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1 Show that the global infimum of a polynomial in R? might not be reached.
Solution:

px,y) = (1 —xy)* + 22
Evaluate at (£, 1/¢) to see inf p = 0. But it can never vanish.

2 Write x* + 23 4 6x? — 22x + 13 as a sum of two squares by computing roots.
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Sketch of solutions

1 Show that the global infimum of a polynomial in R? might not be reached.
Solution:

px,y) = (1 —xy)* + 22
Evaluate at (£, 1/¢) to see inf p = 0. But it can never vanish.

2 Write x* + 23 4 6x? — 22x + 13 as a sum of two squares by computing roots.
Solution:

20 6 —22x 4+ 13 = (x— 1)*(x +2)* +3%) = (& +x—2)* + (3x - 3)?
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Sketch of solutions - Part 2

3 Find for which a and b is the polynomial x* 4 ax + b nonnegative in R.

Solution:
1176 ¢ —][1
HHax+b=|x 5 2 0 X
X2 — 0 1 X2
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3 Find for which a and b is the polynomial x* 4 ax + b nonnegative in R.

Solution:
1176 ¢ —][1
HHax+b=|x 5 2 0 X
X2 — 0 1 X2

By checking minors, matrix is psd iff b, ¢, > 0 and —% +2bc —2¢* > 0.
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Sketch of solutions - Part 2

3 Find for which a and b is the polynomial x* 4 ax + b nonnegative in R.
Solution:

t

1 % —c 1
HHax+b=|x 2c 0 X

x? - 0 1 x?
By checking minors, matrix is psd iff b, ¢, > 0 and —% +2bc —2¢* > 0.
The maximum of that expression is attained when ¢ = /b/3 hence it is psd

exactly when
a*> 4 \/Z
—— +-by/=- >0
4 + 3 -

b
a
2
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Sketch of solutions - Part 2

3 Find for which a and b is the polynomial x* 4 ax + b nonnegative in R.
Solution:

t

1 5 —c| |1
M tax+b=|x 2¢c 0 X
x? - 0 1 x?
By checking minors, matrix is psd iff b, ¢, > 0 and —% +2bc —2¢* > 0.
The maximum of that expression is attained when ¢ = /b/3 hence it is psd

exactly when
a*> 4 \/Z
—— +-by/=- >0
4 + 3 -

b
a
2
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Sketch of solutions - Part 3

4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? 4y 4 1% — 3x%y? [Choi-Lam 1976]
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AM/GM mean inequalities prove nonnegativity.
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¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:

To prove nonnegativity using symmetry assume x1 > x2 > - - > Xs.
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4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? +y* + 4% — 3% [Choi-Lam 1976]
AM/GM mean inequalities prove nonnegativity.
Newton polytope analysis proves not sos.

¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:

To prove nonnegativity using symmetry assume X1 > X2 > -+ > X5.
Then p(x) is
(i = x2)((a =) (i = xa)(xa = xs) — (x2 — x3) (x2 — xa) (X2 = X))
+

(06 —x1) 06— x2) (06 — x4) (X3 — xs)
J’_

(xa = xs)((xa = x1)(xa = x2)(xa — x3) — (s — x1) (xs — x2) (x5 — x3))
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Sketch of solutions - Part 3

4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? +y* + 4% — 3% [Choi-Lam 1976]
AM/GM mean inequalities prove nonnegativity.
Newton polytope analysis proves not sos.

¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:

To prove nonnegativity using symmetry assume X1 > X2 > -+ > X5.
Then p(x) is
(i = x2)((a =) (i = xa)(xa = xs) — (x2 — x3) (x2 — xa) (X2 = X))
+

(06 —x1) 06— x2) (06 — x4) (X3 — xs)
J’_

(s = x5)((xa = x1) (s — x2) (s — x3) — (06 = x1) (xs — x2) (Xs — x3))
And these are all nonnegative.

IPCO 2019 Summer School 3



Sketch of solutions - Part 3

4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? +y* + 4% — 3% [Choi-Lam 1976]
AM/GM mean inequalities prove nonnegativity.
Newton polytope analysis proves not sos.

¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:
To prove nonnegativity using symmetry assume xi > x2 > --- > Xs.
Then p(x) is

(= x2) (0 = x3) 00— xa) i = xs) — (x2 — x3) (x2 — xa) (x2 — xs))
+

(O = x1) 06 = x2)(x3 — x4) (X — xs)
_l’_
(xa = xs) (O — x1) (xa — x2) (xa — x3) — (xs — x1) (xs — x2) (s — x3))
And these are all nonnegative.
To prove not sos, note that p vanishes on the space x; = x2, x3 = x4 = x5 and on all
its permutations.
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4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? +y* + 4% — 3% [Choi-Lam 1976]
AM/GM mean inequalities prove nonnegativity.
Newton polytope analysis proves not sos.

¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:
To prove nonnegativity using symmetry assume xi > x2 > --- > Xs.
Then p(x) is

(= x2)((xa = x3) (a = xa) (i — xs) — (2 = x3) (2 — xa) (X2 — x3))
+
(O = x1) 06 = x2)(x3 — x4) (X — xs)
+
(s = x5)((xa = x1) (s — x2) (s — x3) — (06 = x1) (xs — x2) (Xs — x3))
And these are all nonnegative.
To prove not sos, note that p vanishes on the space x; = x2, x3 = x4 = x5 and on all
its permutations. If it were a sum of squares it would be a sum of squares of

quadratics.
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Sketch of solutions - Part 3

4 Prove that the following polynomials are nonnegative but not sos:
a XY + 322+ P+ 1 —4dxyz [Choi-Lam 1976]
b x*y? +y* + 4% — 3% [Choi-Lam 1976]
AM/GM mean inequalities prove nonnegativity.
Newton polytope analysis proves not sos.

¢ Yo Ty (i — x) [Lax-Lax 1978] see also IMO 1971
Solution:
To prove nonnegativity using symmetry assume xi > x2 > --- > Xs.
Then p(x) is

(= x2)((xa = x3) (a = xa) (i — xs) — (2 = x3) (2 — xa) (X2 — x3))
+
(O = x1) 06 = x2)(x3 — x4) (X — xs)
+
(s = x5)((xa = x1) (s — x2) (s — x3) — (06 = x1) (xs — x2) (Xs — x3))
And these are all nonnegative.
To prove not sos, note that p vanishes on the space x; = x2, x3 = x4 = x5 and on all
its permutations. If it were a sum of squares it would be a sum of squares of

quadratics. Any quadratic vanishing on all those planes is identically zero.
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Sketch of solutions - Part 4

5 Show that 3SAT can be formulated as checking if a degree 6 polynomial has
minimum 0.
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6 Write an explicit SDP to verify that the following polynomials are sos:
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Sketch of solutions - Part 4

5 Show that 3SAT can be formulated as checking if a degree 6 polynomial has
minimum 0.
Solution: Just replace every clause (p; A p; A pi) by (xixjxi)?, switching x, to
1 — x, if you have negation. Add the resulting polynomials plus the polynomials
(x; — x?)? for all variables. This has minimum zero if and only if all clauses are
satisfiable simultaneously.
6 Write an explicit SDP to verify that the following polynomials are sos:
a X' +4° +6x> +4x+5
Solution: Find c such that

Any value ¢ € [—1, 1] works.
b 2+ 5y — %y + 2y + 20+ 2
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Sketch of solutions - Part 4

5 Show that 3SAT can be formulated as checking if a degree 6 polynomial has
minimum 0.
Solution: Just replace every clause (p; A p; A pi) by (xixjxi)?, switching x, to
1 — x, if you have negation. Add the resulting polynomials plus the polynomials

(x; — x?)? for all variables. This has minimum zero if and only if all clauses are
satisfiable simultaneously.

6 Write an explicit SDP to verify that the following polynomials are sos:
a X' +4° +6x> +4x+5
Solution: Find c such that

Any value ¢ € [—1, 1] works.
b 2x* + 5y* — x%y* + 2x°y + 2x + 2 Solution: Find a, b, ¢, d, e, f such that

2 1 0 —b —d —c
1 2% d 0 ¢ f
0 d 2¢ —e —f 0
b0 e 2 1 al 20
—d e —f 1 —1—-2 0
—c f 0 a 0 5
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Sketch of solutions - Part 4

5 Show that 3SAT can be formulated as checking if a degree 6 polynomial has
minimum 0.
Solution: Just replace every clause (p; A p; A pi) by (xixjxi)?, switching x, to
1 — x, if you have negation. Add the resulting polynomials plus the polynomials

(x; — x?)? for all variables. This has minimum zero if and only if all clauses are
satisfiable simultaneously.

