Hopf module via φD = µD and ρD = δD .
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Hopf modules for WBHA

Proposition. Let D be a weak braided Hopf algebra with target morphism ΠL
D

. Put
DL = Im(ΠL

D
) and let pL : D → DL and iL : DL → D be the morphisms such that

ΠL
D

= iL ◦ pL and pL ◦ iL = idDL
. Then,

- -
-DL D D ⊗D

iL
δD

(D ⊗ ΠL
D

) ◦ δD

is an equalizer diagram and

-
-

-

µD

µD ◦ (D ⊗ ΠL
D

)

pL

D ⊗D D DL

is a coequalizer diagram. As a consequence, (DL, ηDL
= pL◦ηD , µD = pL◦µD ◦(iL⊗iL))

is an algebra in C and (DL, εDL
= εD ◦ iL, δD = (pL ⊗ pL) ◦ δD ◦ iL) is a coalgebra in C.
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Hopf modules for WBHA

Proposition. Let D be a WBHA. We have the following:

(1) If (M,φM , ρM ) ∈ MD
D

then qM
D

= φM ◦ (M ⊗ λD) ◦ ρM : M → M is an idempotent
morphism with factorization qM

D
= iM

D
◦ pM

D
.

(2) If we denote by MD the image of qM
D

, then

- -
-MD M M ⊗D

iMD
ρM

ζM = (φM ⊗D) ◦ (M ⊗ (δD ◦ ηD))

is an equalizer diagram.

(3) The pair (MD, φMD
) is a right DL-module, where φMD

: MD ⊗DL →MD is the
factorization of φM ◦ (iM

D
⊗ iL) through the equalizer iM

D
.
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Hopf modules for WBHA

Theorem. Let D be a WBHA. Let M be a right D-Hopf module and MD the right DL-
module defined previously. Let ΩMD

: MD ⊗ D → MD ⊗ D be the morphism defined by
ΩMD

= (pM
D

⊗D) ◦ ρM ◦ φM ◦ (iM
D

⊗D). We have the following assertions.

(1) The morphism ΩMD
is idempotent.

(2) If MD ×D is the image of ΩMD
and pMD⊗D , iMD⊗D are the morphisms such that

pMD⊗D ◦ iMD⊗D = idMD×D, iMD⊗D ◦ pMD⊗D = ΩMD
,

we obtain that MD ×D is a right D-Hopf module via

φMD×D = pMD⊗D ◦ (MD ⊗ µD) ◦ (iMD⊗D ⊗D),

ρMD×D = (pMD⊗D ⊗D) ◦ (MD ⊗ δD) ◦ iMD⊗D ,

and there exists an isomorphism α : M →MD ×D of right D-Hopf modules.
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