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Abstract. In this paper thefilter techniqueof FletcherandLeyffer (1997)is usedto globalizethe primal-
dualinteriorpoint algorithmfor nonlineamprogrammingavoiding theuseof meritfunctionsandtheupdating
of penaltyparameters.

The new algorithmdecomposethe primal-dualstepobtainedfrom the perturbedfirst-ordernecessary
conditionsinto a normaland a tangentialstep,whosesizesare controlledby a trust-rgjion type parameter
Eachentryin thefilter is a pair of coordinatesoneresultingfrom feasibility and centrality andassociated
with the normalstep;the otherresultingfrom optimality (complementaritandduality), andrelatedwith the
tangentialstep.

Global corvemgenceto first-ordercritical pointsis proved for the nev primal-dualinteriorpoint filter
algorithm.

Keywords. interior-point methodsprimal-dualfilter, globalcorvergence

1. Intr oduction

In this paperwe usethefilter techniqueof Fletcherand Leyffer [14] to globalizethe
primal-dualinterior-point methodfor nonlinearoptimization.This techniqueincorpo-
ratestheconcepbf nondominancéborrovedfrom multi-criteriaoptimization)to build
afilter thatis ableto rejectpoortrial iteratesandenforceglobal corvergencefrom ar-
bitrary startingpoints. Thefilter replaceghe useof merit functions,avoiding therefore
the updateof penaltyparametersssociatedvith the penalizationof the constraintsn
merit functions.

Sinceits first appearancén a 1997 paperby Fletcherand Leyffer [14], the fil-
ter techniguehasbeenmostly applied,sofar, to SLP (sequentialinear programming)
andSQP(sequentiafjuadratiqpprogramming}ype methodqg12,14,15]. Global corver
genceto first-ordercritical pointshasbeenproved for SLP by Fletcher Leyffer, and
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Toint[15] in 1998andfor SQPby Fletcher Gould,Leyffer, Toint, andWachter{12] in
1999.1n the context of compositeSQPfor equality constrainedptimization,Ulbrich
andUlbrich [22] have alsoproposedbasedn filter ideas,a nonmonotonerust-region
algorithm.Recently AudetandDennis[2] presentec patternsearctfilter methodfor
derivative-freenonlineamprogrammingThefilter ideahasprovento bevery successful
numericallyin the SLP/SQPframeawork [13], motivating its applicationsto interior-
pointmethods.

Interior-point methods althoughquite well studiedfor linearandcorvex program-
ming, arestill averyopentopicof researctin nonlineaprogrammingOneof theissues
is guaranteeinglobal convergencebecausd¢hereseemdo be no ideal merit function.
Several approachegor globalizinginterior-point methodsusing differentmerit func-
tionshave beenproposedSeethereference$5,9,11,16,17,23]. Onthe otherhand,the
local corvergencepropertiesof interior-point methodsfor nonlinearprogrammingare
quite well studiedin the literature[6,8,11,19,24,31], althoughdifficulties arisewhen
the limit point doesnot satisfy strict complementarityor linear independencef the
gradientsof the active or binding constraintg18,21,25,30]. Sincethe appearancef
this paper two othershave alsoappeare@pplyingthefilter technigueto interior-point
methodgsee[3] and[26,28]).

The primal-dualinterior-point methodis basedn the applicationof Newton’s me-
thodto a perturbedversionof thefirst-ordernecessargonditions.The perturbatiornin-
corporateghe (numericallyefficient) notion of centrality forcing theiterateso stayas
muchaspossibleaway from the boundaryof thefeasibleset.Our primal-dualinterior-
pointfilter methodis partially motivatedby the SQP-filteralgorithmof Fletcher Gould,
Leyffer, Toint, and Wachter[12]. We also split the primal-dualstepinto normal and
tangential stepsandusea trust-region parameteto controlthe size of both steps.The
normalsteppointstowardsthe quasi-centrapath,trying to achieve animprovementn
feasibility andcentrality Thetangentiaktepis designedo reducethesizeof thegradi-
entof the Lagrangiarfunction (andcomplementarity)The algorithmincorporateslso
a restorationphase(proposedn [12,14,15] for SLP/SQP-filter)aimedto improve, if
necessaryfeasibility andcentrality

This paperis organizedasfollows. A brief outline of the basicconceptof filter
methodsis givenin Section2. The primal-dualinterior-point framework is presented
in Section3, wherea numberof estimatearepresentedor the compositeprimal-dual
step(the proofsare postponedo an appendix).The filter mechanisnmandthe primal-
dualinterior-pointfilter methodaredescribedn Sectiond. Section5 containghe proof
of global corvergenceto first-ordercritical points.A restoratioralgorithmis proposed
in Section6 andsomefinal remarksandopenquestionsarestatedn Section?.

We use|| - || to denotethe Euclideamormof avectoraswell astheinducedmatrix
norm. Giventwo vectorsu € RP* andv € RP2, we use(u,v) to representhe vector
w = (uT,vT)T € RPr*P2, Finally, we posethe nonlinearprogrammingproblemin the
generaform

min f(z) st h(z)=0, z>0, 1)

wheref : R* — R andg : R* — R™ aretwice continuouslydifferentiablefunc-
tionsonanopensetf? C R".
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2. Basicconceptof a filter method

We begin by outlining the main conceptsof the filter methodby Fletcherand Leyf-
fer [14], usingtheform analyzedby Fletcher Gould, Leyffer, Toint, andWachter[12].
This methodis applicableto the generalnonlinearprogrammingproblem.However,
sincein our interior-point approachthe nonnaativity constraintsz > 0 will be han-
dledby theinterior-point stepcalculation|t is sufficientto sketchthe basicalgorithmic
framawork of the original filter methodfor the simpler(equalityconstrainedproblem

min f(z) st h(z) =0, )

wheref : R* — R andh : R* — R™ aretwice continuouslydifferentiable
functionsonanopenset(? C R".

Theconcepbf NLP filter methodoriginatesrom the obsenationthatthe solution
of a nonlinearprogrammingproblemlike (2) consistsof the two competingaims of
minimizing a measureof feasibility 8(z), e.g.6(z) = ||h(z)||, andof minimizing the
objectie function f(z). Hence,(2) canbe seenasa bi-criteria optimizationproblem
with theadditionalrequirementhatf hassomepriority, sincecorvergenceto afeasible
pointmustbeensuredinsteadof combiningthetwo objectivesby usinga penaltyfunc-
tion, FletcherandLeyffer [14] proposedheuseof afilter to build theefficientborderof
the bi-criteriaoptimizationproblemof minimizing infeasibility and objective function
value.Thedefinitionof afilter takesinto accounthe factthatwe would like to reduce
both,0(z) andf(z). A filter F is afinite setof tuples(é(x;), f(z;)) — pairsin thiscase
— thatcorrespondo a collectionof pointsz;, with the additionalrequirementhat no
filter entryis dominatedoy ary of the others.Hereby following [14], a point z, or the
correspondingair (8(z), f(z)), is saidto dominatea point ', or the corresponding

pair (6(z"), f(«')), if
O(z) <6(a') and f(z) < f(a").

If z dominatest’, thelatteris mostprobablyof no realinterest.A naturalrequirement
for anew iterateis, therefore thatit shouldnot be dominateddy previousiterates.The

filter senesthe purposeof collecting information on selectedprevious iterates,and
thus provides,in termsof dominancea selectioncriteria for new iterates.However,

it is obvious that the acceptancef iterateswhenerer they are not dominatedby the

filter (i.e., by ary of thefilter entries)doesnot exclude, for example,a clusteringof

iteratesat aninfeasiblepoint. To avoid the acceptancef pairsthatarearbitrarily close
to theefficientborder(i.e., to the boundaryof the setof all pairsthataredominatedoy

thefilter), acceptabilityof z to thefilter is definedin [12] in a more stringentway by

requiringthatfor all filter entries(6(z;), f(z;)) € F it holdsthat

max{f(z;) — 0(z), f(z;) — f(z)} > v#0(z;),

whereyr € (0,1/2) isfixed. Theoriginal concepbf nondominancés still usedto add
a point, or the correspondingair (6(z), f(z)), to thefilter: If z is addedto thefilter,
thenall entriesthataredominatedby  areremovedfrom thefilter.

In orderto producenew iteratesthat are acceptabldo the filter, Fletcher Gould,
Leyffer, Toint, andWachter[12] proposedhe useof a trust-region framework andthe
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decompositiorof the steps;, = s¢ + sk into anormalsteps? andatangentialstepst,.
Thenormalsteps} is computedyielding linearizedfeasibility, i.e.,

h(zk) + Vh(zr) sp =0, |Ispll < kads, ®)

wherexa € (0,1) is aconstantlt is assumedhatthereexistsa constants,, > 0 such
that||s}|| < kn8(z) for all k. Thetangentialstepis computedo satisfy

Vh(zi)si, =0, [lsf + sill < A,

andprovide a fractionof the Cauchydecreaséor aquadratiaonodelmy, of f.
Problem(3) is infeasibleif Ay, istoosmallin comparisorto 6(xy). Thereforejt is
requiredin [12] that
skl < K2 min{l, k, Aj} (4)

with constantss, > 0 andp € (0,1). In particulat for small A, the normalsteps}
mustbetiny comparedo A;. If it is not possibleto computea normalstepsatisfying
(4), arestoratiorphaseis enteredwith the goal of reducingthe infeasibility, measured
by 8, asmuchasneededThenthefull normalstepcanalwaysbetaken,andthusé(xy +
sp) = O(A?%). PossiblyafterreducingA,, (andreenteringestoratiorif necessarythe
new trial iteratewill beacceptableo thefilter if all filter entries(é;, f;) satisfy8; > 0,
which is ensuredby the mechanisnof selectingnew filter entries.If thefilter testis
passedthe decreasg@ropertiesof the full steps; onthe modelm, arechecled.If the
predicteddecreaséor f is notpromising,morepreciselyif mg(zx) — mg (g + s¢) <
kef(xy)? with aconstantsy € (0, 1), thentheinfeasibility is consideredo dominate
the possibledecreasén f. The new iterateis acceptedand xy, is addedto the filter.
Otherwise,the f-decreases requiredto satisfy the standardtrust-region acceptance
criterion
f(@k) = fzr + sk)

mk(a:k) — mk(xk + Sk) -

with presetp € (0, 1). If thetestfails, Ay, is reduced Otherwise the stepis accepted
and A, is updatedasin a standardrust-region algorithm.If the f-decreasés met, z,
is not addedto thefilter, sinceé(z) canbe very smallin this caseandaddingz; can
enforcesmalltrust-region radii to getacceptablgointsin lateriterations.

