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Semidefinite Representations

A semidefinite representation of size k of a d-polytope P is a
description

P:{xeRd ‘Elys.t. Ao—i—zA,‘X,’—I—ZB/}/iEO}

where A; and B; are k x k real symmetric matrices.
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Semidefinite Representations

A semidefinite representation of size k of a d-polytope P is a
description

P = {X c R ‘ dy s.t. Ag +ZA,'X,'+ZB/}/,' = 0}
where A; and B; are k x k real symmetric matrices.
We are interested in polytopes with small descriptions.

Psd-minimal polytopes

The size of any semidefinite representation of a d-polytope P cannot
be smaller than d + 1. If it equals d + 1 we call the polytope
psd-minimal.
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Psd-minimal polytopes

@ All 2-level polytopes are psd-minimal. This includes stable set
polytopes of perfect graphs, Birkhoff polytopes, Hanner
polytopes...
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Psd-minimal polytopes

@ All 2-level polytopes are psd-minimal. This includes stable set
polytopes of perfect graphs, Birkhoff polytopes, Hanner
polytopes...

@ In IR? only triangles and quadrilaterals are psd-minimal.

@ In R3 there are six classes of psd-minimal polytopes: simplices,
triangular bipyramids, quadrilateral pyramids, (combinatorial)
triangular prisms, biplanar octahedra and biplanar cubes .

@ What happens in R*? [GPRT15] There are precisely 31
combinatorial classes of psd-minimal 4-polytopes.
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Slack matrices

Let P be a polytope with facets given by hy(x) > 0,..., h¢(x) > 0, and
vertices p1,..., Ppv.
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Slack matrices

Let P be a polytope with facets given by hy(x) > 0,..., h¢(x) > 0, and
vertices p1,..., Ppv.

Slack Matrix

The slack matrix of P is the matrix Sp € R™*V given by

Jodo Gouveia (UC) PSD-minimality and slack ideals ISMP 2015 4/14



Slack matrices

Let P be a polytope with facets given by hy(x) > 0,..., h¢(x) > 0, and

vertices p1,..., Ppv.

Slack Matrix

The slack matrix of P is the matrix Sp € R™*V given by
(1,J) = hi(p))-

Theorem (GRT13)
A d-polytope P is psd-minimal if and only if there exists some rank
d + 1 matrix M such that M & M =
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Slack matrices

Let P be a polytope with facets given by hy(x) > 0,..., h¢(x) > 0, and
vertices p1,..., Ppv.

Slack Matrix
The slack matrix of P is the matrix Sp € R™*V given by

(1,J) = hi(p))-

Theorem (GRT13)

A d-polytope P is psd-minimal if and only if there exists some rank
d + 1 matrix M such that M & M =

1100
0120
SP:oo11
1 00 2
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Slack matrices

Let P be a polytope with facets given by hy(x) > 0,..., h¢(x) > 0, and
vertices p1,..., Ppv.

Slack Matrix

The slack matrix of P is the matrix Sp € R™*V given by

Theorem (GRT13)

A d-polytope P is psd-minimal if and only if there exists some rank
d + 1 matrix M such that M & M =

1100 110 0
0120 01 +v2 o0
SP=10 0 1 1 M=10 0 1 1
1 0 0 2 10 0 V2
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Slack ideals

Slack ideal

Let P be a d-polytope and S5(x) a symbolic matrix with the same
support as Sp. Then the slack ideal of P is

Ip = ((d 4+ 2)-minors of Sx(x))
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Slack ideals

Slack ideal

Let P be a d-polytope and S5(x) a symbolic matrix with the same
support as Sp. Then the slack ideal of P is

Ip = ((d + 2)-minors of Sp(x)) = (Jx)™
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Slack ideals

Slack ideal

Let P be a d-polytope and S5(x) a symbolic matrix with the same
support as Sp. Then the slack ideal of P is

Ip = ((d + 2)-minors of Sp(x)) = (Jx)™

11 0 0 0 Xt % 0 0 0
001 1 0 0 0 x3 x 0 0
=(o 0o 1 1 o0 =0 0 x5 x O
10 0 1 0 7 0 0 x5 O
00 0 0 1 0 0 0 0 x
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Slack ideals

