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o MOTIVATION:

1. Radford, D. E., The structure of Hopf algebras with a projection, J. Algebra 92 (1985)
322-347.

2. Maijid, S., Crossed products by braided groups and bosonization, J. Algebra 163 (1994)
165-190.

o Let F be a field, C = F — Vect and ® the tensor product over F. Let H be a Hopf
algebra in C with product py(h ® g) = hg, coproduct dy(h) = h(1y ® h(z)y and
antipode A\y.

A left-left Yetter-Drinfeld module M over H is simultaneously a left H-module and
a left H-comodule, with action and coaction

em(h®@m)=hem, py(m)=my & mpy,
satisfying the compatibility condition
(hz) @ m)pyhez) @ (hxy @ m)pg) = haympy ® hez) ® mpa).

We denote by ﬂyD the category of left-left Yetter-Drinfeld modules over H. The
morphisms in this category preserve both the action and the coaction of H. With
the usual tensor product module and comodule structure Z;)JD is monoidal, and,

if the antipode is bijective, 1YD is braided.
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o Let H, B Hopf algebras and f : H — B, g : B — H Hopf algebra morphisms such
that go f = idy (i.e., (f, g, B) is a Hopf algebra projection over H). If we define

the subalgebra of coinvariants by

BM ={beB : by ®g(bpo)=b® 1y}

the object B is a Hopf algebra in ﬁyD.
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o Let H, B Hopf algebras and f : H — B, g : B — H Hopf algebra morphisms such
that go f = idy (i.e., (f, g, B) is a Hopf algebra projection over H). If we define
the subalgebra of coinvariants by

BM ={beB : by ®g(bpo)=b® 1y}

the object B is a Hopf algebra in ﬁyD.

@ Given a Hopf algebra D in ﬂyD with antipode Ap, it is possible to define a new
Hopf algebra in C, called by Majid the bosonization of D, and denoted by

DxH=(D®H,npxH, LDxH>EDxH:ODxH, \DxH)
In this case 7pxH(1r) = np(1lr) ® Ny (1r), epxu(d ® h) = ep(d)ey(h), and

poxH(d® h®e® g) = d(hu) e e) ® hz)s,
6pxH(d @ h) = d(1) @ d2)h1) ® di2)2) @ he2),

Apxn(d ® h) = Ay(dyh)a) @ Ao(diz) ® Au(dpayh)2)-
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@ The morphisms
f:H—DxH, f(h)=1p®h

g:DxH—H, g(d®h)=c¢ep(d)h
are Hopf algebra morphisms in C such that g o f = idy and

(D x H)*°" = D.
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@ The morphisms
f:H—DxH, f(h)=1p®h

g:DxH—H, g(d®h)=c¢ep(d)h
are Hopf algebra morphisms in C such that g o f = idy and
(D x H)*°" = D.

@ On the other hand, if H, B are Hopf algebras and f : H — B, g : B — H are Hopf
algebra morphisms such that g o f = idy, we have

B°H wH-B

as Hopf algebras in C.
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@ The morphisms
f:H—DxH, f(h)=1p®h

g:DxH—H, g(d®h)=c¢ep(d)h
are Hopf algebra morphisms in C such that g o f = idy and
(D x H)*°" = D.

@ On the other hand, if H, B are Hopf algebras and f : H — B, g : B — H are Hopf
algebra morphisms such that g o f = idy, we have

B°H wH-B

as Hopf algebras in C.

Let H be a Hopf algebra with bijective antipode. If Proj(H) denotes the category of
Hopf algebra projections over H, and H(Z[)iD) the category of Hopf algebras in ﬂyD,
they are equivalent categories.
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equivalence to a non-associative Hopf structures, particulary for Hopf quasigroups.

The main target of this talk is to show that there exists an extension of the previousJ
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The main target of this talk is to show that there exists an extension of the previous
equivalence to a non-associative Hopf structures, particulary for Hopf quasigroups. J

1. Alonso Alvarez J.N., Fernandez Vilaboa J.M., Gonzalez Rodriguez R., Soneira
Calvo, C., Projections and Yetter-Drinfel'd modules over Hopf (co)quasigroups, J.
Algebra 443 (2015), 153-199.