The interior-point filter methodintroducedin this paperis inspired by the SQP
filter methoddescribedn [12]. Essentially our applicationof thefilter conceptto the
globalizationof interior-point methodshasthefollowing features:

— A primal-dualinterior-point Newton stepformsthe basisfor thetrial stepcomputa-
tion. The nonnegativity constraintsarehandledoy a centeringmechanism.

— Weidentify two objectivesf andd,, correspondingo feasibility andobjective func-
tion value,suchthatanappropriatesplitting of thestepin “normal” and“tangential”
componentguaranteedecreaséor linearizedmodelsof # andd,, respectiely.

— An adaptatiorof thefilter framework of [12] for thepair (6, 8,) is proposed.

— Theproposednethoddoesnotrequiretherecomputatiorof the normalandtangen-
tial stepsasthe stepboundA is reduced.
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3. Interior -point framework

We returnto the nonlinearprogrammingproblemposedn the generaform (1).

3.1. Stepcomputation

Primal-dualinterior-pointmethodsarebasedon theideaof applyingNewton’s method
to anappropriatgerturbatiorof thefirst-ordemecessargptimality conditiongKarush-
Kuhn-Tuckeror KKT conditions).For the problemunderconsiderationthe KKT con-
ditionscanbewrittenin theform

Vwé(x,y, Z) =0, %)
h(z) =0, (6)

Xz =0, )

>0, z22>0, (8)

wherey € R™ andz € R" arethe Lagrangemultipliers, ¢ denotesthe Lagrange
function
Uz,y,2) = f(z) + hz)Ty — 2"z,

andX isthediagonalmatrix of ordern in whichthei-th diagonalkelements ;. Under
aconstraingualificationtheconditions(5)—(8)arenecessarfor x to bealocal solution

of (1).
We now perturbblock (7) of the KKT system(5)-(7) andwrite
Valb(z,y, 2)
Fu(z,y,2) = h(z) =0,
Xz — fie

whereg > 0. Throughoutwe will work with i = o, wheres € (0, 1) is acentering
parameterand

p=—" 9)
To abbreviate notationwe set
w=(z,y,2) and Aw = (Az, Ay, Az).

The primal-dualNewton step Aw is determinedoy the Newton equationfor the per
turbedKKT systemj.e.,

Féu(xayaz)Aw = _qu(xayaz)a

or, in detail,by

Vizlf(x,y,z) Vh(.%’) -1 Az vﬁvé(may;z)
( Vh(z)T 0 0 ) (Ay) =— ( h(z) ) .
Z 0 X Az Xz —opue
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Thechoicef = op with centeringparameter € (0, 1) andcomplementarityneasure
p accordingo (9) ensureghatthe primal-dualNewton direction Aw is adescentlirec-

tion for T 2 /n andallows thusadynamicreductiorof x. This choiceis frequentlyused
in the context of linearprogrammingandwasalsousedin the nonlinearprogramming
algorithmof El-Bakryetal. [11].

To adaptthe methodologyof a filter asoutlinedin Section2 to our interior-point
contet, we have to specify the two quantitiesfor the filter entries,the first compo-
nentcorrespondingo feasibility andthe secondcorrespondingo optimality. With this
choiceof filter componentsye have to find a correspondinglecompositiorof thetrial
stepinto anormalstepandatangentiaktepthatyieldsadecreasef thefeasibility-and
optimality-componentiespectiely.

To motivateour choiceof the componentsn thefilter andthe stepdecomposition,
we rewrite the perturbedKKT-conditionsin theform

0 Val(z,y,2)
Fou(z,y,2)=| h(z) |+ 0 =0. (10)
Xz — pe (1—o0)pe

Thefirsttermin themiddleexpressiormeasuregheproximity to thequasi-centrapath.
We recallthatthe quasi-centrapath,parameterizety 1 (see[1]), is definedby

Pl = {(z,2): h(z) =0, X2 = pe}.

Thereforejn termsof our filter approachit seemaaturalto let the quasi-centrapath
play therole of thefeasibleset{x : h(z) = 0} in Section2 andto choosethemeasure
of quasi-centality

(w) = (@)l + |X 2z = (a7 2) /ne]|

asthe first componenin the filter. In this context it is importantto mentionthat the
centralpathfor nonlineamprogramming

P = {w=(z,9,2) : Vol(w) =0, h(z) =0, Xz = pe},

parameterizetby p, is only guaranteedo exist (for sufiiciently small 44) in the neigh-
borhoodof a point (z,y, z) that satisfiesthe second-ordesuficient conditions,strict
complementaritfmax{z;, z;} > 0,7 = 1,...,n), andlinearindependencef thegra-
dientsof theactive or bindingconstraints(Thelinearindependencassumptiorior the
existenceof thecentralpathcanbewealenedto theMangasarian-Fromaitz constraint
qualification[30].)

The secondterm in the middle expressionof (10) measuregomplementarityand
criticality. For the secondilter componentve choosehereforethe optimality measure

0y (w) = a7 z/n + || Vol (w)|*.

We areawarethatthis choicecertainlyallows someroom for improvement sincethe
factthatwe aredealingwith a minimizationproblemis not very well reflectedoy 6,.
However, giventhattheinvestigatiorof filter methodsds still in its beginnings,we think
thatour choiceof the optimality measures appropriatefor the purposeof this paper
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We believe that our approachis alsoviable for otherchoicesof 8,, andreturnto this
issuein Section?.

With this choiceof filter componentst remainsto definecorrespondingangential
andnormalcomponent®f thetrial step.We usethe decompositiorassociateavith the
splitting (10). For thenormalsteps™ = (Az™, Ay™, Az™) we thuschoose

0
Fo,(w)s® =—1{ h(z) |, (11)
Xz — pe
whereaour tangential stepst = (Azt, Ayt, Azt) is givenby
Vb (w)
F, (w)s' = — 0 : (12)
(L—o)ue

Notethat Aw = s™ + st. However, it will becrucialthatwe exploit theflexibility of the
stepsplitting to introducedifferentstepsizesfor s™ ands? in ourtrial stepcomputation.
Theadjectvesnormalandtangentiabreborrovedfrom the SQPcontext [4,20] but
have a slightly differentflavor here.The normalstepcanbe seenasa steptowardsthe
quasi-centrapath P{. Thetangentialstepis the sumof atangentiacomponens?

V2 b(w)
F;u(w)siz_ 0 )
()

which attemptgo reduce|| V. ¢(w)||, anda predictorcomponent?

0
Fclru(w)sg = - ( 0 ) )
(1—o)pe

which seeksthe minimizationof 4 = 27z /n (see,for instance[29]). Therefore the

tangentiastepaimsto reducethe optimality measurd, (w) = 27 z/n + ||V £(w)||?.
We introduceA asthe positive scalarthat primarily controlsthe lengthof the step

takenalong Aw, forcing thedampedcomponenta™(A)s™ andat(A)st, to satisfy

la®(Q)s™ <4, [la(Q)s]| < A.

Having theseboundsin mind, andrequiringexplicitly a?(A) < a™(A), we definethe
stepsizestakenalongthe normalandtangentiadirectionsrespectiely as

n i A
(0] (A) —mln{l,m}, (13)
. n Al . A A
a’(A) = min {a (4), m} = min {1, s Tl } . (14)

Hereby we usefor A > 0 thenaturaldefinitiona™(A) = 1 for ||s™|| = 0 by usingthe
conventionmin{1,c} = 1. We alsosaythata®(4) = a™(4) if ||st|| = 0, although
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ouralgorithmcannotgenerateangentiaktepsfor which || st|| = 0 sincetheright-hand-
sidein (12) will never be zeroif theiteratesr andz arekeptpositive throughout.The
requirementt(A) < a™(A) is mainly necessaryo enforcethe iteratesto stayin the
neighborhoodV (v, M) definedin (17), seeLemma2.

Letalso

w(4) = (2(4),y(4),2(4)) = w + a™(A)s" + ' (4)s', (15)
5(A) = (s2(4), 54(A),5.(A)) =w(A) —w = a™(A)s" + a'(A)s’. (16)

Thus,
Is(Q)]| < 24,

and A playsherearole comparabldo thetrust-ragion radius.

The scalarsa™(A) and a?(A) will be suchthat positivity and somemeasureof
centrality of the new iteratew(A) are maintained However, both a™(A) andat(A)
dependon A, thatin turn will be adjustednot only to meetthe purposeof positivity
andcentrality but alsoto enforceglobal corvergence.

We introducethe notation

2Tz

0u(w) = @I, 6uw) = HX ST,

; Oe(w) = IVL(w)l,

which allows usto write thefilter componentss

xTz

O(w) = 0c(w) + O (w), 0y (w) = + |V (w)].

n
SinceX z mightnotbezero,a pointw thatsatisfied)(w) = 6,(w) = 0 and(z, z) > 0,
mightnotbeaKKT point. Thedefinitionof , (w), however, guaranteethata pointw
satisfyingd(w) = 6,(w) = 0 and(z, 2) > 0, isindeedaKKT point.

With the purposeof achiesing a reductionon the function 8,, we introduce,at a
givenpointw, thequadratiomodel

m(w(2)
o2, B a2 G D 9 hw) + 92, ) (w(4) - )P
2(A)T2(4) = (#(4) =) (:(4)

_ ) 49 abw) + V) () — )],

by addingto thelinearizationof z” z /n thesquaredhormof thelinearizatiorof vV, £(w).
To simplify the notationwe alsodefine

In orderto prevent (z(A),z(A)) from approachinghe boundaryof the positive
orthanttoo rapidly we will keeptheiterationin theneighborhood

Ny, M) = {w @2) >0, X222, () +0,(w) SM%} an
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with fixedy € (0,1) and M > 0. This is a frequentlyusedcentrality conditionin
infeasibleinterior-pointmethoddor linearandcorvex quadratiqgprogrammingcf. [29]
andthe referencesherein,andhasalsoprovenits efficiencgy in the contet of nonlin-
earprogramming11]. We will seein the next subsectiorthatw € N (v, M) implies
w(A) € N (v, M) wheneer A € (0, Amin] for agivenconstant;, > 0.

3.2. Stepestimates

The following lemmaprovides upperboundsfor 6y, 6., §,, andd, at the new point
w(A) in termsof A andof the correspondingraluesat the previous point w. It also
providesalowerboundfor thedecreas@roducednthequadrationodeln by thestep
w(A) —w.

