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Abstract. In this paper, thefilter techniqueof FletcherandLeyffer (1997)is usedto globalizetheprimal-
dualinterior-pointalgorithmfor nonlinearprogramming,avoidingtheuseof merit functionsandtheupdating
of penaltyparameters.

Thenew algorithmdecomposesthe primal-dualstepobtainedfrom the perturbedfirst-ordernecessary
conditionsinto a normalanda tangentialstep,whosesizesarecontrolledby a trust-region type parameter.
Eachentry in the filter is a pair of coordinates:oneresultingfrom feasibility andcentrality, andassociated
with thenormalstep;theotherresultingfrom optimality (complementarityandduality),andrelatedwith the
tangentialstep.

Global convergenceto first-ordercritical points is proved for the new primal-dualinterior-point filter
algorithm.

Keywords. interior-pointmethods,primal-dual,filter, globalconvergence

1. Intr oduction

In this paperwe usethe filter techniqueof FletcherandLeyffer [14] to globalizethe
primal-dualinterior-point methodfor nonlinearoptimization.This techniqueincorpo-
ratestheconceptof nondominance(borrowedfrom multi-criteriaoptimization)to build
a filter that is ableto rejectpoortrial iteratesandenforceglobalconvergencefrom ar-
bitrary startingpoints.Thefilter replacestheuseof merit functions,avoiding therefore
theupdateof penaltyparametersassociatedwith thepenalizationof theconstraintsin
merit functions.

Since its first appearancein a 1997 paperby Fletcherand Leyffer [14], the fil-
ter techniquehasbeenmostlyapplied,sofar, to SLP(sequentiallinearprogramming)
andSQP(sequentialquadraticprogramming)typemethods[12,14,15].Globalconver-
genceto first-ordercritical pointshasbeenproved for SLP by Fletcher, Leyffer, and
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Coimbra,by FCT undergrant POCTI/35059/MAT/2000, by the EuropeanUnion undergrant IST-2000-
26063,andby Fundac¸ão CalousteGulbenkian.The authorwould also like to thank the IBM T.J. Watson
ResearchCenterandtheInstitutefor MathematicsandIts Applicationsfor their local support.

MathematicsSubjectClassification(1991):65K05,90C06,90C29,90C30



2 M. Ulbrich, S.Ulbrich, andL.N. Vicente

Toint [15] in 1998andfor SQPby Fletcher, Gould,Leyffer, Toint, andWächter[12] in
1999.In the context of compositeSQPfor equalityconstrainedoptimization,Ulbrich
andUlbrich [22] havealsoproposed,basedon filter ideas,a nonmonotonetrust-region
algorithm.Recently, AudetandDennis[2] presenteda patternsearchfilter methodfor
derivative-freenonlinearprogramming.Thefilter ideahasprovento beverysuccessful
numerically in the SLP/SQPframework [13], motivating its applicationsto interior-
point methods.

Interior-pointmethods,althoughquitewell studiedfor linearandconvex program-
ming,arestill averyopentopicof researchin nonlinearprogramming.Oneof theissues
is guaranteeingglobalconvergencebecausethereseemsto beno idealmerit function.
Several approachesfor globalizing interior-point methodsusingdifferentmerit func-
tionshavebeenproposed.Seethereferences[5,9,11,16,17,23].Ontheotherhand,the
local convergencepropertiesof interior-point methodsfor nonlinearprogrammingare
quitewell studiedin the literature[6,8,11,19,24,31], althoughdifficultiesarisewhen
the limit point doesnot satisfy strict complementarityor linear independenceof the
gradientsof the active or binding constraints[18,21,25,30]. Sincethe appearanceof
this paper, two othershave alsoappearedapplyingthefilter techniqueto interior-point
methods(see[3] and[26,28]).