2. Alonso Alvarez, J.N., Fernandez Vilaboa, J.M. y Gonzalez Rodriguez, R., Mul-
tiplication alteration by two-cocycles. The non-associative version arXiv:1703.01829
(2017).
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Outline

@ Hopf quasigroups

© VYetter-Drinfeld modules and projections for Hopf quasigroups

© Two cocycles and skew pairings for Hopf quasigroups

© Quasitriangular Hopf quasigroups, skew pairings and projections
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Hopf quasigroups

Hopf quasigroups

@ Hopf quasigroups
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

o We also assume that every idempotent morphism g : Y — Y in C splits, i.e.,
there exist an object Z (image of g) and morphisms i : Z — Y (injection) and
p: Y — Z (projection) such that g =iop and poi=idz.
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

o We also assume that every idempotent morphism g : Y — Y in C splits, i.e.,
there exist an object Z (image of g) and morphisms i : Z — Y (injection) and
p: Y — Z (projection) such that g =iop and poi=idz.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

o We also assume that every idempotent morphism g : Y — Y in C splits, i.e.,
there exist an object Z (image of g) and morphisms i : Z — Y (injection) and
p: Y — Z (projection) such that g =iop and poi=idz.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.

(A,na, pa) is a unital magma, i.e. nga : K — A (unit) and pp : AQA — A
(product) are morphisms in C such that

pao (A®na) = ida = pao (na® A).
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

o We also assume that every idempotent morphism g : Y — Y in C splits, i.e.,
there exist an object Z (image of g) and morphisms i : Z — Y (injection) and
p: Y — Z (projection) such that g =iop and poi=idz.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.

(A,na, pa) is a unital magma, i.e. nga : K — A (unit) and pp : AQA — A
(product) are morphisms in C such that

pao (A®na) = ida = pao (na® A).

(C,ec,0¢) is a comonoid with comultiplication §¢ and counit ec.
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Hopf quasigroups

@ From now on C denotes a symmetric monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

o We also assume that every idempotent morphism g : Y — Y in C splits, i.e.,
there exist an object Z (image of g) and morphisms i : Z — Y (injection) and
p: Y — Z (projection) such that g =iop and poi=idz.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.

o (A,na,1a) is a unital magma, ie. g : K — A (unit) and pa : AQA — A
(product) are morphisms in C such that

pao (A®na) = ida = pao (na® A).

e (C,ec,dc) is a comonoid with comultiplication §¢ and counit ec.

e If f,g: C — A are morphisms, f x g denotes the convolution product.

fxg=pao(fRg)odc.
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Hopf quasigroups

Definition

A non-associative bimonoid in the category C is a unital magma (H, ny, uy) and a co-
monoid (H, ey, dy) such that ey and dy are morphisms of unital magmas (equivalently,
ny and py are morphisms of counital comagmas). Then the following identities hold:

EqOoNy = idk, €HOuH=¢EH R EH,

OHOoNH = NH ®NH, 0o = (LH ® iH) © SHeH,
where dpygy = (H® cyp ® H) o (04 ® dp).
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Hopf quasigroups

Definition

A non-associative bimonoid in the category C is a unital magma (H, ny, uy) and a co-
monoid (H, ey, dy) such that ey and dy are morphisms of unital magmas (equivalently,
ny and py are morphisms of counital comagmas). Then the following identities hold:

EqOoNy = idk, €HOuH=¢EH R EH,

OHOoNH = NH ®NH, 0o = (LH ® iH) © SHeH,
where dpygy = (H® cyp ® H) o (04 ® dp).

| \

Definition
A morphism f : H — B between non-associative bimonoids H and B is a morphism of
unital magmas and comonoids, i.e.,

fony=mng, pgo(f®f)="fopup,

egof =¢ey, (f®f)O5H:6BOf.

Ramén Gonzalez Rodriguez Projections for Hopf quasigroups



Hopf quasigroups

The above definition is the monoidal version of the notion of Hopf quasigroup (also
called non-associative Hopf algebra with the inverse property, or non-associative IP
Hopf algebra) introduced in
Klim, J., Majid, S., Hopf quasigroups and the algebraic 7-sphere, J. Algebra
323 (2010), 3067-3110.
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Hopf quasigroups

The above definition is the monoidal version of the notion of Hopf quasigroup (also
called non-associative Hopf algebra with the inverse property, or non-associative IP
Hopf algebra) introduced in
Klim, J., Majid, S., Hopf quasigroups and the algebraic 7-sphere, J. Algebra
323 (2010), 3067-3110.

Definition

A Hopf quasigroup H in C is a non-associative bimonoid such that there exists a morp-
hism Ay : H— H in C (called the antipode of H) satisfying

BHO(AH @ pr) o (H®H) =ep ® H=ppo(H® pp)o (H® Ay ® H)o (dy ® H).

pr o (pH @ H)o (HR® Ay ®@ H)o (H® dn) = H® ey = pr o (e ® An) o (H ® 61)-
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Hopf quasigroups

The above definition is the monoidal version of the notion of Hopf quasigroup (also
called non-associative Hopf algebra with the inverse property, or non-associative IP
Hopf algebra) introduced in

Klim, J., Majid, S., Hopf quasigroups and the algebraic 7-sphere, J. Algebra
323 (2010), 3067-3110.