Lemma 1. Thele exist positive constantsiMy,, M., and M,, dependingon an upper
boundfor §, andon the Lipscitz constantof VA and V2, ¢, sudh that, for all A > 0,

On(w(AQ)) < (1 —a™(A))8n(w) + MpA?, (18)

fc(w(4)) < (1—a™(4))be(w) + M.A% (19)

fe(w(4)) < (1 —a'(A))8e(w) + MeA®. (20)
GivenanupperboundA,; > 0 for A, it alsoholds

0, (w(A)) < (1 —at(A)(1 —0))8,(w) + M, A%, (21)

for 0 < A < Ay, andfor somepositiveconstanti,.
Finally, for any A > 0, wealsohave

m(w) —m(w(4)) > o' (A)(1 - 0)fy(w). (22)

Now we statea resultthat saysthatif the currentpointw = (z,y, z) satisfieshe
centralityrequiremeniX z > yue, sodoesthenext pointw(A) = (z(A4),y(A4),z(4)),
provided A is sufficiently small. A similar propertyis also statedfor the inequalities
On(w) + 0;(w) < Mpand(z, z) > 0.

Lemma 2. Let||F} ,(w)~"|| < C and,fory € (0,1) and M > 0, assumehat
Xz >ype,  On(w) +0i(w) < Mp.

Theee existsa constantA,;, sud that,if 0 < A < Apnin, then

X (4)z(4) > yu(A)e, (23)
On(w(A)) +0(w(4)) < Mp(4). (24)

Furthermoe, if (z, z) > 0, then,for all A in (0, Apin],
(z(4),2(4)) > 0. (25)

Thus,w € N (v, M) impliesw(A) € N (v, M) forall A € (0, Amin]-

The proofs of theseresultsare quite technicalandareleft for an appendixof this
paper
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4. The interior -point filter method

Our definition of afilter takesinto accountthe factthatwe would lik e to reduceboth

O(w) = b.(w) + 6p(w) andb, (w). Hence,we choosed andd, to form afilter entry,

wheref measureseasibility andf, measuresptimality. We thusreplacethe objective

function value by the criticality measured,. Sincewe introducedthe filter concept
alreadyin Section2, we give hereonly formal definitionsto setthe notationsfor the
restof the paper

Definition 1 (Dominance).A pointw, or thecorrespondingair (6(w), 84 (w)), is said
to dominatea pointw’, or the correspondingpair (6(w'), 8, (w')), if

f(w) <O(w') and Oy(w) < 6,(w'),
or, equivalently; if thefollowing inequalityis violated
max{f(w) — O(w'), 0y (w) — b, (w')} > 0.

Definition 2 (Filter). A filter is a finite subset” C R consistingof pairs (67,67),
with 67 = 6/ 4 6/, suchthatno pair candominateary of theothers.

As pointedoutin Section2, themererequirementhatanew iterateis notdominated
by ary of thefilter entriesis too weakasanacceptanceriterion.Insteadwe require:

Definition 3. Let yvx € (0,1/2) befixed. The pointw is acceptabldo thefilter F if,
forall (87,67) € F, it holds

max{67 — 6(w),0] — 6, (w)} > v767.

In the courseof the algorithm, we will add selectedhew pointsto the filter. This
proceduras donein thefollowing way:

Definition 4. By addingw to thefilter F we meanthefollowing operation:

F = F ={(0(w), 0y (w))}U
{(67,6]) € 7 : min{6/ - 6(w),0] —6,(w)} < 0}.

Remarkl. Thereforejf w is addedo thefilter, all old entriesthataredominatedy the
new entryareremoved. O

Our primal-dualinterior-pointfilter methodgeneratesterateswy+1 = wy (Ax) #
wy, thatareacceptabléo thefilter, but notall new iterateswy1 areaddedto thefilter.
In generalthe primal-dualinterior-point filter methodimposesa suficient reduc-
tion criterion relating the actualreductionin 6, with the reductionpredictedby its
modelmy:
Pk 21
where
aer Oy(wr) = 0, (i (Ar))
my (w) — mi(wi (Ar))
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andn € (0, 1) is apresetconstant.
However, thetestof this conditionis skippedif

mi(wi) — mp(wi (Ar)) < £0(w)?,

wherex € (0,1) is a presetconstantIn otherwords, the sufiicient reductioncrite-
rion p > 7 is only imposedwhenthe reductionin the modelm, is sufficiently good
comparedvith 8(wy)?2. In the situationwherep;, < n andmy (wy) — my(wi (Ag)) <
k6(wy,)?, the new iteratewy,1 = wy(Ay) is acceptedand the previous point wy, is
addedo thefilter (guaranteeinghatthis new filter entrysatisfied)(wy,) > 0). Thiscri-
terionfor addingpointswy, to thefilter preventsusfrom building up afilter for which
thecomputatiorof acceptablgointswould requiretoo smalltrust-region radii.

If pr > nandmy(wy) —my(wi(Ar)) > k6(wy)?, theiteratew, is notaddedo the
filter. This situationis the only onewherea new iteratewy1 = wg(4y) is computed
andthepreviousone,wy, is notaddedo thefilter.

If 8(wy,) istoolargecomparedo A, (or anappropriateoowerof Ay), thealgorithm
entersarestoratiorphasewith the purposeof reducingd. More precisely a restoration
algorithmis calledif

O(wg) > Ag min{yl,nyAg},

wheren;, 2, and 8 arepresetpositive constantsThe restorationalgorithmmustpro-

duce a new iterate wyy; thatis not only acceptableto the filter but also satisfies
O(wgr1) < Ag min{’yl,'yzA'g}. In this situation,the previousiteratew, is addedto

thefilter (guaranteeinglsothatthis new filter entry satisfied)(wy,) > 0). In Section6,

we proposea restorationalgorithm,basedon the primal-dualinterior-point framework

of this paperthatverifiestherequirement®f therestoratiorphase.

The primal-dualinterior-point filter methodsatisfyingthe above featuresis now
presentedNotethatstep5 guaranteethatthe potentiallynew iteratewy (Ay) is always
acceptabléo thefilter.

Notation. In the following algorithm, the currentiteratein iterationk is denoted
by wy, andthe normalandtangentiakrial stepsaredenotecby s andsy, respectiely.
Further the stepsizesaf(A) andat (A) aredefinedaccordingto (13) and (14), re-
spectiely, with s™ = s7 ands® = s¢. Similarly, wy (A) ands;(A) aredefinedby (15)
and(16), respectiely, with w = wy, s/t = s7/*, anda™/t(A) = a}/!(A).

Algorithm 1 (Primal-dual interior -point filter method).

0. Chooser € (0,1),v € (0,1) 71,72 > 0,0 < B,m,k < 1, andvyx € (0,1/2). Set
F := (. Choose&(zg, 20) > 0 andyg, anddeterminey € (0,1) suchthat Xgzq >
o With po = xd 29 /n. FurtherchooseM > 0 suchthatfy, (wo)+0¢(wo) < M o.
ChooseA{® > 0 andsetk := 0.

1. Setuy, := z1 zx/n andcomputes? andst, by solvingthe linear systemg11) and
(12), respectiely, with (w, u) = (wp, pr)-

2. ComputeA), € [0, Ai"] suchthat

zk(A) >0, 2,(A4) >0, Xp(A)zx(A) > yur(A)e forall A € [0, A}]

andsuchthat A}, is not smallerthanthe largestv” Ai*, r = 0, 1,. .., having this
property
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3. ComputethelargestA! = v/ Al, j =0,1,..., suchthat
On(wi (A%)) + Oe(wi (A%)) < M py(AR).

SetAk = A;c,
4.1f O(wr) < Ay min{’yl,’ygﬂf} thencontinuein step5. Otherwiseadd wy, to the
filter andusearestoratioralgorithmto producea pointwyg4; suchthat:
w1 EN(y, M) with ppyq = .’L'{+1Zk+1/n;
w41 IS acceptableo thefilter;
O(wi1) < Apyr min{y, 2 A7, } with Apyq = Ay
SetAi" | := Ay, k :=k + 1, andgoto stepl.
5. If w(Ay) is notacceptabléo thefilter (with wy, consideredn thefilter if my, (wy,)—
my(wi (Ar)) < kO(wy)?), thengoto stepll.
6. If my(wg) — my(wr(Ax)) = 0, thensetpy, := 0. Otherwise compute

0 (wi) — b4 (wi(Ar))

e s (wr) — ma(wi (Ar))
7.1f pr, < nandmy (wy,) — myg (wi (Ax)) > k6(wy,)? thengoto stepll.
8. If mg(wg) — my(wi(Ar)) < I‘.',H(’wk)2 thenadd wy, to thefilter.
9. ChooseAi™ | > Ay.
10. Setwy,+1 = wi(Ag), k := k + 1, andgoto stepl.
11. Setwpty := Wy, Sppq = S}, Shyq = Sk, Afyq = Ap/2. Setk := k + 1 andgo

to step3.

In practice,step2 would beimplementedas A}, = TkAA;c, WhereAA;E is the largest
value of A suchthat (z(A), z£(A4)) > 0 and X;(A)zx(4) > yur(A)e and Ty, is
aparametein (v, 1) to enforce(zy(A), zx(4)) > 0. The adjustmenbf 7, would be
importantto achieve arapidrateof local corvergenceWe pointoutthatthe calculation
of Ay is split in steps2 and 3 for good reasonsin fact,in step?2 it is possibleto
determineexplicitly A, (morepreciselyﬁ}c). However, becausef the nonlinearityof
0, andd,, thatis notthe casein step3, wherewe know from Lemma2 thatalthough
thereexistsasuficiently small A} satisfyingdy, (wi (A}))+6¢(wi(A%)) < Mpu(AY),
it cannotbe determinedxplicitly.

In practicestepl of thealgorithmwould startby checkingthesatishctionof a stop-
ping criterionof theform 6(wy,) + 6,(wi) < €, for smalle > 0. To beableto analyze
the asymptoticglobal corvergencepropertiesof the algorithmwe did not includeary
stoppingcriterion.

5. Global convergenceto first-order critical points
For the restof this paperwe assumethat {wy} is a sequenceof iteratesgenerated

by the primal-dualinterior-point filter method(Algorithm 1). We will alsoimposethe
following assumptions.
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Assumption 1.

(Al) Thesequencd (z, yk, 2k) } is bounded.

(A2) ThederivativesVh and V2 ¢ exist andare Lipschitz continuousin an openset
containingall theiterates(zy, yx, 21 ) andtheline sgmentgwy, wy, + si(Ax)].

(A3) ThereexistsC' > 0 suchthatfor all k it holds||F; ,, (wi) '] < C.

Remark2. (A3) holdsin a neighborhoodf a regular point w* satisfyingthe second-
ordersufficient conditionsandstrict complementarityseefor instancgd11]. Moreover,
conditionsaregivenin [11] underwhich (A1) and(A3) areensuredf the iterateswy,
arekeptin N (v, M) andonly theboundednessf {z},} is assumed.

As we will seetheseassumptionsllow usto prove global convergenceto KKT
points.SinceKKT pointsarefeasible we arerestrictingthe analysisto problemsthat
arenotinfeasible.lt is theuniform boundednessf theinverseof the Jacobiargivenin
Assumption(A3) thatrulesoutinfeasibility. O

Thefollowing simpleresultis a directconsequencef theseassumptionsindof Lem-
masl and?2.

