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Anatoly Ivanovich Mal’tsev

Find a common setting to accommodate the three notions:

Mal’tsev category
naturally Mal’tsev category
weakly Mal’tsev category
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Mal’tsev category
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Naturally Mal’tsev category
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Weakly Mal’tsev category

Theory Appl. Categ. 21 (6) (2008) 91–117.
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Recap I - redefining for uniformity

Let C be a category with pullbacks and equalizers. We will say
that C is:

1 Mal’tsev, when every relation in C is difunctional

2 naturally Mal’tsev, when every span in C is uniquely equipped
with a pregroupoid structure

3 weakly Mal’tsev, when every strong relation is difunctional

D
d

~~

c

  
D0 D1

· ·xoo y // · ·zoo

p(x ,y ,z)

ll

d(x) = d(y), c(y) = c(z) p(x , y , y) = x , p(y , y , z) = z
dp(x , y , z) = d(z), cp(x , y , z) = c(x)
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Difunctionality of strong relations
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Example - commutative magmas with cancellation
J. Fatelo and N. Martins-Ferreira, Internal monoids and groups in the category of commutative cancellative medial
magmas, Portugaliae Mathematica 74 (3) (2016) 219–245.
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Distributive lattices

Lat category of lattices; DLat distributive lattices.

Theorem (NMF’12)

Let I : C→ Lat be a full subcategory of lattices. TFAE:

1 every strong relation in C is difunctional;

2 I factors through DLat

Further examples

F : A→ B be a functor preserving finite limits. If there is a natural
transformation pA : F (A)× F (A)× F (A)→ F (A) such that
pA(x , y , y) = x = pA(y , y , x), and

1 the functor is faithful, then A is a weakly Mal’tsev category;

2 the functor is faithful and conservative, then A is a Mal’tsev
category [Pedicchio];

3 F is an isomorphism, then A is naturally Mal’tsev category
[Johnstone]
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First Unification Result

Cah. Topol. Géom. Differ. Catég. LV (2014), no. 2, 83–112
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Structuring diagram and directed kite

A multiplication on a kite is a morphism m : A×B C → D such
that dm = dγπ2, cm = cαπ1, me1 = α and me2 = γ.
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Reflexive graph as a directed kite

If (C1,C0, d , e, c) is a reflexive graph then the following diagram is
a directed kite

7→

C1
d // C0
e
oo

e
//

e

��

C1
coo

C1

d

}}

c

!!· ·

(1)

This directed kite is multiplicative if and only if the reflexive graph
is a multiplicative graph.
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Multiplicative graph as a directed kite

If (C1,C0, d , e, c,m) is a multiplicative graph then the following
diagram is a directed kite

7→

C2

π2 //

m
  

C1
e2

oo
e1

// C1

π1oo

m
~~

C1

d

}}

c

!!· ·

(2)

This directed kite has a unique multiplicative structure if and only
if the multiplicative graph is associative (i.e., an internal category).
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Directed kite derived from an internal category

If (C1,C0, d , e, c,m) is an associative multiplicative graph (that is,
an internal category) then the following diagram is a directed kite

7→

C2
m //

π2   

C1
e2

oo
e1

// C1
moo

π1~~
C1

d

}}

c

!!· ·

(3)

This directed kite is multiplicative if and only if the internal
category is an internal groupoid.
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Morphism of reflexive graphs

If (f1, f0) : (C1,C0, d , e, c)→ (C ′1,C
′
0, d
′, e ′, c ′) is a morphism of

reflexive graphs then the following diagram is a directed kite

C1

d //

c
//

f1
��

C0eoo

f0
��

C ′1
d ′
//

c ′
// C
′
0e′oo

7→

C1
d //

f1   

C0
e
oo

e
//

e′f0
��

C1
coo

f1~~
C ′1

d ′

~~

c ′

  · ·

(4)
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The kernel pair construction as a directed kite

If (D, d , c) is a span then the kernel pair construction gives a
directed kite as follows

7→

D(d)
d2 //

d1 !!

D
∆
oo

∆
// D(c)

c1oo

c2}}
D

d

||

c

""· ·

(5)

This yields a reflection between the category of directed kites and
the category of spans DiKite // Spanoo

A directed kite goes to its direction span, a span goes to the
directed kite displayed above. Moreover, the span (D, d , c) is a
pregroupoid if and only if its associated directed kite is
multiplicative.
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Main Theorem I

Theorem

Let C be a category with pullbacks and equalizers. IfM is a class
of spans in C which contains all identity spans and is stable under
pullbacks, then t.f.c.a.e:

(a) F4 : Grpd(C,M)→ RG(C,M) has a section.