Slack ideal

Let P be a d-polytope and S5(x) a symbolic matrix with the same
support as Sp. Then the slack ideal of P is

Ip = ((d + 2)-minors of Sp(x)) = (Jx)™

11 0 0 0 Xt % 0 0 0
001 1 0 0 0 x3 x 0 0

=(o 0o 1 1 o0 =0 0 x5 x O
10 0 1 0 7 0 0 x5 O
00 0 0 1 0 0 0 0 x

Ip = (X1 X3X5XgXg — XoX4XgX7Xg) : (H X;)>
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Slack ideals

Slack ideal

Let P be a d-polytope and S5(x) a symbolic matrix with the same
support as Sp. Then the slack ideal of P is

Ip = ((d + 2)-minors of Sp(x)) = (Jx)™

1 1 0 0 0 X x 0 0 0
0 1 1 0 0 0 X3 Xq 0 0

o 0o 1 1 o =0 ©° x x o

1 0o 0 1 0 X7 0 0 Xg 0

0 0 0 0 1 0 0 0 0 x

Ip = (X1 X3X5XgXg — XoX4XgX7Xg) : Hx, (X1 X3X5Xg — XoXaXX7)
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Trinomial obstructions

Trinomial Obstruction Lemma

If Ip has a trinomial of the form x@ 4+ x? — x¢ then P is not psd-minimal.
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Trinomial obstructions

Trinomial Obstruction Lemma

If Ip has a trinomial of the form x@ 4+ x? — x¢ then P is not psd-minimal.

Why: You can’t simultaneously have z; + zo — z3 = 0 and
212 4+ 2% — z3° = 0 for non-zero reals.

Application to n-gons (n > 5):

/ 0 0 X X -
) = X3 0 0 X4 det(Sp(x)) € Ip
| Tl X 0 0 U
- Xr Xg X O — Xy XgXgX7 + X{X4X5Xg — XoX3XgXg
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Trinomial obstructions

Trinomial Obstruction Lemma
If Ip has a trinomial of the form x@ 4+ x? — x¢ then P is not psd-minimal.

Why: You can’t simultaneously have z; + zo — z3 = 0 and
212 4+ 2% — z3° = 0 for non-zero reals.

Application to n-gons (n > 5):
/ i fs > 2 det(S-(x)) € Ip
| () = x5 Xg 0 0 T
- X7 Xg Xg 0 —X1X4XgX7 + X1 X4X5Xg — XopX3XgXg

Only triangles and quadrilaterals can be psd-minimal in R2.
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Combinatorial obstructions

From these we can derive combinatorial obstructions.

Non-trivial intersections of facets of psd-minimal 4-polytopes:
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/NI

Lemma
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1 | Construction Vertices of a psd-minimal embedding Facet Types Dual | f-vector

1 | Ay —€1234, €1, €2, €3, €4} 55 Self | (5,10,10,5)

2 [ (A x Ay) =Dy +eq,teo,es,e4} 48 2Py Self |(6,13,13,6)

3 0,2€;,2€5,2¢3,€15 — €3,€4, €34} 35,2Py,2B Self | (7,17,17,7)

4 | Ay x Ay —e123,€1, 62,63} + { e, } 25,4Pr 5 (8,16,14,6)

5 | Azl —€123,€1, €9, 03, =4} 8S 4 (6,14,16,8)

6 |A; x A, —epn,e1, 6} + {—eas.ea.64} 6Pr 7 (9,18,15,6)

7T | Ayd A, —€12,€1,€2,—€34,€3,€,4} 9S 6 (6,15,18,9)

8 | (A x Ar)xAg e} U ({—emp €1, 62} + {xes}) 2S5,1Pr. 3Py 9 (7,15,14,6)