Theprimal-dualinterior-pointmethodis basedon theapplicationof Newton’sme-
thodto a perturbedversionof thefirst-ordernecessaryconditions.Theperturbationin-
corporatesthe(numericallyefficient) notionof centrality, forcing theiteratesto stayas
muchaspossibleaway from theboundaryof thefeasibleset.Our primal-dualinterior-
pointfilter methodis partiallymotivatedby theSQP-filteralgorithmof Fletcher, Gould,
Leyffer, Toint, andWächter[12]. We alsosplit the primal-dualstepinto normal and
tangential stepsandusea trust-region parameterto control thesizeof bothsteps.The
normalsteppointstowardsthequasi-centralpath,trying to achieveanimprovementin
feasibilityandcentrality. Thetangentialstepis designedto reducethesizeof thegradi-
entof theLagrangianfunction(andcomplementarity).Thealgorithmincorporatesalso
a restorationphase(proposedin [12,14,15] for SLP/SQP-filter)aimedto improve, if
necessary, feasibility andcentrality.

This paperis organizedas follows. A brief outline of the basicconceptof filter
methodsis given in Section2. The primal-dualinterior-point framework is presented
in Section3, wherea numberof estimatesarepresentedfor thecompositeprimal-dual
step(the proofsarepostponedto an appendix).The filter mechanismandthe primal-
dualinterior-pointfilter methodaredescribedin Section4. Section5 containstheproof
of globalconvergenceto first-ordercritical points.A restorationalgorithmis proposed
in Section6 andsomefinal remarksandopenquestionsarestatedin Section7.

We use
� � � to denotetheEuclideannormof avectoraswell astheinducedmatrix

norm.Giventwo vectors�������
	 and �������� , we use ��������� to representthevector��� ������������������� �
	"!#�� . Finally, weposethenonlinearprogrammingproblemin the
generalform $&%('*) �,+#� s.t. -���+�� �/. �0+21 . � (1)

where )43 �6587#9:� and ; 3 �65<7=9>�6? aretwice continuouslydifferentiablefunc-
tionson anopenset @BA��65 .
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2. Basicconceptof a filter method

We begin by outlining the main conceptsof the filter methodby FletcherandLeyf-
fer [14], usingtheform analyzedby Fletcher, Gould,Leyffer, Toint, andWächter[12].
This methodis applicableto the generalnonlinearprogrammingproblem.However,
sincein our interior-point approachthe nonnegativity constraints+�1 . will be han-
dledby theinterior-pointstepcalculation,it is sufficient to sketchthebasicalgorithmic
framework of theoriginal filter methodfor thesimpler(equalityconstrained)problem$&%('*) �,+#� s.t. -���+�� �C. � (2)

where )D3 �65E7=9 � and - 3 �65F7#9 �6? are twice continuouslydifferentiable
functionson anopenset @GA��65 .