Definition

A Hopf quasigroup H in C is a non-associative bimonoid such that there exists a morp-
hism Ay : H— H in C (called the antipode of H) satisfying

BHO(AH @ pr) o (H®H) =ep ® H=ppo(H® pp)o (H® Ay ® H)o (dy ® H).

pr o (pH @ H)o (HR® Ay ®@ H)o (H® dn) = H® ey = pr o (e ® An) o (H ® 61)-

o If H is a Hopf quasigroup in C, the antipode Ay is unique, antimultiplicative,
anticomultiplicative, and leaves the unit and the counit invariant, i.e.,

Anopn =pHo(AH®Ay)ocHH, OSHOAH = cHHO(An®Ay)ody,

AHOMNH =NH, EHOAy =EH.
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Hopf quasigroups

The above definition is the monoidal version of the notion of Hopf quasigroup (also
called non-associative Hopf algebra with the inverse property, or non-associative IP
Hopf algebra) introduced in

Klim, J., Majid, S., Hopf quasigroups and the algebraic 7-sphere, J. Algebra
323 (2010), 3067-3110.

Definition

A Hopf quasigroup H in C is a non-associative bimonoid such that there exists a morp-
hism Ay : H— H in C (called the antipode of H) satisfying

BHO(AH @ pr) o (H®H) =ep ® H=ppo(H® pp)o (H® Ay ® H)o (dy ® H).

pr o (pH @ H)o (HR® Ay ®@ H)o (H® dn) = H® ey = pr o (e ® An) o (H ® 61)-

o If H is a Hopf quasigroup in C, the antipode Ay is unique, antimultiplicative,
anticomultiplicative, and leaves the unit and the counit invariant, i.e.,

Anopn =pHo(AH®Ay)ocHH, OSHOAH = cHHO(An®Ay)ody,

AHOMNH =NH, EHOAy =EH.

o Also, if H is a Hopf quasigroup we have
>\H*de =NHRey = ’.dH*AH-

Ramén Gonzélez Rodriguez Projections for Hopf quasigroups



Hopf quasigroups

@ A morphism of Hopf quasigroups f : H — B is a morphism of non-associative
bimonoids. Then
)‘B of =fo AH-
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Hopf quasigroups

@ A morphism of Hopf quasigroups f : H — B is a morphism of non-associative
bimonoids. Then
)‘B of =fo AH-

@ Note that a Hopf quasigroup is associative if an only if is a Hopf monoid.
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Hopf quasigroups

@ A morphism of Hopf quasigroups f : H — B is a morphism of non-associative
bimonoids. Then
)‘B of =fo AH-

@ Note that a Hopf quasigroup is associative if an only if is a Hopf monoid.

A quasigroup is a set Q together with a product such that for any two elements u, v € Q
the equations ux = v, xu = v and uv = x have unique solutions in Q. A quasigroup L
which contains an element e; such that ue; = u = e, u for every u € L is called a loop.
A loop L is said to be a loop with the inverse property (for brevity an I.P. loop) if and
only if, to every element u € L, there corresponds an element u—! € L such that the
equations

uHwv) =v = (vu)u?t

hold for every v € L.
If L is an I.P. loop, it is easy to show that for all u € L the element u~? is unique and

v tu= e = o™t

1

Moreover, the mapping u — u~* is an anti-automorphism of the I.P. loop L:

() t=v 1yt
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Hopf quasigroups

Let R be a commutative ring and let L be an |.P. loop. Then,

RL:EBRU

uel
is a cocommutative Hopf quasigroup with product defined by the linear extension of the
one defined in L and

(SR[_(U) =u® u, ERL(U) = 1g, )\RL(U) = L171

on the basis elements. Note that, in this case, Ag; is an isomorphism and Ag; 0 Agy =
idgy .
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Hopf quasigroups

Let R be a commutative ring and let L be an |.P. loop. Then,

RL:EBRU

uel
is a cocommutative Hopf quasigroup with product defined by the linear extension of the
one defined in L and

JRL(U) =u® u, ERL(U) = 1g, )\RL(U) = ufl

on the basis elements. Note that, in this case, Ag; is an isomorphism and Ag; 0 Agy =
idgy .