9 [ (A2@A) x4y —ei2,€1,€2,E€3,€4} 65,1B 8 (6,14,15,7)
10 0,e1,¢5,€3,€13,C03, €4, €14} 1S,2Pr 4Py 11 (8,18,17,7)
11 e1,€2,€3,€4, —2€1 — €21, —€13 — 2€2, —2€12} 48,4Py 10 (7,17,18,8)
12 0,e1,e2/2,e3,€4,€14,€12/2, €13, €9 + degq } 3Pr,3Py,2B 13 (9,22,21,8)
13 ey,60,9/4e5,04,010,/2, 015,60+ €3/4, 34} 25,6Py,1B 12 (8,21,22,9)
14| (A, A x A 0,€1,€9,€3,€4, €19, €33, €24, 2613+ €4, 2613 + €34} | 6PT,2B 15 (10,23,21,8)
15 (Ag X A )b Ay {e1,2e0,e5,2e4, €9 + 2e5,€2 + dey, 2e1 +€2,€134} | 45,6Py 14 (8,21,23,10)
16 (AI x Ay x Ay)x Ao | ({Eer} + {Fea} + {xes}) U {eq} 1C,6Py 17 (9,20,18,7)
17/ (A e A B A« Ay | {£er.Les, xes,e4} 10,85 16 (7,18,20,9)
18 {0,e1,e3/2e4, €934, €23, €24/ 2, €134, €13} 2Pr 4Py,2B 19 (9,22,21,8)
19 0,e1,€3,€1,€14, €23, €24, €234 } 10,48 4Py 18 (8,21,22,9)
20) ((Ar x Aq) « Ag) x Ay | {£er, teg e} + {xeq} 1C 4Pr,2Py 21 (10,21,18,7)
211 (A x A« Ag) DA | {£ey,teq,e5,e5/2 2 €4} 8S,2Py 20 (7,18,21,10)
22 0,2e1,2e3,2€4, €12, €123, €1234, 2624, 2634 } 6Py,3B 23 (9,24,24,9)
23 0,eq,e3,e4,€12, €123, €23, €24, €031} 20,3S1Pr.3Py | 22 (9,24,24,9)
24 0,2e;,2e,,2€3,2e4, €123, €124, €134, €1234, €234 | 10B 25 (10,30,30,10)
25 €1,€3,€3,€4,€13,€13,€14, €33, €24, €34 50,55 24 (10,30,30,10)
26| (A x Ay x A )@ A | ({Fer} +{xe} +{Fes}) U {tes} 12Py 27 (10,28,30,12)
211 (A DAL D A) x Ay | {£er,tes, es} + {Feq) 20,8Pr 26 (12,30,28,10)
28| Ay x Ay x Ay {£ei} + {£ea} + {—esn.e3. 64} 3C 4Pr 29 (12,24,19,7)
200 A A B A +eq,tea, —e34, 63,64} 128 28 (7,19,24,12)
30| Ay x Ay x Ay x Ay tei}+ {£eo} + {£es} + {xes} 8C 31 (16,32,24,8)
A 2A8A A, +eq, ey, teg ey} 16S 30 (8,24,32,16)




Binomial slack ideals

Binomial slack ideal

We will call a slack ideal binomial if it is generated by polynomials of
the type x@ — x?.
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Binomial slack ideals

Binomial slack ideal
We will call a slack ideal binomial if it is generated by polynomials of
the type x@ — x?.

Ip = (—X1 X5XgXoX11 + XoXaX7X10X11, —X1 XgXgXoX11 + X3XaX7XgX12, —X2XX7X10X11 + X3X5X7 X X12,
—X1X5XgXgX12 + X2 XaX7X10X12, — X1 X6 XgX10X11 + X3X4X7X10X12, —X2XgXgX10X11 + X3X5X3Xg X12)
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Binomial slack ideals

Binomial slack ideal
We will call a slack ideal binomial if it is generated by polynomials of
the type x@ — x?.

