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@ “TorPoOLOGY” ON A CATEGORY

© Prop(T, V) anp OpPEN(T, V)

© v-CLOSURE
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“TOPOLOGY” ON A CATEGORY

P C morX  “E-topology on X"

@ contains all isomorphisms

@ closed under composition

@ stable under pullback

e right-cancellable w.rt. £ (p.e€e P,ec & = peP)

(X finitely complete, £ an E-topology on X)
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DERIVED TOPOLOGY, FIBREWISE TOPOLOGY

P={f:X= Y| :X—=XxyX)eP}

is an (£ N P)-topology on X

Py =Yy (P)
is an Ey-topology on X/Y
(Y €obX, T, :X/Y > X)
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CoMPACT, HAUSDORFF

X P-compact (<= (X = 1) € P

(f: X = Y) Py-compact <= f € P <=>: f P-proper

X P-Hausdorff <= (X — 1) € P’

(f : X = Y) Py-Hausdorff <= f € P/ <= f P-Hausdorff
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FUNDAMENTAL PROPOSITION

X P-compact <= Vf: X =Y, Y P-Hausdorff: f P-proper
<= Jf: X — Y P-proper, Y P-compact
<~ VY: (X xY —=Y) P-proper
<= VY P-compact: X x Y P-compact

<~ Vf:X—=>Yiné&: Y P-compact
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FUNDAMENTAL COROLLARY

X -Y

P-proper P-Hausdorff = f P-proper
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FUNDAMENTAL PROPOSITION, DERIVED VERSION

X P-Hausdorff <= Vf: X — Y: f P-Hausdorff
<= Jf : X — Y P-Hausdorff, Y P-Hausdorff
<~ VY: (X xY —Y) P-Hausdorff
<= VY P-Hausdorff: X x Y P-Hausdorff

< Vf:X — Y P-proper in £ Y P-Hausdorff
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P-OPEN MAPS

f:X—=Y P-dense <= Vf=ph (peP=pecf)

f:X—=Y P-open < Vf :X—Y pboff:
(f) :X/Y" — X/X' pres. P-density

P° .= {P-open morphisms} is an E-topology
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P°-cOMPACT, P°-HAUSDORFF

( Z 1—>X) €& =— X P°-compact

x:1—-X

(X extensive)

X P-discrete <= X P°-Hausdorff
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SEAL 2005

T = (T, m, e) monad on Set
V =(V,®, k) (comm.) quantale

T a lax extension of T to V-Rel

o TX = TX, T lax functor
° e:l%?,m:??%?op—lax
o (Tf)o < T(£), (TF)° < T(F°)
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HorMANN 2007 < SEAL

XXY — V

r
XXY —+—1

r 77
XxY + > 1 T(X XY) > T1
7 L — T7? T
% TV
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f.a<b.Tf
a.(TF)° < f°.b
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Prop(T, V), OPEN(T, V)

Prop(T,V): f.a=b.Tf
E-topology on (T, V)-Cat  (if V cartesian closed)

Open(T, V): a(Tf)°=1f°.b
E-topology on (T, V)-Cat (if V c.c. , T sat's BC)

Characterize such morphisms!
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M : (T, V)-Cat — V-Cat

T can be lifted from Set to V-Cat:
T(X,a) = (TX, Ta)

K
(T, V)-Cat ~ T ~ (V-Cat)” V-Cat
L
(X, a) | (TX, Ta.mS, my) — (TX, Ta.m2)
= (TX,3)
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REDUCTION TO THE CASE T =1

f (T,V)-proper — MfF V-proper

(:/\_(g.r) = Tg.:l\'r, m satisfies BC)

f (T,V)-open <= Mf V-open

(T(r.f°) = Tr.(Tf)°)
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TOp:(B, 2)_Cat7 App: (67 IP)—l—)_Cat

M:Top — Ord, X +r— (6X,<)
1<y <= VAclosed (Acr= Acy)
< VBopen (Bey= Beyp)

M : App — Met, X +— (8X,d)
d(r,v) :=inf{v € [0,00] | VA € 1 : AV € n}
AV) = {y e X|infa(zr,y) <v}
DA
={yeX|(Ay)<v}
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PROPER AND OPEN

FOR Ord AND Met (T =1, V =2,

X < z z < X X
| f
) <y y o< o Y
‘ _1 (X,a)

B(F(x).,y) = infla(x, 2) | z € Fly)
by, f(x)) = inf{a(z,x) | z € fly} f
(Y,b)
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PROPER AND OPEN

FOR Top AND App (T=43, V=2, P,)

Mf proper <= f is a closed map (in the usual sense)
f proper <= f is stably closed

f open <= Mf open <= f open (in the usual sense)

“Same” for App
f(X,8) = (Y,8) closed: & (f(A),y) > inf{6(A,x)|x € fly}
open: §(f1(B),x) < §(B,f(x))
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v-CLOSURE, GRAND CLOSURE

AC(X,a), L<v<k

AV ={yeX|v< \/ ary)}
reTA

A={yeX|ZeTA a(t,y)> L} = UA(v)
v>1
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PROPER AND OPEN VIA CLOSURE

f (T, V)-proper = f(A) = f(A)

AN = () F(AW) (V ccd)
ukv
f (T,V)-open = f1(B)=f1(B) (T taut)
FIB)M = ) FYBW)  (V ccd)
ukv
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TYCHONOFF

V' completely distributive
= Prop(T, V) closed under products  (Schubert 2005)

Open(T, V) closed under coproducts
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