(b) F3 : Cat(C,M)→ RG(C,M) has a section.

(c) F2 : MG(C,M)→ RG(C,M) has a section.

(d) F1 : PreGrpd(C,M)→ Span(C,M) has a section.

(e) F4 : Grpd(C,M)→ RG(C,M) is an isomorphism.

(f) F3 : Cat(C,M)→ RG(C,M) is an isomorphism.

(g) F2 : MG(C,M)→ RG(C,M) is an isomorphism.

(h) F1 : PreGrpd(C,M)→ Span(C,M) is an isomorphism.

(h) F0 : MKite(C,M)→ DiKite(C,M) is an isomorphism.
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Sketch of proof

Grpd(C,M)

��

FM
4 // RG(C,M)

Cat(C,M)

��

FM
3 // RG(C,M)

MG(C,M)
FM

2 // RG(C,M)

��
PreGrpd(C,M)

OO

��

FM
1 // Span(C,M)

��

OO

M
∼=oo

MKite(C,M)
FM

0 // DiKite(C,M)

OO
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Sketch of proof (cont.)
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Recap II - Uniform definition in terms of a class of spans

Let C be a category with pullbacks and equalizers. Suppose that
M is a class of spans in C which contains all identity spans, is
stable under pullbacks and the equivalent conditions of Theorem I
are satisfied. We say that C is:

1 Mal’tsev, when the class M consists of all relations (monic
spans)

2 naturally Mal’tsev, when the class M consists of all spans

3 weakly Mal’tsev, when the class M consists of all strong
relations (strongly monic spans)

This is very good!, but not yet good enough...

Nelson Martins-Ferreira Mal’tsev like categories



Fibration of pointed objects

Appl. Categ. Struct. 4 (2–3) (1996) 307–327
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Orthogonality between spans and cospans

split square split pullback cospan ⊥ span

Works well, but only when spans are monic (relations)

Moving to arbitrary spans required the discovery of a

new concept: instead of a cospan being orthogonal to

a span, we have to consider a split square compatible

with a span.

Nelson Martins-Ferreira Mal’tsev like categories



Compatibility between a split square and a span

Definition

A split square, such as (previous slide), is said to be compatible
with a span (D, d , c) if for every morphism

u : E → D

with du = due2p2 and cu = cue1p1, there exists a unique morphism

θ : A×B C → D

such that θε1 = ue1, θε2 = ue2, dθ = due2π2 and cθ = cue1π1.

When a split square is compatible with all the spans from a class of
spans M then we say that it is M-compatible.
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Comparing with classical orthogonality

In the presence of products and pushouts:

A +B C //

ε

))
e=[e1,e2]

##
α=[α1,α2]

��

C × A

dα2×cα1

��

E
〈p1,p2〉 //

u

{{

A×B C

θ
uu

〈π2,π1〉
88

δ &&
D

〈d ,c〉 // D0 × D1

For every outer commutative diagram, if there exists u : E → D
such that ue = α and 〈d , c〉u = δ〈p1, p2〉, then there exists a
unique morphism θ such that θε = α and 〈d , c〉θ = δ.
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Main Theorem II

Theorem

Let C be a category with pullbacks and equalizers. IfM is a class
of spans in C which contains all identity spans and is stable under
pullbacks, then t.f.c.a.e:

(a) F4 : Grpd(C,M)→ RG(C,M) has a section.

(b) F3 : Cat(C,M)→ RG(C,M) has a section.

(c) F2 : MG(C,M)→ RG(C,M) has a section.

(d) F1 : PreGrpd(C,M)→ Span(C,M) has a section.

(e) F4 : Grpd(C,M)→ RG(C,M) is an isomorphism.

(f) F3 : Cat(C,M)→ RG(C,M) is an isomorphism.

(g) F2 : MG(C,M)→ RG(C,M) is an isomorphism.

(h) F1 : PreGrpd(C,M)→ Span(C,M) is an isomorphism.

(i) Every split square in C isM-compatible.

Nelson Martins-Ferreira Mal’tsev like categories



Sketch of proof
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Many Thanks and

Thank You
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