Xy Xo X3 0 0 0
0 0 0 X4 X5 Xg
x)= | x7 0 0 Xg 0 0
0 Xg 0 0 X10 0
0 0 X11 0 Xq2

Ip = (—X1X5XgXg X1 + XpXaX7X10X11, —X1XgXgXgX11 + X3X4X7XgX12, —XoXgX7X10X11 + X3X5X7X9X12,
—X1X5XgXgX12 + X2 XaX7X10X12, — X1 X6 XgX10X11 + X3X4X7X10X12, —X2XgXgX10X11 + X3X5X3Xg X12)

Proposition
If Ip is binomial then P is psd-minimal.
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Binomial slack ideals

Binomial slack ideal

We will call a slack ideal binomial if it is generated by polynomials of
the type x@ — x?.

o
oo
x
o
o

Ip = (—X1X5XgXg X1 + XpXaX7X10X11, —X1XgXgXgX11 + X3X4X7XgX12, —XoXgX7X10X11 + X3X5X7X9X12,
—X1X5XgXgX12 + X2 XaX7X10X12, — X1 X6 XgX10X11 + X3X4X7X10X12, —X2XgXgX10X11 + X3X5X3Xg X12)

Proposition
If Ip is binomial then P is psd-minimal.

The first 11 classes of the table and all d-polytopes with d + 2 vertices
have binomial slack ideals.
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General technique

How to derive psd-minimality conditions:
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Algorithm (in theory)

@ Compute /p C R[x] and let Jp be a copy of /p in new variables y.
@ Consider Kp=Ip+dJp+ (y,-2 = Xi>i:1,...,t - R[X,y].

© Eliminate y from Kp to get the conditions of psd-minimality for the
combinatorial class of P.
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General technique

How to derive psd-minimality conditions:

Algorithm (in theory)

@ Compute /p C R[x] and let Jp be a copy of /p in new variables y.
@ Consider Kp=Ip+dJp+ (y,-2 = Xi>i:1,...,t - R[X,y].

© Eliminate y from Kp to get the conditions of psd-minimality for the
combinatorial class of P.

In practice we have to resort to simplifications.
@ scale to 1 as many entries as possible
@ parametrize the slack variety before computing
@ impose the square condition on few entries at a time
@ ...
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Example (Class 18)
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Example (Class 18)

11 0 0 0 0 0 0

0 0 1 0 1 0 1 0

0 0 1 0 x3 0 0 1

o 0 1 x 0 0 1 Xg 0
x)y=10 1 1 0 0 X 0 X12

1 0 0 Xo  Xq 0 X10 0
1 0 0 1 X5 0 0 X13

0o 0 O 1 0 x7 X 0
0 0 0 1 0 Xg 0 Xq4

Ip= (X2 +X13 — X1a — 1, X411 — X124, X130 — X13, X9 + X13 — X14 — 1,6 — 1,x7 — 1, % — 1, x5 — 1,

X4 —1,x3—1, % —1,xg — 1)
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Example (Class 18)

i 1 0 0 0 O 0 0
o o 1 0 1 0 1 0
0o o 1 0 1 0 0 1
o o 1 1 0 0 1 X9 0
x)=10 1 1 0 0 1 0 X9
i 0 0 1 1 0 X10 0
i 0 0 1 1 0 0 X10
0 0 0 1 0 1 XxXg+x49—1 0
o o o 1t o 1 0 Xg + X109 — 1

Ip= (X2 +X13 — X1a — 1, X411 — X124, X130 — X13, X9 + X13 — X14 — 1,6 — 1,x7 — 1, % — 1, x5 — 1,

X4 —1,x3—1, % —1,xg — 1)
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Example (Class 18)

i 1 0 0 0 O 0 0
o o 1 0 1 0 1 0
0o o 1 0 1 0 0 1
o o 1 1 0 0 1 X9 0
x)=10 1 1 0 0 1 0 X9
i 0 0 1 1 0 X10 0
i 0 0 1 1 0 0 X10
0 0 0 1 0 1 XxXg+x49—1
o o o 1t o 1 0 Xg + X109 — 1

Now we impose y& = Xo, y2, = X10 and

Yo +Yyio— 12 =y& +yZH—1.

Eliminating y we get xg = 1 or (equivalently) x{g = 1
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Example (Class 18)

11 0 0 0 0 0 O

00 1 0 1 0 1 0

00 1 0 1 0 0 1

o 01 1 0 0 1 1 0
x=]0 1 1 0 0 1 o0 1
10 0 1 1 0 xqo O
10 0 1 1 0 0 xp

000 0 1 0 1 x9 0
00 0 1 0 1 0 xp

Now we impose y& = Xo, y2, = X10 and

Yo +Yyio— 12 =y& +yZH—1.