Lemma 3. Thefollowing hold:

i) Thesequence$dy, (wi)}, {0 (wk)}, {pr}, and{8,(ws)} arebounded.

i) Theconstants\y, M., M,, M, in Lemmal are boundedor all k.

iil) Thewe exists Amin > 0 sud that the conditionsin steps2 and 3 are satisfiedfor
all A, AY € [0, Amin]. Thus,steps2 and 3 leave Ai® unchangedfor 0 < Ai® <
Amin andwehaved, = A",

iv) It holdsthatmax{||s?||, [|s4]|} < C(M + (n® — n + 1)1/2)uy for all k.

For theresultiv) we usethat || X z — pe|| < (n? — n)'/2p and||(1 — o)pel| < n'/2pu.
Given the fact that {(z, yx,2x)} is bounded the boundednessf the sequence
{s(A)} follows from Lemma3. (Note that ||s?|| and||s%|| are boundedby iv) and
a? andat, donotexceedone.)
We point out thatall filter entries(6/,6/) obey 6/ > 0. This factis statedin the
following lemmawithout proofandfollows directly from thestructureof thealgorithm.

Lemma 4. If wy, is addedto thefilter, thenf(wy,) > 0.

Proof. An iteratew, is addedto thefilter eitherin step4 or in step8. In thefirst case
(stepd), we seethatf(wy) > Ay min{'yl,'ygAf } > 0. In thesecondcase(step8), we
concludefrom Lemmal, (22) that

B(wi)? > %(mk(wk) — i (wi(Ag)) > 0.

Thus,in bothcasesé(wy,) > 0. O

We shaw in the next lemmathatnew iteratesarealwaysacceptabléo thefilter. The
proof of this resultrequiresno analysisandfollows directly from the structureof the
algorithm.
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Lemma5. In all iterationsk > 0, thecurrentiteratewy, is acceptableo thefilter.

Proof. Theproofis by induction.SinceF is emptyin iterationk = 0, theinitial iterate
wy IS certainlyacceptablao thefilter. Now let £ > 0 andassumehatw;, is acceptable
to thefilter. Theiteratewy; is eithergeneratedn step4, or in stepl10, or in step11.
If wr41 is obtainedin step4, thenwy, is addedto thefilter anda restorationalgorithm
is calledthatreturnsa pointwy1 thatis acceptableo thefilter. If w1 is obtainedn
stepl0, thenthe new iteratewy+1 = wi(Ax) passedhefilter acceptancéestin step
5 (with wy, consideredn thefilter in the casewherew;, is addedin step8). Finally, if
w41 resultsfrom step1l, thenwg+1 = wy andwy, is not addedto the filter. By the
inductionhypothesiswy, is acceptablédo thefilter. Sincethefilter is not changedthe
sameholdstruefor wgy1 = wg. O

The next threelemmasprovide technicalresultsneededo establishglobal corver-
genceto first-ordercritical points. Thefirst of thesedemmasprovidesa crucialinequal-
ity shaving thatfeasibility andcentralityatwy, (A) areof theorderof A2.

Lemma 6. There existsa A, > 0 sudhthat,if A, < A, in step5, it holdsthat
O(wi(Ar)) < (Mp + M) AR
Proof. If step5is reachedthen
O(wi) < 1A

Thus,by (A3) and(11),wehave||s?|| < C'yzA}fﬁ. In thecasd|sy || = 0 wegetfor all
Ay > 0thataf = min{l, A/||s?||} = 1 by our naturalcorventionmin{1, o0} = 1.

Otherwisewe have
Ay, 1

> .
Ispll = CraA?
We seethenthatay = 1 whenever

1 \5
A <A E(— ) .
b= (072>

Thus,we havein bothcasesx = 1 for Ay < A,.. Butthen,by Lemmal,

0(wi(Ar)) < (M + M) A3,

O

Remarl3. We stressthat Lemma6 aswell asthe next two Lemmas7 and 8 make
assertion®n the situationin step5 of the algorithm. Step5 is precededy step4, and
thus,in step5 alwaysholdsthat

f(wi) < Ay min{yi, 7247}, (26)

sinceotherwisestep4 calls restorationinsteadof step5. As we have alreadyseenin
Lemmas, (26) makesit possibleto shaw 8(wy (Ax)) = O(A2) for sufficiently small
Ay, whichwould beimpossiblewithout (26) holding. O
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Thenext two lemmagdealalsowith step5 of theprimal-dualinterior-pointfilter method.
They provide sufiicientconditionson thevalueof A, for w(Ay) to beacceptablé¢o the

filter in step5. In bothlemmaswe analyzethe acceptabilityof w(Ay) to thefilter by

consideringhatthefilter containswy, if my (wy) — mg(wr(Ar)) < KO(wy)?, despite
the fact that, in this situation,w;, will possiblybe addedto the filter only in step8.

Firstly we considetthe casewherewy, is boundedaway from aKKT pointandthefilter

hasafinite numberof entries.

Lemma 7. Supposéhat 0(wy) + 0,(wg) > € > 0 for all k. Thee exists A, > 0
dependingnly on e andon thevaluesof thefilter entries,sud that, if

O<AkSAau

thenw(Ay) is in step5 acceptableo thefilter (with wy consideedin thefilter when
mk(wk) — mk(wk(Ak)) < Kle(’wk)2).

Proof. Since0 < vr < 1/2 < 1, we have from Lemma4 that
OF = m}n(l —v£)87 > 0.

Consideffirst thecasewheref(wy) > €/2. Thenwy (Ax) is acceptableo thefilter
(with wy, consideredn thefilter whenmy, (wi) — my, (wi (Ak)) < k0(wi)?) if

1 . .
O(wi(Ar)) < 5 min{fr, (1 —yr)e/2} <min{fr, (1 —yF)e/2}.  (27)
We alsoknow from Lemmaé that
O(wi(Ar)) < (My, + M) A,

holdsfor A, < A,. Thus,(27)is satisfiedfor A, < AL with ASY > 0 depending
onlyonfr, e, My, M., vz, andA,.

Otherwisewe have§,(wy) > €/2. If wy, is notconsideredn thefilter in step5, then
asimilar agumentwith 6(w, (Ax)) < 167 insteadof (27), shavs thatif Aj, < A
thenwy (Ay) is acceptableo thefilter. Moreover wy, (Ay) is alsoacceptablewith wy,
consideredn thefilter whenmy, (wy,) — my(wi (Ag)) < £6(wy)?, if, in addition,

0, (wi,(Ag)) — 0y (wi) < —yF0(wr,). (28)

In the restof the proof we shav how this boundcanbe achievedfor sufiiciently small
Ay. Sincestep5 is reachedwe know that

O(wr) <72 AIICJFB-

On the otherhand,we obtainfrom 6, (wy) > €/2 andLemmal with 0 < Ay, < Ay,
that

By (wi(Ar)) — 0y (we) < —(1— 0)ahe/2 + My A%
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Hencewe needto show that

—(1—o)ake/2+ M A7 < —’YF'YQAi+B.

Ay A
E A

Sincel|s?|| and||st || areboundedby aconstantV/; andat, = min{1

havefor all A, < M, thatal > Ay /M. Thus(28) holdsif

(1-o0)e < (1-o0)e
4M, oM,

MyAy + 5y Af <

whichin turnholdsfor all A, < Al(f) with Agz) > 0 dependingnly one, M,, v, 72,
B,0, M, andA,,. Taking A, = min{A,(f), Aff)} concludeghe proof. O

Secondlywe look atthe casewhereonly themeasuref optimalityis boundedaway
from zero,but wherewe imposea conditionrelatingd(wy,) and Ay.

Lemma 8. Supposehatfor givene > 0
Ay .
Oy(w) > € and O(wg) > Tkmln{'yl,'yg(Ak/Z)ﬂ}. (29)
Thenthere exists Ay > 0 sud that, if

0<Ak§Af,

thenw(Ay) is in step5 acceptableo thefilter (with wj, consideedin thefilter when
mk(wk) — mk(wk(Ak)) < Kle(’wk)2).

Proof. Since,by Lemma5, wy, is acceptableo thefilter, wy(Ay) is acceptableo the
filter (with wy, consideredn thefilter whenmy (wy) — my (wi (Ar)) < K(wyi)?) if

O(wr(Ar)) < 0(wi)

and
0 (wi(Ax)) < 0y(wi) — v70(wr). (30)
We know from Lemmaé that,if Ay < A,,
O(wi(Ar)) < (My, + M) AR.

Henced(w (Ax)) < 6(wy) is ensuredy thesecondnequalityin (29)if in addition

(Mp+ M)Ay < 3 minfy, 72(8¢/2)%). (31)

Moreover, when0 < Ay < Ay, we have by Lemmal andthefirst inequalityin (29)
that
B (wr(Ar)) — By (wi) < —al(1— 0)e + M, A7,

We have pointedout beforethatat, > Ag/M; for all A, < M,, seethe endof the
proof of Lemma7. So,

(1-o0)e

s

6, (e (A%)) — 6, (wp) < A (— + MgAk> |
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Sincewe areconcernedvith step5 of the algorithm,we know thatf(wy) < 72 A?ﬁ,
seeRemark3, (26). Hence we obtain(30) whenever

(1-o0)e < (1 —a)e_

M,A AP < 2

95k +YFY2 k> 2M, M, (3 )
Therequirementd < A, < min{A,, Ay}, (31)and(32) on A, areohviously satis-
fiedif 0 < Ay < Ay with someconstantA; > 0. O

Now we arereadyto derive asymptotiaesults We appeafirst to acommonlyused
argumentin filter convergenceproofsto shav thatlim infy_, 6(wx) = 0 whenin-
finitely mary iteratesareaddedto thefilter.

Lemma 9. Fromthemomenthatw;, is addedto thefilter, thefilter alwayscontainsan
entrythatdominateswy.

Proof. Sincew; dominateswy, the assertionis trivial aslong asw; remainsin the
filter. If wy is removed from the filter thenit is replacedby aniteratewy, k' > k,
that dominateswy,. Thus,the assertiorremainstrue aslong aswy staysin the filter.
If wy is removed from thefilter thenit is replacedby aniteratewy, k" > k', that
dominateaw;, andthusalsodominateaw;, by thetransitvity of dominanceThus,the
resultfollows inductively. O

Lemma 10. Supposeahere are infinitely many points addedto the filter. Thenthere
existsa subsequencék; } sud thatwy, is addedto thefilter and

lim O(wg;) = 0. (33)
71— 00
Proof. Letinfinitely mary pointsbe addedto thefilter andset
A = {k : wy, is addedto thefilter}.