6 Write an explicit SDP to verify that the following polynomials are sos:
a X' +4° +6x> +4x+5
Solution: Find c such that

Any value ¢ € [—1, 1] works.
b 2x* + 5y* — x%y* + 2x°y + 2x + 2 Solution: Find a, b, ¢, d, e, f such that

2 1 0 —b —d —c

1 2 d 0 e f

0 d 2¢ —e —f 0

b 0 e 2 1 a|Z0
—d e —f 1 —1 —2a 0

—c f 0 a 0 5

Forinstancea = —1,b=1,c=d=e=f = 0.
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Sketch of solutions - Part 5

X —8x+1

7 Write an SDP to minimize/maximize the rational function e
+2+12
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Sketch of solutions - Part 5

7 Write an SDP to minimize/maximize the rational function %
Sketch of proof: Just note that because x* 4 x*> 4 12 > 0 we can say
j;ﬁf 112 > A if and only if

2-8+1-M+2+12>0.
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7 Write an SDP to minimize/maximize the rational function %
Sketch of proof: Just note that because x* 4 x*> 4 12 > 0 we can say

j;ﬁf 112 > A if and only if
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So to minimize the rational function we want to maximize A such that this is sos.
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7 Write an SDP to minimize/maximize the rational function )%

Sketch of proof: Just note that because x* 4 x*> 4 12 > 0 we can say

j;ﬁf 112 > A if and only if

2-8+1-M+2+12>0.

So to minimize the rational function we want to maximize A such that this is sos.
Similarly we can do something like this for maximization. The rest is easy.
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Sketch of solutions - Part 5

. . . . . . . . 27
7 Write an SDP to minimize/maximize the rational function )%

Sketch of proof: Just note that because x* + x*> + 12 > 0 we can say

j;fzf 112 > A if and only if

2-8+1-M+2+12>0.

So to minimize the rational function we want to maximize A such that this is sos.
Similarly we can do something like this for maximization. The rest is easy.

8 Give a sums of squares certificate of nonnegativity with multipliers for the
polynomials in problem 4. You can use a computer if you have one
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Sketch of solutions - Part 5

X’ —8x41
X¥4x2412
Sketch of proof: Just note that because x* + x*> + 12 > 0 we can say

j;fzf 112 > A if and only if

7 Write an SDP to minimize/maximize the rational function

2-8+1-M+2+12>0.

So to minimize the rational function we want to maximize A such that this is sos.
Similarly we can do something like this for maximization. The rest is easy.

8 Give a sums of squares certificate of nonnegativity with multipliers for the
polynomials in problem 4. You can use a computer if you have one
Some (not so) helpful Yalmip code:
sdpvar x y z 1
P=X"2xy" 24X 2% 224y " 2% 2" 2+ 1 -4 xxXxy*Z;
g=x"4*y"2+y N4+t 2-3xx" 2%y 2;

F=sos ((1+x"24+y"2+2z"2) *x (p-1));
solvesos (F,-1,[],1)
double (1)
sdisplay (sosd(F))
IPCO 2019 Summer School 5



Sketch of solutions - Part 5

9 A trignometric polynomial of degree d is a function of the form
d
p(0) =ao+ Z(ak cos(kf) + by sin(kf)).
k=1

a Show that if d is even p(8) > 0 for all 8 if and only if p(0) = p1(0)* + p2(6)* for
some trignometric polynomials p; and p,.
b Write a semidefinite program to certify the nonnegativity of
i p(0) =4 —sin(0) + sin(260) — 3 cos(20)
ii p(0) =5 —sin() + sin(20) — 3 cos(36)
Compute their sos certificates.

Solution idea:

. . . p— 2
Use the parametrization 6 = 2 arctan(x) or, equivalently, cos(6) = 1 — and

sin(f) = 2, and reduce to one variable case.
1+x
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