Theconceptof NLP filter methodsoriginatesfrom theobservationthatthesolution
of a nonlinearprogrammingproblemlike (2) consistsof the two competingaimsof
minimizing a measureof feasibility H=��+#� , e.g. HI�,+#� � � -���+�� � , andof minimizing the
objective function ) �,+#� . Hence,(2) canbe seenasa bi-criteria optimizationproblem
with theadditionalrequirementthat H hassomepriority, sinceconvergenceto afeasible
pointmustbeensured.Insteadof combiningthetwo objectivesby usingapenaltyfunc-
tion,FletcherandLeyffer [14] proposedtheuseof afilter to build theefficientborderof
thebi-criteriaoptimizationproblemof minimizing infeasibility andobjective function
value.Thedefinitionof a filter takesinto accountthefactthatwe would like to reduce
both, H=��+#� and ) �,+#� . A filter J is afinite setof tuples �,HI��+LKM�N� ) ��+LKM��� – pairsin thiscase
– that correspondto a collectionof points +LK , with the additionalrequirementthatno
filter entry is dominatedby any of theothers.Hereby, following [14], a point + , or the
correspondingpair ��H=��+#�O� ) �,+#��� , is saidto dominatea point +#P , or the corresponding
pair ��H=��+ P �O� ) �,+ P ��� , if H=��+#�RQ�HI�,+ P � and ) ��+��SQ ) �,+ P �NT
If + dominates+ P , thelatter is mostprobablyof no real interest.A naturalrequirement
for a new iterateis, therefore,that it shouldnot bedominatedby previousiterates.The
filter serves the purposeof collecting information on selectedprevious iterates,and
thusprovides,in termsof dominance,a selectioncriteria for new iterates.However,
it is obvious that the acceptanceof iterateswhenever they arenot dominatedby the
filter (i.e., by any of the filter entries)doesnot exclude,for example,a clusteringof
iteratesat aninfeasiblepoint.To avoid theacceptanceof pairsthatarearbitrarily close
to theefficientborder(i.e., to theboundaryof thesetof all pairsthataredominatedby
the filter), acceptabilityof + to the filter is definedin [12] in a morestringentway by
requiringthatfor all filter entries�,HI��+LKM�N� ) ��+LK
���U�VJ it holdsthat$XWZY#[ H=��+ K �67\H=��+#�O� ) �,+ K �67 ) ��+��^]`_4acbdHI��+ K �N�
wherea b �e� . ��fMgihi� is fixed.Theoriginalconceptof nondominanceis still usedto add
a point, or the correspondingpair �,HI��+��N� ) ��+#�j� , to thefilter: If + is addedto the filter,
thenall entriesthataredominatedby + areremovedfrom thefilter.

In order to producenew iteratesthat areacceptableto the filter, Fletcher, Gould,
Leyffer, Toint, andWächter[12] proposedtheuseof a trust-region framework andthe
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decompositionof thestep kMl � k 5 lnm k"ol into a normalstep k 5 l anda tangentialstep k"o l .
Thenormalstep k
5l is computedyielding linearizedfeasibility, i.e.,-���+ l � m4p -���+ l � � k 5 l �<. � � k 5 l � Q<q#rSs l � (3)

where q r �4� . �"f
� is a constant.It is assumedthatthereexistsa constantq 5 _ . such
that

� k
5l � Q8q 5 HI�,+#lt� for all u . Thetangentialstepis computedto satisfyp -���+�lv� � k o l �<. � � k 5 l m k o l � Q8s&l��
andprovidea fractionof theCauchydecreasefor aquadraticmodel w l of ) .

Problem(3) is infeasibleif s&l is too small in comparisonto HI��+�li� . Therefore,it is
requiredin [12] that � k 5 l � Q8q r sxl $&%y' [ fi�zq={�s {l ] (4)

with constantsq { _ . and |<�<� . �"f
� . In particular, for small s l , thenormalstep k
5l
mustbetiny comparedto s l . If it is not possibleto computea normalstepsatisfying
(4), a restorationphaseis enteredwith thegoalof reducingthe infeasibility, measured
by H , asmuchasneeded.Thenthefull normalstepcanalwaysbetaken,andthusHI�,+#l mkMlv� �~} ��s��l � . Possiblyafterreducings&l (andreenteringrestorationif necessary),the
new trial iteratewill beacceptableto thefilter if all filter entries�,H"Ki� ) K
� satisfy H"K�_ . ,
which is ensuredby the mechanismof selectingnew filter entries.If the filter test is
passed,thedecreasepropertiesof thefull step k
l on themodel w�l arechecked.If the
predicteddecreasefor ) is not promising,morepreciselyif w�lL��+#lt��72w�lL��+#l m kMlv�S�q#�OHI�,+#lv��� with a constantq#�X�C� . ��fM� , thenthe infeasibility is consideredto dominate
the possibledecreasein ) . The new iterateis acceptedand +#l is addedto the filter.
Otherwise,the ) -decreaseis requiredto satisfy the standardtrust-region acceptance
criterion ) ��+�li��7 ) ��+#l m kMlv�w�l���+�li��7�w�l��,+#l m kMlv� 14�
with preset�e�/� . ��fM� . If the testfails, s l is reduced.Otherwise,thestepis accepted
and s l is updatedasin a standardtrust-region algorithm.If the ) -decreaseis met, + l
is not addedto thefilter, since HI��+�li� canbevery small in this caseandadding +#l can
enforcesmalltrust-regionradii to getacceptablepointsin lateriterations.