Assume(for deriving a contradiction)that the assertioris wrong. Sinceby Lemma4
holdsf(wy) > 0 for all k € A, wethenfind e > 0 with §(wy) > eforall k € A.
For k € A, definethesquare
Sk = [0(wr) = vre, 0(wk)] x [0y (wr) — e, g (wh)]-
We provethatfor all £, € A with k£ > [ it holds
Sg NSy =0. (34)

In fact, at the time wherew, is addedto the filter, the filter containsan entry w;
that dominatesw; accordingto Lemma?9. In addition, wy, is acceptabldo the filter
by Lemmab5, sothatat leastoneof the following inequalities(35) or (36) holds:

O(wg) < O(wy) —vr0(wr) < O(w) — yre (35)
or O(wi) < bg(wir) —yF0(wrr) < O(wi) — yre. (36)
In eithercase this implies (34). Therefore all theseinfinitely mary squaresSy, k& €

A, with area(yre)? aredisjoint. Sincethe sequencef(wy,), 8, (wy,)} is boundedwe
obtainthedesiredcontradiction. O
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Remark4. Note that Lemma 10 asserts(33) only for someparticular subsequence
{wy, } of iteratesaddedto the filter andnot for any suchsubsequencélhe reasonis
that acceptabilityof a pair doesnot imply acceptabilityof a dominatedpair. In fact,
let P, = (1,1) and P, = (1/2,1). Then P, is acceptabléo P, anddominatesP ;
neverthelessall pointsin theset[l — vz, 00) x [1 — v#,1 — v#/2) are acceptabléo
P, but are notacceptableéo P;. Thereforejf P, isin thefilter and P, entersthefilter,
then,by dominance P; is removed,andthis canresultin pointsthatareacceptableo
theupdatedilter, but werenot acceptableo thefilter beforethe update.

If required this effectcanbe circumventedn severalways.The easiesapproachs
to never remove dominatedentriesfrom the filter. Thenthe above proof canbe easily
modified to establishthat (33) holdsfor ary infinite subsequencef iteratesthat are
addedto thefilter. An alternatve to derive this strongeresult,if onewishesto remove
dominatedilter entries canalsobeobtainedy slightly modifying thefilter acceptance
test,see[7] and[10, §15.5].In fact,if we require

either 67 —6(w) > v767 or 67 —6,(w) > vr0(w),

thenacceptabilityto a pairimpliesacceptabilityto all dominatecpairsandit is straight-
forward to prove that (33) holdsfor ary infinite subsequencef iteratesaddedto the
filter, see[10, Lem. 15.5.2]. O

Our next stepis to show thatin the casewhereinfinitely mary iteratesare addedto
thefilter thereexists a subsequencef iteratesthat corvergesto a KKT-point. In fact,
our previous resultlim infy_, ., #(wg) = 0 canbe extendedto lim infy_,, 6(wg) +
0, (wx) = 0. Sinceiteratesareaddedo thefilter only if restoratioris invokedor in step
8, thesequencék;} of LemmalOmustcontaineitherasubsequencehererestoration
is invoked,or a subsequenceheretheiteratesareaddedo thefilter in step8. We start
with thefirst case.

Lemma 11. Supposéhat there existsan infinite sequencek;} of iterationsat which
restoation is invokedandfor which holdsthat

lim O(wg;) = 0.
71— 00
Then{k;} containsa subsequencgk} } with
lim 6(wy.) =0, lim 0, (wy:) =0.
j—oo J Jj—oo J

Proof. Letk; beasubsequencehererestoratioris invokedfor every k; (andthuswy,
is addedto thefilter) suchthatlim;_, ., 6(wyg,) = 0. Sincetherestorations invokedit
musthold that

O, > Ay, min{'yl,'y2Agi}. (37)

Thereforewe have

0= .lim Hkl = .lim Aki
i—00 i—00

andthuscanfind Ky > 0 suchthat Ay, < vAmin for all k; > Ko with Apyn from
Lemmas3.iii, with v € (0,1). We shav next that Ay, _; < 2Ay, for all k; > K, which
thenyields
0= lim 0,91. = hm Aki = hm Ak;—l- (38)
K3 71— 00

i—00 —00
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In fact, Ax, < vAmin for k; > Ky shavsthat A, = A};’j for k; > Ky, since,by
Lemma3.iii, step2 andstep3 yield only A, # A}g if A}Zj > Amin- But thenthe
resultof step2 andstep3 would be aradius Ay, > vAmin, Whichis not the casefor
ki > Ky. Thus,we have Ay, = Aj* for k; > Ko andconcludethat Ay, > Ay, _1/2
for all k; > K. Thus,(38) holds.

By (38) andLemmaa3.iii we know thatfor largeenoughi step2 andstep3 do not
changeA!”_, andAj". Thus,wefind K; > K, with

Ap1 = A, A, = Ai* forallk; — 1> K. (39)

We shaow next that step5 is reachedn all iterationsk; — 1 > K;. In fact, otherwise
therestoratiorprocedurds calledin iterationk; — 1. Thus,we have Ai”i = Ay, 1 and
consequenthy\,, = Ay, 1 by (39).Sinceby ourassumptiortherestoratioris invoked
in iterationk; — 1, by usingA;, = Ay, 1 theoutcomeof therestorations aniterate
Wy, With

eki < Aki—l min{’yla’)/?Alli—l} = Aki min{’yla ’72A§:i }’

which contradictg37).Hence step5 is reachedor all k; — 1 > K; andthusin partic-
ular
okifl S Aki —1 min{’yl: 72A£i_1 }

For the purposeof derving a contradiction,supposethat 6, (wy;) > € > 0 for

k; > K> with somesuficiently large K> > K. We shav next thatthenthereexists
K3 > K, suchthat

0y (wr;—1) > €/2 forallk; > Kj. (40)

In fact, we have eitherwy, = wg,—1 Or wy, = wg;—1(Ag;—1). In thefirst case(40)
is obvious sincethen®, (wg, 1) = 04(wy,) > € for all k; > Ks. In the casew, =
wy, _1(Ag, 1) it followsfrom Lemmal thatfor 0 < Ay, 1 < Ay

Oy (wr,) = Oy (Wi, 1(Ak; 1)) < (1= af, 1 (1 — 0))0, (wi, 1) + My ARy,
andthusfor k; > K->
€ < 0g(wi;) < by(wr;—1) + MyAi,-—r

We canthereforeconcludefrom (38) that(40) holdsfor K3 > K, largeenough.

Next, we shav thatstep7 mustbereachedor all iterationsk; — 1 with k; —1 > Ky
and K, > K3 largeenoughln fact,let A; betheboundof Lemma8 corresponding
to €/2 insteadof e. By (38) we canfind K, > K3 suchthatAy,_; < Ay holdsfor all
k; —1 > K4. Now assumehatstep? is notreachedn iterationk; — 1 > K. Thenstep
5isfollowedby stepllandthusfy, = 6y, 1, and,using(39), A, = A;‘gl? = Ay, 1/2.
Thereforepy (37),

Ap, -1 .
Opi—1 > kz’ * min{y1, v2(Ak,-1/2)°}.

Hence we obtainfrom Lemma8 thatwy, —1 (A, —1) wasacceptabléo thefilter in step
5,sincek; — 1 > K, ensuresi;,_y < Ay. Therefore step5 would nothave branched
to stepllasassumedtHence step7 is alwaysreachedn all iterationsk; — 1 > Kj.
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We concludethe proof by shaving the existenceof K5 > K, suchthatstep9 is
reachedor all iterationsk; —1 with k; —1 > K. Thisassertioeadsto acontradiction:
by (39) andsteps9, 10we have A, = Am > Ap,—1, Wk, = wi,—1(Ag,—1). Thus,we
obtainby Lemma6 for all Ag,_1 < A, (WhICh holdsby (38) for all 7 largeenough)

Ok = O(wr, —1(Ak;—1)) < (Mp + M) AL,y < (Mp + M)A,

This contradictg37) and(38).

It remainsto shav that step9 is eventuallyreachedn all iterationsk; — 1 with
ki —1 > K5, K5 > K, large enough.We notethat by (40) andLemmal for all
ki > Ky

€
2M,"

mkifl(wkifl) - mkifl(wkifl(Akifl)) 2> ai (1 - 0)2 > Ak 71(]- - U)

Hereby we useagainthefactthatosz_1 > Ap,—1/Ms if Ag,_1 < M, which holds
by (38) possiblyafterincreasingky. Ontheotherhand,we have

|, —1 (Wi, —1) =k, —1 (W, —1 (A —1)) =0 (W, —1)+04 (Wi, —1 (Ar,—1))| = O(A}, _4)-

Thelasttwo inequalitiesshav that py,—1 — 1 andhencethereexists K5 > K, such
thatstep9 is reachedn all iterationsk; — 1 with k; — 1 > K.

As we have alreadyseenthis leadsto a contradictiorwith 8, (wy;) > € for all k; >
K. Theproofis thereforecompletedsincethereexistsa subsequencgk’; } C {;} for

The other situationis wherethe sequencek;} of Lemma10 containsa subse-
quencewherethe iteratesare addedto thefilter in step8. As in the previousLemma
we have thefollowing result.

Lemma 12. Supposehat there existsan infinite sequencd k;} of iterationsfor which
wy, is addedto thefilter in step8 and, in addition, lim;_, ., 8(wg;) = 0. Then{k;}
containsa subsequenck’ } suc that

lim 6(wy;) =0, lim 64(wy:) =0.
J—o0 J

J—>OO

Proof. Let {k;} beasequencef iterationssuchthatwy, is addedto thefilter in step8
andlim;_, o 8(wy;) = 0. Supposeow thatf,(wy,) > € > 0 for all k; > K, for some
Ky > 0. By Lemmal andsincewy, is addedo thefilter in step8 we have

ai:,- (1 - 0)6 < Mk; (wkz) — My, (wki (Aki)) < Ha(wki)2'

Thus,we obtaina'}w — 0 andconsequentlyd,, — 0. In particular 0‘2,- > Ay, /M,
for largeenoughi, andsincetherestoratiorprocedures not called,we have 6 (wy, ) <
'yQA}Jﬂ andconcludethat

Ap; (1 - U)G/MS < my; (wki) — Mg, (wki (Akz)) < E(VQAij_ﬁ)2

whichis a contradictionto Ay, — 0. O
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We summarizeébothsituationsin the next theorem.

