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Both sides define lax idempotent monads on Ord.

algebra=(co)complete ordered set.

complete=cocomplete.

There is a distributive law.

How to do this on TV?

Now we consider: with

1X ≤ a · eX ,

a · Ta ≤ a ·mX
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There is a distributive law.
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T extends to a monad on V-Cat;

(X , a0 : X−→7 X ) 7→ (TX ,Ta0 : TX−→7 TX ).

V-CatT >

K
((

M

hh (T,V)-Cat,

K (X , a0, α) = (X , a0 · α : TV−→7 V ),

M(X , a) = (TX ,Ta ·mX ,mX )

induces lax idem. monad T on (T,V)-Cat, V-CatT ' (T,V)-CatT.

(X , a) is called representable if X >

eX
((

α

hh TX . Then a = a0 · α.

For X = (X , a) representable: X op = (X , a◦0 · α).

X = (X , a) representable ⇒ a · Ta = a ·mX ⇒ X ⊗-exponentiable.
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X injective ⇒ X representable.

X inj. ⇐⇒ X totally cocomplete, i.e. X >
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hh V(TX )op .

f : X → Y left adjoint, (X , a), (Y , b) representable ⇒ f homom.

For f : X → Y and (X , a), (Y , b) representable:

f is (T,V)-functor ⇐⇒

f is V-functor,

f (α(x)) ≥ β(Uf (x)).



X injective ⇒ X representable.

X inj. ⇐⇒ X totally cocomplete, i.e. X >

yX
((

Sup

hh V(TX )op .

f : X → Y left adjoint, (X , a), (Y , b) representable ⇒ f homom.

For f : X → Y and (X , a), (Y , b) representable:

f is (T,V)-functor ⇐⇒

f is V-functor,

f (α(x)) ≥ β(Uf (x)).



X injective ⇒ X representable.

X inj. ⇐⇒ X totally cocomplete, i.e. X >

yX
((

Sup

hh V(TX )op .

f : X → Y left adjoint, (X , a), (Y , b) representable ⇒ f homom.

For f : X → Y and (X , a), (Y , b) representable:

f is (T,V)-functor ⇐⇒

f is V-functor,

f (α(x)) ≥ β(Uf (x)).



X injective ⇒ X representable.

X inj. ⇐⇒ X totally cocomplete, i.e. X >

yX
((

Sup

hh V(TX )op .

f : X → Y left adjoint, (X , a), (Y , b) representable ⇒ f homom.

For f : X → Y and (X , a), (Y , b) representable:

f is (T,V)-functor ⇐⇒

f is V-functor,

f (α(x)) ≥ β(Uf (x)).



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .
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λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op

, ωop
X a λ

op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Assume T1 = 1, X = (X , a) with a · Ta = a ·mX .

(TX )op
ΛX−−→ VX

TTX

mX

��

TΛX // T (VX )

γ

��
TX

ΛX

// VX

TX
ΛX // (VX )op

X

eX

OO

λX

;;

λX is fully faithful.

X representable ⇒ λX homomorphism.

Q is actually a functor; f homomorphism ⇒ Qf homomorphism.

X ⊗ (QQX )op
λX⊗1−−−−→ QX ⊗ VQX ev−−→ V gives

ωop
X : (QQX )op → (QX )op, ωop

X a λ
op
QX .

ω = (ωX ) is a nat. transform. when restricted to repres. cat’s.

Q = (Q, ω, λ) is a lax idemp. monad on V-CatT ' (T,V)-CatT.



Let X be a (T,V)-category. Then X is

cocomplete whenever “all weighted colimits exist”
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⇐⇒ the V-category X0 is complete.

totally complete if X
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However: [0,∞]op (in (U, [0,∞])-Cat) is totally complete but not

totally cocomplete.
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Consider f : X → Y with (X , a), (Y , b) representable. TFAE:

i Qf : QX → QY has a left adjoint (in (T,V)-Cat).

ii Vf : VY → VX is a homomorphism.

iii f is weakly open, i.e. f ◦ · b ≤ a · Tf ◦ · Tb0.

In Top: x
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� // y′ ≤ y

��
x � // y

Hence, for f : X → Y (T,V)-functor with X ,Y totally complete:

f is right adjoint in (T,V)-Cat ⇐⇒

f preserves infima

and is “weakly open”.
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Let X = (X , a), Y = (Y , b) be repr., a = a0 · α, b = b0 · α.

ϕ : X → QY in V-CatT =



V-module ϕ : X−→◦ Y where

TX ◦
Tϕ //

◦α∗
��

TY

◦β∗
��

X ◦
ϕ
// Y

Hence (V-CatT)Q ' Q-Mod.

For Top: Q-Mod
hom(−,1) //

  

DLatop∨,⊥

>
~~

OrdCompHaus
(−)∗

>

ZZ

hom(−,2op)

@@

hom(−, 1) is induced by a monad morphism δ.

δX iso ⇐⇒ X is Priestley. (Hence: X Priestley ⇒ QX Priestley)

PriestQ ' DLatop∨,⊥. (Hence: StoneV ' Boolop∨,⊥)
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