Example
The enveloping algebra U(L) of a Malcev algebra L, introduced in

Pérez-lzquierdo, J.M., Shestakov, I.P., An envelope for Malcev algebras, J.
Algebra 272 (2004), 379-393,

when the groundfield has characteristic not 2, 3 is an example of cocommutative Hopf
quasigroup.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Yetter-Drinfeld modules and projections

© VYetter-Drinfeld modules and projections for Hopf quasigroups
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Definition
Let H be a Hopf quasigroup. We say that M = (M, o, pm) is a left-left Yetter-Drinfeld
module over H if which satisfies the following equalities:

(al) (M, ppnm) is a left H-module, i.e.,
emo (M@ M) =idy, omo (em ® M) = ppmo (uy @ M).
(a2) (M, pun) is a left H-comodule, i.e.,
(v ® M) o py = idy, (pm & M) o py = (61 ® M) o pu.
(83) (P’H ® M) o (H ® CM,H) o ((pM o (pM) ® H) o (H ® CH,M) o (6H ® M)
= (11 ® M) o (H® cH,n @ M) o (0n ® pm).
(a4) (py ® M) o (H® cm,m) o (pm ® pr)
= (uH ® M) o (uy ® cm,m) © (H® e,y @ H) o (om ® H ® H).
(a5) (pw®@ M)o(H® py @ M)o (H® H® cym,1) o (H® pm ® H)
= (uy ® M) o (y ® cp,p) o (H ® py @ H).
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Let H be a Hopf quasigroup. We say that M = (M, o, pm) is a left-left Yetter-Drinfeld
module over H if which satisfies the following equalities:

(al) (M, ppnm) is a left H-module, i.e.,

oMo (nH ® M) = idy, oMo (em @ M) =epmo (uy @ M).
(a2) (M, pun) is a left H-comodule, i.e.,

(en @ M) o py = idy, (pm® M) o py = (65 ® M) o ppm.

(a3) (uH @ M)o (H® cm,1) o ((pm © pm) ® H) o (H ® cp,m) o (3 @ M)
= (H ® pom) o (H® cp,n ® M) o (61 ® pm)-

(a4) (pH ® M) o (H® cm 1) o (pm ® pH)
= (pH® M) o (uH ® cp,p) © (H® cpmn ® H) o (pm @ H ® H).

(a5) (uy @ M)o (H® py ® M) o (H® H® cp,n) o (H® py @ H)
= (uH @ M) o (uy ® cm.1) © (H® pm ® H).

Let M and N be two left-left Yetter-Drinfeld modules over H. We say that f : M — N

is a morphism of left-left Yetter-Drinfeld modules if f is a morphism of H-modules and
H-comodules.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

We denote by ZyD the category of left-left Yetter-Drinfeld modules over H. Note that

if H is a Hopf monoid, conditions (a4) and (a5) trivialize. In this case, YD is the
classical category of left-left Yetter-Drinfeld modules over H.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

We denote by ZyD the category of left-left Yetter-Drinfeld modules over H. Note that

if H is a Hopf monoid, conditions (a4) and (a5) trivialize. In this case, YD is the
classical category of left-left Yetter-Drinfeld modules over H.

Let (M, om,pm) and (N, opn, py) two objects in ﬂyD. Then M ® N, with the dia-
gonal structure @y gy and the codiagonal costructure ppgn, is an object in ﬂ)}D.
Then (ZyD,(X),K) is a strict monoidal category. If moreover Ay is an isomorphism,
(ﬂyD, ®, K) is a strict braided monoidal category where the braiding t and its inverse
are defined by

tm,n = (v ® M) o (H® ey n) o (pm @ N)
and
tin = cnmo ((en o enn) @ M)o (N® AL ® M) o (N® pum),

respectively
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Definition

Let H be a Hopf quasigroup such that its antipode is an isomorphism. Let (D, up, mp)
be a unital magma in C such that (D, ep, Ap) is a comonoid in C, and let sp : D — D
be a morphism in C. We say that the triple (D, ¢p, pp) is a Hopf quasigroup in ﬂyD

if:

(b1) The triple (D, ¢p,pp) is a left-left Yetter-Drinfeld H-module.
(b2) The triple (D, up, mp) is a unital magma in zyD.

(b3) The triple (D, ep, Ap) is a a comonoid in HYD.

(

b4-1) ep o up = idk,

b4-2) ep o mp = ep ® ep,

b4-3) Apoep =ep ® ep,

b4-4) Apomp = (mp ® mp)o (D® tp,p ® D) o (Ap ® Ap),
where tp p is the braiding of ﬂyD.