Theorem 1. Supposehat infinitely many iteratesare addedto the filter. Thenthere
existsa subsequencgk; } sud that

lim f(wy;) =0, lim 6y (wg,) = 0.

j—oo j—oo
Proof. By Lemmal0thereexistsasequencdk;} of iteratessuchthatwy, is addedio
thefilter andlim; ,, 8(wg;) = 0. As we have alreadyobsenred thereexists eithera
subsequencék; } of {k;} suchthatw;, areaddedto thefilter in the restorationor a

subsequencék’ } of {;} suchthatwk/ ‘areaddedo thefilter in step8. In thefirst case
theassertlorfollowsfrom Lemmal1;in theseconccasefrom Lemmal2. O

It remainsto considerthe casewherethe algorithmrunsinfinitely but the filter is
left with afinite numberof entries.

Theorem 2. Supposeéhat the algorithm runs infinitely and only finitely manyiterates
are addedto thefilter. Then

lim 6(wy) =0, lim inf 8, (wy) = 0.

k—o0 k—o0
Proof. The assumptiorsaysthatfor k& > K, with K large enough,no further filter
entryis added Hence thefilter containsfor all ¥ > K the samefinitely mary entries,
andtherestoratioris neverinvoked.Thus,all new iterateswy, 1 # wy, arecomputedn
step10. We now shaw thatstep10 is reachednfinitely mary times.

In fact,step5 is reachedn eachiteration,and,by Lemma7, step7 is reachedfter

finitely mary reductionsof A, in step11. Again, step8 is reachedafter finitely mary
reductionsof Ay. In fact,if 8(wy) > 0 thenclearly

my (wi) — mg (wi (Ag)) < £O(wy)?

for Ay, sufiiciently smallandstep8 is reachedOtherwise f(wy) = 0 andf,(wy) >
0 andthereforep, > n for all A, small enough(we may apply exactly the same
argumentsasat the endof the proof of Lemmal2). So,stepl0is alwaysreachedfter
finitely mary reductionsof Ay, producingalwaysnew iterates.

Sinceno further entry is addedto the filter we know, cf. step8, thatin step10 it
alwaysholdsthat

Og(wi) — Og(wiy1) > n(myp(wi) — mg(wi(Ar))) > nk(wi)?.
Sincethis holdsfor all successfustepsand {6, (w)} is boundedye concludethat
lim G(wk) =0.
k—oo
Now assumehatf, (wy) > € > 0for all ¥ > K andsomee > 0. Sincethefilter entries
donotchangefor k > K, thetestin step5 is passedvhenerer Ay, < A, (cf. Lemma
7). Also, sincef, (wr) > € > 0, we obtainasbeforethatp, > n whenarer A, < A’

for someA’ > 0 Finally, we know by Lemmag3.iii thatfor A" < A, steps2 and
3yield A, = Ai". Hencewe seethat Ay, > § = min{A, /2, A /2,vAmin} > 0 for
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k > K. Thus,stepl0is reachedor all successfustepswith A, > ¢ > 0 andwe have,
asabove,

Og(wr) — Og(wrg1) > n(mg(wi) — my(wi(Ar))) > n(1 — o)eat,

>n(1 —U)emin{Mis,l}

where M, is asbeforea uniform upperboundon max{||s||, ||s#||}. This is againa
contradictionto theboundednessf §, (wy) andthe proofis complete. O

Themainresultis obtainedoy combiningTheoremsl and2:

Corollary 1. Under Assumptionl, the sequenceof iterates {wy } genemted by the
primal-dualinterior-point method(Algorithm1) satisfies

liminf @(wy) + 04 (wi) = 0.
k—o00

6. A restorationalgorithm

In this sectionwe presentrestorationalgorithmsthat can be usedin step4 of the
primal-dualinterior-point filter method (Algorithm 1). The purposeof a restoration
algorithmis to find a point w1 € N(v, M) acceptablgo the filter and suchthat
O(wgt1) < Agg min{q/l,'yQA/,fH} with Ag1 = Ag. Thus,thepurposeof arestora-
tion algorithmis to decreas¢he valueof (w) = 6, (w) + 6.(w). To achieve this goal
we introducethefunction

1

02(w) = £ (On(w)? +6.(w)?) = 3 (I@)IP + 11Xz — el

6.1. A Restoation Algorithmbasedonthe KKT-Newton-System

Thenormalsteps™ computedrom (11)is adescentirectionfor 5 (w). In fact,
VO, (w)Ts™ = (Xz — pe)T (ZAz™ + X Az™) + h(z) T Vh(z)T Az™
= —(Xz—pe)T (Xz — pe) — h(z)Th(z).
Thus, V8, (w)Ts® = —26,(w), ands™ is, in fact,a descentirectionfor 85 (w). One
canalsoshow using
(Xz—pe)"(1 - o)pe = (1 — o)p(np — np) = 0

thatthetangentiaktep(12)yields V8, (w)T st = 0. We summarizehesetwo properties
for futurereference:

Vo (w)T's™ = —2605(w), Vo (w)T'st = 0. (41)

The restorationalgorithm presentedhereworks with the stepframework w(A) =
w+a™(A)s" +at(A)st, wherea™(A), s™, at(A), ands? aregivenby (13),(11),(14),
and(12), respectiely. Several otherrestorationalgorithmsare plausiblebut we chose
the following onebecausaet is consistentwith the stepcalculationof our primal-dual
interior-pointfilter method.
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Algorithm 2 (Restoration algorithm).

0.
1.

Chooset, v € (0,1). Setw := wy, AY := Ay, j := 0 andstartwith step4.
If Q(w{c) < Ay min{wl,WQAf} andwy, is acceptableo thefilter thensetwyq :=
wj, andstoprestoration.

.Sety) := («])72]/n and computethe stepss” ands’ by solving the linear

systemg11) and(12), respectiely, with (w, ) = (wy, p13,)-

. Computed, € (0, Aj*] suchthat

zl(A) >0, 21(A) >0, X1(A)z(A)>yul(Ae forall Aef0,Al] (42)

andsuchthatAi is notsmallerthantheIargestvalueyTA,i"’j, r=0,1,..., having
this property

f

Ba2(w]) — B2 (w],(A])) > —EVOy (w]) T s1.(A), (43)

J(AJ
k k
O (Wi (AL) + 0p(wi (AL)) < Mul,(AL), (44)

thenchooseA;™ ' > A7, setw]™ := wi(A}),j := j + 1, andreturnto stepl.
OtherwisesetAIth = A7 /2, j := j + 1, andrepeatstep4.

Thisrestoratioralgorithmterminatesuccessfullyn afinite numberof iterationsas

we prove in our final theoremIn analogyto Assumptionl we require

Assumption2. Assumptionl holdsfor wy, sy, (Ag), uux replaceddy wi, st (AL), pl,

respectiely.

Theorem 3. Under Assumptior2, the restoation algorithm 2 terminatesin a finite
numberof iterations.

Proof. Let us first considerthe well-definednes®f the algorithm. Hereby the only

critical issuesarethe computatiorof thetrial steps.s;:’j andsfc’j, which is possibleby
Assumption2 (A3), andthe computatiorof A} in step3, whichis possibleby Lemma

2. Thus,thealgorithmis well-defined.

For therestof the proof, assumeahat the restorationalgorithm doesnot terminate

finitely. Let

— mi _ f
O0r = m;_n(l v£)8’.

Sinceyr € (0,1/2), we have from Lemma4 thatf > 0, andwj, is acceptable

k

to the filter if O(wl) < 24/8s(wl) < 85/2 < 6. This conditionand §(w}) <
A min{y, WAQ } areeventuallysatisfiedf

lim inf 6y (w]) = 0. (45)
j—oo
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Hence|f therestoratiordoesnot terminatefinitely, thenthereexistsane > 0 with
62(wy,) > e for all j. We shaw thatthis uniform boundwill leadto a contradictionIn
fact,from (41), we have

V2(w})"53(4) = a7 (A) V6 (w})"si? + 3! (A) V8 (w]) s}
= =207 (A)B(wl).

Moreover, thereexistsa constantl/> > 0 suchthat
6>(w},) — B2(w}(4)) = =V8s(w]) 53 (4) — Mallsi (A)1%,
whichin turn, appealingo ai’j (4) < ozZ’j(A), implies
0> (w]) — O3 (w(4)) > —Vbs(w}) " s3,(4) — 2Maap? (A)* (s |I” + [ls” 1)-
Hence,(43) holdsfor all a7 (A) suchthat
2(1 — oy (A)6a(w]) 2 2Maa? (AP (Il I + 157 1),

i.e.,for all o/ (A) suchthat

. ) _ J
ay?(A) < ap? ' min {1, (ln j{?ﬁg (wkt)j - } .
M([lsi (12 + lIsp”11?)

FromLemmas? and3.iii, we seefinally that(42), (43),and(44) aresatisfiedfor all A{;
suchthat

0 < A < min { Amin,afls7 7)1}

shaving that all theseconditionsare satisfiedafter finitely mary reductionsof Ai in
step4. ‘ ‘ _
Now, if 6 (w]) > € > 0 holdsfor all j, then,sincemax{||s}? ||, ||sk’||} < M,

L A )
ay?(Al) > - min{ ot ,072’]} >a>0
for somea > 0, andwe concludethat

02(w}) — O2(wj(A})) > 2£ae,

whichyieldsa contradictionHence we have (45) andthefinite terminationis proved.
O
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6.2. Otherrestoation proceduesandthe Wachter-Biegler example

The restorationalgorithm 2 usesthe samestepcomputationasthe interior-point filter
method Globalcornvergences attainedaslongasAssumptions and2 hold. In practice
it mayhappenhatAssumption(A3) is violated,affectingnotonly Algorithm 1, but also
therestoratioralgorithm2. We will briefly discussherethemainissuegelatedwith this
situationandleave a moredetailedstudyfor a forthcomingpaper

For thepurposeof this discussionlet usconsidetheproblemproposedy Wachter
andBieglerin [27], which takesthefollowing form:

milRpsf(a:) st. 22 —2y+a=0, o1 —23—-b=0, xo,23>0, (46)
zE

with a € R andb > 0. The particularform of the (sufficiently smooth)objective is not
relevantsincetheinterestingpropertieof the problemaregeneratedby the constraints.
For brevity, weseth; (z) = 2% —z5+a andhy(z) = 1 —z3 —b. Theproblemis nonde-
generatebecausévVh(z) hasfull rankandits conditionnumberis uniformly bounded
on setswherez; is bounded Neverthelessit wasshawn in [27] thatfor every initial
0
pointz® € (—o0,0) x (0, 00)2 with r := % > 0anda —rb < min{0, —a/2} ary
methodfails to corvergeif it computeshe new primal iteratez*+! from the old point
z* € R x (0,00)? by astepof thefollowing form:
E+1 _ ok k 2
T =z"+ors" €R x (0,0)°, o € (0,1],
‘ (0,097, oxe (01 )

wheres* satisfies h(z*) + Vh(zF)Ts* = 0.

Both Algorithms 1 and2 canbe easilyadaptedo allow for z; asafreevariable.