The interior-point filter methodintroducedin this paperis inspiredby the SQP
filter methoddescribedin [12]. Essentially, our applicationof the filter conceptto the
globalizationof interior-pointmethodshasthefollowing features:

– A primal-dualinterior-pointNewtonstepformsthebasisfor thetrial stepcomputa-
tion. Thenonnegativity constraintsarehandledby a centeringmechanism.

– Weidentify two objectivesH andHM� , correspondingto feasibilityandobjectivefunc-
tion value,suchthatanappropriatesplittingof thestepin “normal” and“tangential”
componentsguaranteesdecreasefor linearizedmodelsof H and H
� , respectively.

– An adaptationof thefilter framework of [12] for thepair ��HL�jHM�Z� is proposed.
– Theproposedmethoddoesnot requiretherecomputationof thenormalandtangen-

tial stepsasthestepbound s is reduced.
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3. Interior -point framework

We returnto thenonlinearprogrammingproblemposedin thegeneralform (1).

3.1. Stepcomputation

Primal-dualinterior-pointmethodsarebasedon theideaof applyingNewton’smethod
to anappropriateperturbationof thefirst-ordernecessaryoptimalityconditions(Karush-
Kuhn-Tuckeror KKT conditions).For theproblemunderconsideration,theKKT con-
ditionscanbewritten in theform px�Z� ��+������j��� �<. � (5)-���+�� �<. � (6)� � �<. � (7)+�1 . ���X1 . � (8)

where ������? and �B���65 are the Lagrangemultipliers, � denotesthe Lagrange
function � ��+������j��� �C) �,+#� m -���+#� � ��7\+ � �=�
and

�
is thediagonalmatrixof order � in which the � -th diagonalelementis +=� . Under

aconstraintqualificationtheconditions(5)–(8)arenecessaryfor + to bealocalsolution
of (1).

We now perturbblock (7) of theKKT system(5)-(7)andwrite���{ ��+������j���=������ �� px�Z� �,+��j�#�z�c�-���+#�� ��7B�| �  ¡ �/. �
where �|�_ . . Throughout,we will work with �| ��¢ | , where ¢ ��� . ��fM� is a centering
parameter, and | � +=���� T (9)

To abbreviatenotationweset�/� �,+������z�c� and s ��� �£s�+��zs����zsx�c�OT
The primal-dualNewton step s � is determinedby the Newton equationfor the per-
turbedKKT system,i.e., � P¤ { ��+������j����s ��� 7 � ¤ {¥�,+������z�c�O�
or, in detail,by�� p ��
� � �,+������z�c� p -���+��R7R¦p -��,+#��� . .§ . �  ¡¨�� s©+s��sx�  ¡ � 7 �� px�Z� ��+������j���-��,+#�� ��7 ¢ | �  ¡ T
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Thechoice �| �/¢ | with centeringparameter¢ ��� . ��fM� andcomplementaritymeasure| accordingto (9) ensuresthattheprimal-dualNewtondirection s � is adescentdirec-
tion for +#����gM� andallowsthusadynamicreductionof | . Thischoiceis frequentlyused
in thecontext of linearprogrammingandwasalsousedin thenonlinearprogramming
algorithmof El-Bakryet al. [11].

To adaptthe methodologyof a filter asoutlinedin Section2 to our interior-point
context, we have to specify the two quantitiesfor the filter entries,the first compo-
nentcorrespondingto feasibility andthesecondcorrespondingto optimality. With this
choiceof filter components,wehave to find a correspondingdecompositionof thetrial
stepinto anormalstepandatangentialstepthatyieldsadecreaseof thefeasibility-and
optimality-component,respectively.