(b5) The following identities hold:

(b5-1) mpo(sp®@mp)o(Ap®D)=ep®D =mpo(D®mp)o(DRsp® D)o (Ap® D).
(b5-2) mpo(mp®D)o(D®sp®D)o(DR®Ap)=D®ep = ppo(mp®sp)o(D&Ap).

)
)
)
b4) The following identities hold:
(
(
(
(
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Note that under these conditions, sp is a morphism in ZJ}D. J
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Note that under these conditions, sp is a morphism in ZyD. J

Let H be a Hofpf quasigroup such that Ay is an isomorphism. If (D, ¢p, op) is a Hopf
quasigroup in zy’D, then

D x H=(D® H,MpxH;: 1HDxH>EDxH, ODxH> A\DxH)

is a Hopf quasigroup in C (the bosonization of D), with the biproduct structure induced
by the smash product coproduct, i.e.,

MDxH =1D ® NH, KDxH = (D ® uy) o (D ® ‘Ug ® H),
€pxuH =€ep ®eH, Opun = (DRTH ® H)o (5p ® dn),
ADxH = "’g © (/\H ® >‘D) © rgv
where the morphisms \U’b’ :H® D — D® H, I'g :D®H — H® D, are defined by

Vi = (pp®H)o(H® cn,p)o (6y ® D), T = (un®D)o(H® cp,u)o(pp® H).
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Proposition

Let H and B be Hopf quasigroups and let f : H — B and g : B — H be morphisms of
Hopf quasigroups such that g o f = idy. Then

qf,:idB*(fo)\Hog):BHB

is an idempotent morphism. Moreover, if B is the image of qf, and pfl : B — BeH,
iﬁ : B©H _y B a factorization of qg,

iB (B®g)ods
BcoH P B B H
B ®ny

is an equalizer diagram. As a consequence, the triple (BC"H, UgcoH; Mpeor) is a unital
magma where ugcon and mgen are the factorizations, through the equalizer iﬁ, of the

morphisms 1g and ppg o (iﬁ ® iﬁ), respectively.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Definition

Let H be a Hopf quasigroup. A Hopf quasigroup projection over H is a triple (B, f,g)
where B is a Hopf quasigroup, f : H — B and g : B — H are morphisms of Hopf
quasigroups such that g o f = idy, and for the morphisms qE, = idg * (f o Ay 0 g) the
equality

af o ues ® (B®qf) = qff o s 1)

holds.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Definition

Let H be a Hopf quasigroup. A Hopf quasigroup projection over H is a triple (B, f,g)
where B is a Hopf quasigroup, f : H — B and g : B — H are morphisms of Hopf
quasigroups such that g o f = idy, and for the morphisms qE, = idg * (f o Ay 0 g) the
equality

af o ues ® (B®qf) = qff o s 1)

holds.

If B is a Hopf monoid the identity (1) always holds. Then, in the associative setting,
the previous definition is the definition of Hopf monoid projection over H. J
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Definition

Let H be a Hopf quasigroup. A Hopf quasigroup projection over H is a triple (B, f,g)
where B is a Hopf quasigroup, f : H — B and g : B — H are morphisms of Hopf
quasigroups such that g o f = idy, and for the morphisms qE, = idg * (f o Ay 0 g) the
equality

af o ues ® (B®qf) = qff o s 1)

holds.

If B is a Hopf monoid the identity (1) always holds. Then, in the associative setting,
the previous definition is the definition of Hopf monoid projection over H. J

A morphism between two Hopf quasigroup projections (B, f, g) and (B’,f’,g’) over H
is a Hopf quasigroup morphism h: B — B’ such that hof = f', g’ oh=g.

Hopf quasigroup projections over H and morphisms of Hopf quasigroup projections with
the obvious composition form a category, denoted by

Proj(H).
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If (B, f,g) is a Hopf quasigroup projection over H,

peo(B®f)
R Pr

B®H B

_— >

B coH

B®ey

is a coequalizer diagram. Then, the triple (BCOH,eBcoH,ABmH) is a comonoid, where
egeott and Apgeon are the factorizations, through the coequalizer pf,, of the morphisms

eg and (pﬁ ® pf,) o dg, respectively.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Let H be a Hopf quasigroup. We say that a Hopf quasigroup projection (B, f, g) over
H is strong if it satisfies

phopgo(B®pug)o(if ® f®if)=phouso(us®B)o(if & f®if),
phopnso(B®pug)o(f®if ®if)=phouso(us®B)o(f®if®if),
pronso(B@ug)o(f@f®if)=pfouso(us®B)o(f@f®if).
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Let H be a Hopf quasigroup. We say that a Hopf quasigroup projection (B, f, g) over
H is strong if it satisfies

phopgo(B®pug)o(if ® f®if)=phouso(us®B)o(if & f®if),
phopnso(B®pug)o(f®if ®if)=phouso(us®B)o(f®if®if),
pronso(B@ug)o(f@f®if)=pfouso(us®B)o(f@f®if).