It is straightforwardto seethat Algorithm 1, whenno restorationis calledor when
the restorationalgorithmis of the form describedn Section6.1, is containedin the
classof algorithmsdescribedn the previous paragraphln factwe have run this prob-
lem usingour Matlab implementatiorof Algorithm 1, combinedwith Algorithm 2 for
the restorationandwe have obsened bad numericalbehaior. We have seenthatthe
iteratesapproachedh point where Assumption(A3) is violated and that this wasthe
causdor suchbadnumericalperformance.

This situationmay be avoidedby usinga restoratioralgorithmthatterminatesuc-
cessfullyevenif assumptiorfA3) is violated.To illustratethis point, we have considered
arestoratiorprocedurghatdoesnot belongto the class(47). This alternatve is based
onthe optimizationproblemin the variablesr andz

1
min §(||h(£l:)||2 +1Xz — pcl?) st x>0, z>0, (48)

whereu® = 1, denotesthe value of i whenrestorationis entered Analogously we
denoteby w® = (2¢,y°, 2°) = (21, s, 2) theiteratefor which restoratioris entered.
Notethatif thereexistsastrictly feasiblepointof (46),i.e.,apointz suchthath(z) = 0
andz > 0, thenwe canchoosez = u°X ~le andobtaina global minimizer of (48).

Corversely if thereexists a strictly feasiblepoint thenary global minimizer (x, z)
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satisfiesh(z) = 0, z,z > 0, and X z — pfe = 0. Therefore ary solver thatis ableto
find a globalminimizer(z, z) of (48)for which, in addition,

eh(j;ycaz) + ef(faycaz) < MNC (49)

holds,providesa valid restorationprocedurgwith w1 = (Z,y°, 2)). In orderto in-

cludeadeviceto enforce(49) wetried (amongmary otherpossibleoptions)to augment
theobjective functionin (48) by thepenalizatiorterm £ ||V, £(z, 3¢, 2)||*. In addition,
it canbeadwantagouso addtheregularizationterm £2 [|(z, z) — (z°, 2°)||* to make the
Hessiarof therestoratiorproblempositive definite.Both parameterg, , p, arechosen
small,i.e.,0 < p; < 1. Sincethesemodificationsmay leadto non-interiorsolutions,
i.e.,x; = 0orz; =0 for somei, we move the nonngativity constraintsslightly. The
resultingproblemis

M 1 c c c c
min §(|Ih(ﬂb")||2 +[1 X2 = plell® + pi[|Val(z,y°, 2) 1P + poll(, 2) — (2°,2°)[)

st. z,z2>4,

whered > 0 is very smallandshouldbe choseng.g.,dependingn thevalueof pc. If

requiredthevalueof p, canbeadjustedduringthe minimizationprocessThevalueof
p1 iskeptsmall,but largeenoughto ensurg49). We appliedBertsekasprojectedNew-

ton methodto solve this problemin the context of (46). We have numericallyobsened
thatAlgorithm 1 usingthis alternatve restoratiorprocedurdadaptedo the casewhere
x1 is unrestrictedwasableto successfullysolve problem(46).

The useof new alternatvesfor the restorationprocedurejncluding the one pre-
sentedabove, is subjectof ongoingresearchAnotheralternatve is for instanceheuse
of therestoratioralgorithm2 but with a suitableregularizationfor the matrix F, , (w).
Oneshouldalsoconsidera modificationof the Algorithm 1 sothatrestorationis also
calledif || F; , (w;)~"|| exceedsaprescribedyerylargeboundC’ —largerthanwe ex-
pector wishtheconstantC' to bein assumptiorfA3). If therestoratiorprocedurés able
to find a new pointwyg41 atwhich, besideghe requirement®f step4 in Algorithm 1,
Fy i (wiy1) satisfies(A3) with areasonablealueof C' < €', thenthe chancef
satisfyingassumptiorfA3) will beimprovedsothattheinterior-pointfilter methodcan
continuesuccessfully

7. Concluding remarks

Thefilter mechanisnhasbeenusedfor thefirst time to globalizeprimal-dualinterior-
point methods Global convergenceto first-ordercritical pointshasbeenproved, and
themainresulthasbeenreportedn Corollary 1.

The combinationof interior-point andfilter ideasled to a new classof algorithms.
We have alreadytestedour primal-dualinterior-point filter methodin Matlab for QP
problemsandsmall-scaleNLP problems.The resultsareencouragindut thereis still
somework ahead.We are currently working on a fortran 90 implementationof our
primal-dualinterior-point filter methodand we plan to report numericalresultsin a
future paper
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This paperis hopefully a first stepin this challengingtopic. Severalissueseedto
beaddressedndbetterunderstoodandamongthemwe highlight the following.

The new primal-dualinterior-point algorithm usesa 2D filter: one dimensionfor
feasibility and centrality combinedand the otherfor the size of gradientof the La-
grangian(with complementaritiadded) An openquestionis the useof 3D filters. In a
3D filter, oneusesthefirst dimensionfor feasibility, the secondfor centrality andthe
third for the sizeof the gradientof the Lagrangian.

As wehave mentionedn theintroduction therateof local corvergences well stud-
ied in the literaturefor primal-dualinterior-point methodsunderthe standardassump-
tions,andevenin casesvheresomeof thesestandardassumptionslo not hold. The
openissuein interior-point filter methodss whetherthe globalizationschemgwhere
thefilter playsanimportantrole) becomedocally inactive to allow fastcorvergence
rates.

Anotherinterestingtopic for future researchis the choiceof alternatvesfor the
componentaisedin thefilter. As alreadymentionedjt would be desirableto replace
the optimality measurel, by a function that reflectsbetterthe goal of minimizing f.
Essentiallyanappropriatecandidateshouldbe a functionfor which thetangentiakstep
st yieldsafractionof Cauchydecreaseloseto the quasi-centrapath.

Appendix

The following lemmameasureshe decreasen complementaritybtainedby the new
iteratew(A) andis neededo prove Lemmasl and?2.

Lemmal3.Forall A > 0andalli=1,...,nit holds

z;(A)z;(4) < (1 — a™(A))wz; + (a™(A) — (A)(1 — o)) p + 442, (50)
2;(A)2i(4) > (1 — a™(A)zizi + (a™(4) — ' (A)(1 — 0)) p — 442, (51)
w(A) < (1=a"(A)(1—0)) p+44°, u(4) > (1-a'(A)(1 —0)) u—44°.

(52)
Proof. By thedefinitionof s™ ands?, we have
zi(A)z;(A) = (z; + a™(A)Az? 4+ o (A) Azh)(z; + o (A) Azl + o (A)AzY)
= 22; + Q" (A) (2 AT + 2;A21) + ot (A) (2 Azt + 23 AzE)
+ (@™ (A)Az? + ot (A)Azh) (@™ (A) AP + of (A) AzL)
= @iz — " (A) @iz — p) — & (A) (1 = 0)p + (i(4) — i) (2:(A) = 2).
So,inequalities(50) and(51) follow from this derivationand
|2 (4) — zil|2:(4) — zi| < (24)%
Summing(50) and(51) over all 4, dividing the resultby n, andusingu = %'z /n,
u(AQ) = z(A)T2(A) /n, yield (52). O

We cannow prove Lemmasl and2.



28 M. Ulbrich, S. Ulbrich, andL.N. Vicente

Proof of Lemma 1l

Proof. Denoteby B, anupperboundfor 6,, andby C, andCy > 1 Lipschitzconstants
for Vh andV?2 ¢, respectiely. We will prove Lemmal with

Mh = 2Cha Mc = 8\/53
M, =2Cp, M, =4(1+ B,Cp) +4C}; A?

We notethat Vh(z) s, (A) = —a™(A)h(z), andthus

1
On(w(4)) = [|h(z(2))]] = Hh(x) + [ Ve + 1. () s ()

— H(l —a™(A)h(zx) + /I(Vh(:c + t5,(AQ)) — Vh(a:))Tsw(A)dtH
0
< (1= ()0 (w) + Chlls= (D) / tat,
0

which proves(18).
Similarly, we have V2, ((w)Ts(A) = —at(A)V,£(w) and,asabove, we get
fe(w(A)) < (1-a / IVaul(w +ts(A)) = V3, L(w)llls(A)lldt,
whichyields (20).

The estimatg19) follows from Lemmal3:

(@A) (4) — u(4)) < (1= a"(A)wizi + (a"(4) — a'(A) (1 = o)) + 447
F (1-a'(A)(1-0))u+4A?
=+(1 — a™(AQ))(z;z; — p) + 8A%

Inequality (21) is derived by appealingto Lemmal3 andto the previously estab-
lishedinequality(20):

8y (w(A)) = p(A) + Ge(w(A))
< (1—a’(A)1 - 0))p+ 44% + ((1 - *(A))8,(w) + 2Cp A2)*
< (1= (A)(1 - 0))8,(w) + (4 +4(1 — a*(A))8,(w)) Cw A + 4CF A*.
Finally, we have
m(w) —m(w(4)) = p— p(4) + (@(4) = 2)7(2(4) - 2)/n
+ (1= (1 =a (Q))IVal(w)]?
=a' (A1 = o)u+ (1 - (1 —a"(2)*)[|[Vol(w)|]”
> a'(A)(1 - 0)f(w),

andtheproofis thereforecompleted. O
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Proof of Lemma2

Proof. Wewill prove Lemma2 with

B a(l1—7) oM
Apin = {4(1+7)C(M+n)’(Mh+Mg+4M)C(M+n)}- 9

1. Wefirst shav that(23) holdsfor all A € (0, Apin] With A, satisfying(53).
FromLemmal3we obtain

X(A)z(A) > (v + (1 = 7)a™(A) — o' (A)(1 — o)) pe — 44%. (54)

Ontheotherhand,Lemmal3alsoyields
T(A) < yp = ya' (A)(1 = o)p + 4y A°.
Hence X (A)z(A) > yu(A)e holdswhenever

4A2S(1—WXQWA)—a%AX1—aDp‘ )
1+~

Sincea!(A) < a™(A), asufficient conditionfor thisinequalityto holdis
"(A)o(1 =)
Az < a(—
= 41+y) 7
which, by (13),is implied by

. o(l-—y)p o(l—y)u
as mm{ AT 5 A+ ) } ’

whichin turnis trueif

AL min{ ol =7 oll—7) } ERAE

41+v) 741 +v)C(M + n)

since||s™|| < C(M + (n? —n)'/?)u < C(M +n)p.
Ontheotherhand,we canalsodeducehat||st|| < C(M +n'/?)pu < C(M +n)p,
andtherefore

&% max{|s"[|, ls°ll} < C(M + n)p. (56)
We considemow two possiblecasesn orderto shaw that(23) holdswhenever
min(A,8) < &1 (). (57)

In thefirst caseA < § we usethat, aswe have just shown, (23) holdsprovided A <

01(u). SinceA < § in this casethe inequality A < §; (u) is equialentto (57). In

thecased < A, we know thata™(A) = a(A) = 1, w(4) = w(f), ands(A) =

5(8). Thus,(23)is thesameas X (6)z(d) > ~vyu(d). Onecanapply the samealgebraic
argumentsusedn thefirst paragraptof theproofto shav that X (6) z(d) > ~yu(d) holds
if & <d&1(p). Now, sinced < A, wehavethatd < §; (u) is alsoequivalentto (57).
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Hence,it remainsto show (57) for A € [0, Amin] With Ay, accordingto (53). Let

1 def a(l—)
et = g0 )02 (M + n)2

If uw < pl, thend;(u) is givenby its first expressionand (57) follows directly from
(56), sinceby thedefinitionof u! ;, for u < pl., with (56) holds

< OO +mu <O Pt = [ G750 = 51w,

If > pi, thend (u) is givenby its seconcexpressionand(57) holdsif
min(4,8) < 81 (k) = 61 (Herit)

whichis trueif
a(l—17)
41+ ) C(M +n)’

2. We prove now that(24) holdsfor all A € (0, Amin] With Amin satisfying(53).
FromLemmal anda?(A) < a™(A) we derive

Be(w(4)) < (1 = o (4))fe(w) + M A?,
On(w(4)) < (1 = o' (4))8(w) + MpA”.