Eliminating y we get xg = 1 or (equivalently) x{g = 1
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Example (Class 18)

11 0 0 0 0 0 O

00 1 0 1 0 1 0

00 1 0 1 0 0 1

o 01 1 0 0 1 1 0
x=]0 1 1 0 0 1 o0 1
10 0 1 1 0 xqo O
10 0 1 1 0 0 xp

000 0 1 0 1 x9 0
00 0 1 0 1 0 xp

Now we impose y& = Xo, y2, = X10 and

Yo +Yyio— 12 =y& +yZH—1.

Eliminating y we get xg = 1 or (equivalently) x{g = 1

We get a linear space living inside the slack variety

Jodo Gouveia (UC) PSD-minimality and slack ideals ISMP 2015



An even more interesting example (class 12)
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An even more interesting example (class 12)

1 0 o 0 o0 1 1 1

X1 0 o 0o 1t 1 0 O

0 1 o 0 o 1 1 1

o 0 Xy o 0o 1t 1 0 O
(x) = Xo 0 i 0 0 0 1 0

0 Xo i 0 0 0 1 0

1—x1 — X 0 o 1t 0 0 0 1
1—-x3—x 0 1 0 0 0 1

0 0 i 1.1 0 0 O
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An even more interesting example (class 12)

1 0 o 0 o0 1 1 1

X1 0 o 0o 1t 1 0 O

0 1 o 0 o 1 1 1

o 0 Xy o 0o 1t 1 0 O
(x) = Xo 0 i 0 0 0 1 0

0 X; i 0 0 0 1 0

1—x1 — X 0 o 1t 0 0 0 1
1—-x3—x 0 1 0 0 0 1

0 0 i 1.1 0 0 O

It is psd-minimal if and only if

xf +2x$x2 +3x$x§ +2x1xg +X§ - 2st —2)(2:3 +x12 — 2x1Xp +x§ =0
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1 0 o 0 o0 1 1 1

X1 0 o 0o 1t 1 0 O

0 1 o 0 o 1 1 1

o 0 Xy o 0o 1t 1 0 O
(x) = Xo 0 i 0 0 0 1 0

0 X; i 0 0 0 1 0

1—x1 — X 0 o 1t 0 0 0 1
1—-x3—x 0 1 0 0 0 1

0 0 i 1.1 0 0 O

It is psd-minimal if and only if
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An even more interesting example (class 12)

1 0 o 0 o0 1 1 1

X1 0 o 0o 1t 1 0 O

0 1 o 0 o 1 1 1

o 0 Xy o 0o 1t 1 0 O
(x) = Xo 0 i 0 0 0 1 0

0 X; i 0 0 0 1 0

1—x1 — X 0 o 1t 0 0 0 1
1—-x3—x 0 1 0 0 0 1

0 0 i 1.1 0 0 O

It is psd-minimal if and only if

xf +2x$x2 +3x$x§ +2x1xg +X§ - 2st —2)(2:3 +x12 — 2x1Xp +x§ =0

In particular:
@ The positive square root does not work.
@ The support does not have rank 5.

12/14
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Open questions
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Open questions

@ Do psd-minimal d-polytopes have at most 29 vertices?
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Open questions

@ Do psd-minimal d-polytopes have at most 29 vertices?
@ When is the d-cube psd-minimal?
@ Are binomial slack ideals always toric?

@ Is the slack ideal of a combinatorially psd-minimal polytope always
binomial?
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Conclusion

[d G., Pashkovich, Robinson and Thomas.
Four Dimensional Polytopes of Minimum PSD Rank.
arXiv:1506.00187

Jodo Gouveia (UC) PSD-minimality and slack ideals ISMP 2015 14/14



Conclusion

[d G., Pashkovich, Robinson and Thomas.
Four Dimensional Polytopes of Minimum PSD Rank.
arXiv:1506.00187

Thank you
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