If B is a Hopf monoid the previous definition is the definition of Hopf monoid projection
over H because the product is associative. J
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Let H be a Hopf quasigroup. We say that a Hopf quasigroup projection (B, f, g) over
H is strong if it satisfies

phopgo(B®pug)o(if ® f®if)=phouso(us®B)o(if & f®if),
phopnso(B®pug)o(f®if ®if)=phouso(us®B)o(f®if®if),
pronso(B@ug)o(f@f®if)=pfouso(us®B)o(f@f®if).

If B is a Hopf monoid the previous definition is the definition of Hopf monoid projection
over H because the product is associative. J

Let H be a Hopf quasigroup with invertible antipode. If D is a Hopf quasigroup in ﬂyD,
the triple (Dx H,f =np ® H,g = ep ® H) is a strong Hopf quasigroup projection over

H. In this case qZXH =D ®ny ®ey. As a consequence,

prH =DQ®epy, l-ng =D®ny

and then (D x H)®H = D.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

We will denote by
SProj(H)

the category of strong Hopf quasigroup projections over H. The morphisms of SProj(H)
are the morphisms of Proj(H).
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Yetter-Drinfeld modules and projections for Hopf quasigroups

We will denote by
SProj(H)

the category of strong Hopf quasigroup projections over H. The morphisms of SProj(H)
are the morphisms of Proj(H).

Proposition

Let H be a Hopf quasigroup with invertible antipode. If (B,f,g) is a strong Hopf
quasigroup projection over H, the triple (BC"H,goBcoH,meH) is a Hopf quasigroup in
ZJJ’D, where

Ppeor = phops o (f®if), pgon = (g® pR)odpoif,

and sgeon = pF o ((f o g) * Ag) o if.
Moreover,
w=pgo(if®f):B°" xH- B

is an isomorphism of Hopf quasigroups in C with inverse

wl=(pE®g)ods.
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Yetter-Drinfeld modules and projections for Hopf quasigroups

Let H be a Hopf quasigroup in C with invertible antipode. The categories SProj(H)
and the category of Hopf quasigroups in ZJ/D are equivalent.
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Two cocycles and skew pairings for Hopf quasigroups

© Two cocycles and skew pairings for Hopf quasigroups
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Two cocycles and skew pairings for Hopf quasigroups

Definition

Let H be a non-associative bimonoid, and let 0 : HQ H — K be a convolution invertible
morphism. We say that o is a 2-cocycle if the equality

(o) x 83(0) = 8*(0) * 83(0)

holds, where 9'(c) = ey ® o, 0%(0) = oo (uy ® H), 83(c) = o o (H® puy) and
0*(0) =0 @ey.
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Two cocycles and skew pairings for Hopf quasigroups

Definition

Let H be a non-associative bimonoid, and let 0 : HQ H — K be a convolution invertible
morphism. We say that o is a 2-cocycle if the equality

(o) x 83(0) = 8*(0) * 83(0)

holds, where 9'(c) = ey ® o, 0%(0) = oo (uy ® H), 83(c) = o o (H® puy) and
0*(0) =0 @ey.

Definition

A 2-cocycle o is called normal if further

go(ny®H)=en=00(H®nu),

and it is easy to see that if ¢ is normal so is o 1.
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Two cocycles and skew pairings for Hopf quasigroups

Proposition
Let H be a non-associative bimonoid. Let o be a normal 2-cocycle. Define the product

MUHo as

HHo = (U@/.LH ®0'_1) O(H® H®6H®H)O6H®H~

Then H? = (H,nHe = nH, pHo ,EHo = €H,0He = Oy) is a non-associative bimonoid.
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Proposition

Let H be a non-associative bimonoid. Let o be a normal 2-cocycle. Define the product

MUHo as
HHo = (U@/.LH ®0'_1) O(H® H®6H®H)O6H®H~

Then H? = (H,nHe = nH, pHo ,EHo = €H,0He = Oy) is a non-associative bimonoid.

| A,

Proposition

Let H be a Hopf quasigroup with antipode Ay. Let o be a normal 2-cocycle. Then the
non-associative bimonoid H?, is a Hopf quasigroup with antipode

Ao = (f®)\H® fﬁl)O(H®5H) 00y,

where
f=co(HR®Ay)ody, fFl=0"to(Ay® H)ody.
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Two cocycles and skew pairings for Hopf quasigroups