Using8p, (w) + 0¢(w) < Mp we get
On(w(A)) +0e(w(A)) < (1 — " (A))Mp + (M, + M) A%,

A < 51 (/J‘(I:rit) =

Ontheotherhand,by Lemmal3
Mu(A) > (1 - o (A)Mu + oot (A)Mp — AM A%
Therefore(24) holdswheneer
(Mp + My +4AM)A? < oot (A)Mp,
which, by (14),is implied by

oMpy oMup
My, + My +4M’ (M, + My + 4M) max{||s”||, [|s*||} [’

Agmin{

whichin turnis true,by (56), if

O'MIJ/ U'M @6()
My + My +4M° (My + My + 4MYC(M +n) [~ 72

Agmin{

Fromnow on, this partof the prooffollows exactly the samestepsof part1, with

2 ] def UM
Herit = 0L, + My + 4AM)C?(M +n)?’
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replacingtherole of u!,;,, and
oM
(Mp + My +4M)C(M +n)’

3. Finally we prove that (25) holdsfor all A suchthat (53) is satisfied.We know
from part1 that(54) and(55) areverifiedif A € (0, Amin] With Apin satisfying(53).
It follows from (55) that

0< A < 62(ugrit) =

4A% < (a™(A) = aH(A)(1 —0))p
So,from (54),we get
X(A)z(A) > v(1 = a™(A))pe > 0,

for all A for which (53)is satisfied andassertion(25) follows trivially. O

Acknowledgments

This researcltollaborationon the globalizationof interior-point methodsusingthefil-
tertechniqueresultedfrom corversationseld duringthe First Workshopon Nonlinear
Optimization:”Interior-Point and Filter Methods”, organizedin Coimbrain October
1999.

The authorswould alsolike to acknavledgeMatthiasHeinkenschlosgRice Uni-
versity)for his supportandinsightful comments.

Large partsof this work weredonewhile the authorswerevisiting the Centerfor
Researclon Parallel Computationandthe Departmenbf Computationabnd Applied
Mathematicsat Rice University, which provided a very stimulatingresearcherviron-
ment. The authorswould like to thank JohnDennisand MatthiasHeinkenschlosgor
their hospitalityandsupport.

Finally, the authorswould alsolike to thanktwo refereedor their commentsand
suggestionshatimprovedthe presentatiorf the paper

References

1. M. ARGAEZ AND R. A. TAPIA, Ontheglobal convergenceof a modifiedaugmented.agrangianline-
seach interior point Newton methodfor nonlinearprogramming Tech.ReportTR95-38,Department
of Computationahnd Applied MathematicsRice University 1995. Revised Septembef999.

2. C.AUDETAND J. E. DENNIS, A patternsearh filter methodor nonlinearprogrammingwithoutderiva-
tives Tech.ReportTR00-09 Departmenbf Computationabnd Applied MathematicsRice University,
2000.

3. H.Y.BENSON, D. F. SHANNO, AND R. J. VANDERBEI, Interior-point methodgor noncowex nonlin-
ear programming:Filter methodsand merit functions Comput.Optim. andAppl., 23 (2002),pp. 257—
272.

4. P. T. BOGGS, Sequentiafuadmtic programming in Acta Numerical995,A. Iserles,ed., Cambridge
University PressCambridgel.ondon,New York, 1995,pp. 1-51.

5. R.H.BYRD, M. E. HRIBAR, AND J. NOCEDAL, Aninterior pointalgorithmfor large-scalenonlinear
programming SIAM J.Optim.,9 (1999),pp.877-900.

6. R.H.BYRD, G. Liu, AND J. NOCEDAL, Onthelocal behaviorof aninterior point methodfor nonlin-
ear programming in Numericalanalysis1997 (Dundee)PitmanRes.NotesMath. Ser, 380,Longman,
Harlow, 1998,pp. 37-56.



32

M. Ulbrich, S. Ulbrich - L. N. Vicente:A primal-dualinterior-point filter method

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

20.

30.

31.

C. M. CHIN AND R. FLETCHER, Ontheglobal corvergenceof an SLP-filteralgorithmthat takesEQP

steps Tech.ReportNA/199, Departmenbf MathematicsJniversity of Dundee 2001.

T. F. COLEMAN AND Y. L1, On the corvegenceof interior—reflectiveNenton methodsor nonlinear

minimizationsubjectto bounds Math. Programming67 (1994),pp. 189-224.

. A.R. ConN, N. I. M. GouLD, D. ORBAN, AND P. L. TOINT, A primal-dual trust-region algorithm
for minimizinga non-cowex function subjectto generl inequalityand linear equality constaints in
Nonlinearoptimizationandrelatedtopics(Erice, 1998),Kluwer Acad.Publ.,Dordrecht,2000,pp. 15—
49.

. A.R.CONN, N. I.M. GouLD, AND P. L. TOINT, Trust-Rgjion Methods MPS-SIAM Serieson Opti-

mization,SIAM, Philadelphia2000.

A. S. EL-BAKRY, R. A. TAPIA, T. TSUCHIYA, AND Y. ZHANG, On the formulationandtheoryof the

Newtoninterior—pointmethodfor nonlinearprogramming J. Optim. TheoryAppl., 89 (1996),pp.507—

541.

R. FLETCHER, N. I. M. GouLD, S. LEYFFER, P. L. TOINT, AND A. WACHTER, Global corvergence

of trust-region SQP-filteralgorithmsfor geneal nonlinear programming SIAM J. Optim., 13 (2002),

pp.635-659.

R. FLETCHER AND S. LEYFFER, User manualfor filterSQPR Tech. ReportNA/181, Departmentof

MathematicsUniversity of Dundee1998.

, Nonlinearprogrammingwithouta penaltyfunction Math. Programming91 (2002),pp. 239—

269.

R. FLETCHER, S. LEYFFER, AND P. L. TOINT, Ontheglobal convergenceof an SLP-filteralgorithm

Tech.Report98/13,Départementle Mathematique FUNDPR, Namug 1998.

A. FORSGREN AND P. E. GILL, Primal-dualinterior methodsor noncomwex nonlinearprogramming

SIAM J.Optim., 8 (1998),pp. 1132-1152.

D. M. GAY, M. L. OVERTON, AND M. H. WRIGHT, A primal-dual interior methodfor noncowex

nonlinear programming in Proceeding®f the 1996 InternationalConferenceon NonlinearProgram-
ming, Beijing, China, Y. Yuan,ed., Kluwer AcademicPublishersDordrecht, The Netherlands1998,
pp.31-56.

M. HEINKENSCHLOSS, M. ULBRICH, AND S. ULBRICH, Superlinearand quadiatic cornvergenceof

affine-scalinginterior-point Newton methodsfor problemswith simple boundswithout strict comple-
mentarityassumptionMath. Programming86 (1999),pp. 615-635.

H.J. MARTINEZ,Z. PARADA, AND R. A. TAPIA, Onthecharacterizationof g-superlinearconvergence
of quasi-Nevtoninterior-point methoddor nonlinearprogramming Boletin dela SociedadMatematica
Mexicana,1 (1995),pp. 1-12.

J. NOCEDAL AND S. J. WRIGHT, NumericalOptimization Springe+Verlag,Berlin, 1999.

P. TSENG, Error boundsand superlinearcorvergenceanalysisof someNewton-typemethodsn opti-

mization in NonlinearOptimizationandApplications,vol. 2, Kluwer AcademicPublishers3. V., 1998.
M. ULBRICH AND S. ULBRICH, Nonmonotonérustregion methoddor nonlinearequalityconstained
optimizationwithouta penaltyfunction Math. Programming95 (2003),pp. 103-135.

R. J. VANDERBEI AND D. F. SHANNO, Aninterior-point algorithmfor noncowex nonlinearprogram-

ming Comput.Optim.andAppl., 13 (1999),pp. 231-252.

L. N. VICENTE, Local corvergenceof theaffine-scalingnterior-point algorithmfor nonlinearprogram-

ming Comput.Optim.andAppl., 17 (2000),pp. 23-35.

L. N. VICENTE AND S. J. WRIGHT, Local corvergenceof a primal-dual methodfor degeneate non-

linear programming Comput.Optim.andAppl., 22 (2002),pp. 311-328.

A. WACHTER, An Interior Point Algorithmfor Large-ScaleNonlinear Optimizationwith Applications
in ProcessEngineering PhDthesis Departmenbf ChemicalEngineeringCarngie Mellon University,

2002.

A.WACHTERAND L. T. BIEGLER, Failure of global corvergencefor a classof interior point methods
for nonlinearprogramming Math. Programming88 (2000).

A. WACHTER AND L. T. BIEGLER, Global and local corvergenceof line seach filter methodsfor

nonlinearprogramming Tech.ReportB-01-09,CAPD, Departmenbf ChemicalEngineeringCarngie

Mellon University 2001.

S. J. WRIGHT, Primal-Dual Interior-Point Methods SIAM, Philadelphia1997.

S. J. WRIGHT AND D. ORBAN, Propertiesof the log-barrier function on degeneate nonlinear pro-

grams Math. Oper Res. 27 (2003),pp. 585—-613.

H. YAMASHITA AND H. YABE, Superlinearand quaditic corvergenceof someprimal-dual interior

pointmethodgor constainedoptimization Math. Programming75 (1996),pp. 377—-397.