Definition

Let A and H be non-associative bimonoids in C. A skew pairing between A and H over
K is a morphism 7 : A® H — K such that the equalities

(c1) 7o (ua® H) = (r®7) 0 (A® can ® H) 0 (A® A® 3p),

(c2) 1o (AQ un) =(T®T7) 0 (A® cay ® H) o ((caa0da) ® H® H),

(c3) 7o (A®H) = ea,

(c4) To(na® H) =ep,

hold.
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Two cocycles and skew pairings for Hopf quasigroups

Let A and H be non-associative bimonoids in C. A skew pairing between A and H over
K is a morphism 7 : A® H — K such that the equalities

(c1) To(pa®@H)=(T®7) o (A®can ® H)o (AR A® dn),
(c2) To(A®@uH)=(T® 7)o (AQ cay ® H)o((caacda) ® HR® H),
(c3) To (A®ny) = ca,

(c4) To(na® H) = ey,

hold.

Let A, H be Hopf quasigroups with antipodes A4 and Ay respectively. Let 7 : AQH — K
be a skew pairing. Then 7 is convolution invertible with inverse 771 = 70 (A4 ® H).

Moreover, the equalities

T oma®@H)=¢epy, T o(ARny)=ca

and
T o (AQun) = (T ® 71 ) o (A® can ® H) o (5a® H® H)

hold.
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Two cocycles and skew pairings for Hopf quasigroups

Proposition

Let A, H be Hopf quasigroups with antipodes A4, Ay respectively. Then

A® H = (A® H,nagH> HAQH> EAQH> OAQH)

NAQH = MA@ MH, HagH = (1A ® pH) 0 (AR cy.a ® H),

capH = €A ®en, dagH = (A® can ® H) o (34 ® 0p),
is a Hopf quasigroup with antipode Aagy = Aa @ An.
Moreover, let 7: A® H — K be a skew pairing. The morphism

w=¢ea®(TocHa)®ey

is a normal 2-cocycle with convolution inverse w™! =4 ® (771 o CH,A) ® EH-
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Two cocycles and skew pairings for Hopf quasigroups

Let A, H be Hopf quasigroups with antipodes A4, Ay respectively. Then

A® H = (A® H,nagH> HAQH> EAQH> OAQH)

NAQH = MA@ MH, HagH = (1A ® pH) 0 (AR cy.a ® H),
EAgH = EAR®EH, OagH = (A® can ® H) o (da ® dn),

is a Hopf quasigroup with antipode AgH = Aa ® Ay.
Moreover, let 7: A® H — K be a skew pairing. The morphism

w=¢ea®(TocHa)®ey

is a normal 2-cocycle with convolution inverse w™! =4 ® (771 o CH,A) ® EH-

Corollary

Let A, H be Hopf quasigroups with antipodes g, Ay respectively. Let 7: AQ H — K
be a skew pairing. Then

A, H=(A® H)¥

has a structure of Hopf quasigroup.

Ramén Gonzalez Rodriguez Projections for Hopf quasigroups



Two cocycles and skew pairings for Hopf quasigroups

Adr H = (A® H,nas, Hy A, Hy €Ay Hy OAsa, Hy M, H)
NAsa, H = TARH
P H = (BA® pH) e (AR TR AQ H® 71 @ H)
(AR baeH @ AR H® H) o (AR dagn ® H) 0 (A® cy.a ® H),
EAba,H = EAQHs OAsarH = OAQH

and
)‘Al><17—H = (T_1 RA R Ay ® T) o (A RQH® 6A®H) o 6A®H~
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Two cocycles and skew pairings for Hopf quasigroups

Example

Let F be a field such that Char(F)# 2 and denote the tensor product over F as ®.
Consider the nonabelian group Sz = {00,01,02,03,04,05} where gq is the identity,
o(o1) = o(02) = o(03) = 2 and o(o4) = o(os) = 3. Let u be an additional element
such that u?2 = 1. By

Chein O., Moufang loops of small order |, Trans. Amer. Math. Soc. 188 (1974),
31-51.

the set
L= M(S3,2) ={oju®*; a=0,1}

is an IP-loop where the product is defined by

oiu®. ojuf = (O'f’a'f)”uo‘+ﬁ, v=(-1)%, p=(-1)>"8,

Then, A=TFL is a cocommutative Hopf quasigroup.
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Two cocycles and skew pairings for Hopf quasigroups

Let Hyq be the 4-dimensional Taft Hopf algebra. This Hopf algebra is the smallest non
commutative, non cocommutative Hopf algebra. The basis of Hs is {1,x,y,w = xy}
and the multiplication table is defined by

% v | w
X 1 w |y
y —w 0 0
w | —y 0 0

The costructure of Hy is given by
Oy (X) =X ® X, Oy (¥) =y ®@x+ 1Ry, 0n, (W) =w@1+x®w,

€Ha(X) = 1r, €ny(¥) = en(w) =0,

and the antipode Ay, is described by

Ay (X) = X, A (v) = w, Ay (w) = —y.
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Two cocycles and skew pairings for Hopf quasigroups

Then,
AQ® Hy

is a non commutative, non cocommutative Hopf quasigroup and the morphism

T:ARQ Hy — F

defined by
1 if z=1
T(oiu*®z)=< (-1)* if z=x
0 if z=y,w

is a skew pairing. Then,
w=€aQ (T o CH4,A) ® EH,

is an invertible normal 2-cocycle. Finally,

Al><17— H4

is Hopf quasigroup defined by (A ® Ha)“.
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Quasitriangular Hopf quasigroups, skew pairings and projections

© Quasitriangular Hopf quasigroups, skew pairings and projections
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Quasitriangular Hopf quasigroups, skew pairings and projections

Let H be a Hopf quasigroup. We will say that H is quasitriangular if there exists a
morphism R : K — H ® H such that:

(d1) ((y®@H)oR=(H®H® py)o(H® cyy® H) o (R® R),
(d2) (H®dn) o R = (un @ cn,n) o (H® cip @ H) o (RO R),
(d3) pHeH © ((cH,H 0 01H) ® R) = pHgH © (R @ 0n),

(d4)

d4) (ey®H)oR=(H®ey)o R =ny.
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Quasitriangular Hopf quasigroups, skew pairings and projections

Theorem

Let A, H be Hopf quasigroups and let 7: A® H — K be a skew pairing. Assume that
H is quasitriangular with morphism R. Let A< H be the Hopf quasigroup associated
to 7 and let g : A<tz H — H be the morphism defined by

g=(T®pn)o (AR R® H).

If the following equalities hold

pHo(g®H)=go(A® un), (2)
pHo(H®g) = pno(uyoH)o(H® ((r® H)o (A® R))® H), (3)
the triple
(Axr H,f,g),

where f = na ® H is a strong Hopf quasigroup projection over H.
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Theorem

Let A, H be Hopf quasigroups and let 7: A® H — K be a skew pairing. Assume that
H is quasitriangular with morphism R. Let A< H be the Hopf quasigroup associated
to 7 and let g : A<tz H — H be the morphism defined by

g=(T®pn)o (AR R® H).

If the following equalities hold

pHo(g®H)=go(A® un), (2)
pHo(H®g) = pno(uyoH)o(H® ((r® H)o (A® R))® H), (3)
the triple
(Axr H,f,g),

where f = na ® H is a strong Hopf quasigroup projection over H.

Note that, if H is a Hopf monoid (2) and (3) always hold. J
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Quasitriangular Hopf quasigroups, skew pairings and projections

Theorem

Let H be a Hopf quasigroup with invertible antipode. In the conditions of the previous
theorem,
A= (A, H)<H

and, as a consequence, there exist an action ¢4 and a coaction pa such that (A, pa, pa)
is a Hopf quasigroup in z))D. Moreover,

Ay HZAx H

as Hopf quasigroups in C.
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Theorem

Let H be a Hopf quasigroup with invertible antipode. In the conditions of the previous
theorem,

A= (A, H)<H

and, as a consequence, there exist an action ¢4 and a coaction pa such that (A, pa, pa)
is a Hopf quasigroup in z))D. Moreover,

Ay HZAx H

as Hopf quasigroups in C.

Consider the Hopf quasigroup A < Ha constructed previously wit A = FM(S3,2). The
Hopf algebra Hs is quasitriangular. Therefore, A admits a structure of Hopf quasigroup
in the category Z:yD. Moreover,

AD<17—H4EA><H4.
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Theorem

Let H be a Hopf quasigroup with invertible antipode. In the conditions of the previous
theorem,

A= (A, H)<H

and, as a consequence, there exist an action ¢4 and a coaction pa such that (A, pa, pa)
is a Hopf quasigroup in z))D. Moreover,

Ay HZAx H

as Hopf quasigroups in C.

Consider the Hopf quasigroup A < Ha constructed previously wit A = FM(S3,2). The
Hopf algebra Hs is quasitriangular. Therefore, A admits a structure of Hopf quasigroup
in the category Z:yD. Moreover,

AD<17—H4§A><H4.

Thank you |
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