To motivateour choiceof thecomponentsin thefilter andthestepdecomposition,
we rewrite theperturbedKKT-conditionsin theform� ¤ {���+��j���j��� � �� .-��,+#�� ��7�| �  ¡ m �� px�Z� ��+������j���.�ªf«7 ¢ ��| �  ¡ �/. T (10)

Thefirst termin themiddleexpressionmeasurestheproximity to thequasi-centralpath.
We recallthatthequasi-centralpath,parameterizedby | (see[1]), is definedby¬`{ �®[ ��+��j��� 3 -��,+#� �/. � � � � | �t]�T
Therefore,in termsof our filter approach,it seemsnaturalto let thequasi-centralpath
play therole of thefeasibleset [ + 3 -��,+#� �C. ] in Section2 andto choosethemeasure
of quasi-centrality HI� � � � � -���+#� � m � � ��78��+ � ���jgM� � �
as the first componentin the filter. In this context it is importantto mentionthat the
centralpathfor nonlinearprogramming¬`¯{ �°[���� �,+��j�#�z�c� 3 p � � � � � �C. �=-���+�� �<. � � � � | �t]��
parameterizedby | , is only guaranteedto exist (for sufficiently small | ) in theneigh-
borhoodof a point ��+������j��� that satisfiesthe second-ordersufficient conditions,strict
complementarity( $XWvY=[ +=�j�j�M��]`_ . �j� � fi�"T�T"TO��� ), andlinearindependenceof thegra-
dientsof theactiveor bindingconstraints.(Thelinearindependenceassumptionfor the
existenceof thecentralpathcanbeweakenedto theMangasarian-Fromowitz constraint
qualification[30].)

The secondterm in the middle expressionof (10) measurescomplementarityand
criticality. For thesecondfilter componentwe choosethereforetheoptimalitymeasureH � � � � � + � ��gZ� m � px�M� � � � � � T
We areawarethat this choicecertainlyallows someroomfor improvement,sincethe
fact thatwe aredealingwith a minimizationproblemis not very well reflectedby H � .
However, giventhattheinvestigationof filter methodsis still in its beginnings,wethink
thatour choiceof the optimality measureis appropriatefor the purposeof this paper.
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We believe that our approachis alsoviable for otherchoicesof H � , andreturnto this
issuein Section7.

With this choiceof filter componentsit remainsto definecorrespondingtangential
andnormalcomponentsof thetrial step.We usethedecompositionassociatedwith the
splitting (10).For thenormalstep k
5 � �£s�+#5¥�zs���5��zsx�c5L� wethuschoose� P¤ { � � �jk 5 � 7 �� .-���+��� ��7\| �  ¡ � (11)

whereasour tangentialstep k o � �£s�+ o �zs�� o �^sx� o � is givenby� P¤ { � � ��k o � 7 �� px�v� � � �.�ªf«7 ¢ ��| �  ¡ T (12)

Notethat s ��� k
5 m k o . However, it will becrucialthatweexploit theflexibility of the
stepsplittingto introducedifferentstepsizesfor k
5 and k o in our trial stepcomputation.

Theadjectivesnormalandtangentialareborrowedfrom theSQPcontext [4,20] but
have a slightly differentflavor here.Thenormalstepcanbeseenasa steptowardsthe
quasi-centralpath

¬ { . Thetangentialstepis thesumof a tangentialcomponentk o ±� P¤ { � � ��k o ± � 7 �� px�Z� � � �..  ¡ �
which attemptsto reduce

� p � � � � � � , anda predictorcomponentk o �� P¤ { � � ��k o � � 7 �� ..�ªf«7 ¢ ��| �  ¡ �
which seeksthe minimizationof | � +=����gZ� (see,for instance,[29]). Therefore,the
tangentialstepaimsto reducetheoptimalitymeasureH � � � � � + � ��gZ� m � px�M� � � � � � .

We introduces asthepositive scalarthatprimarily controlsthe lengthof thestep
takenalong s � , forcing thedampedcomponents²�5¥�£s&��k
5 and ² o ��sx�jk o , to satisfy� ² 5 �£s&��k 5 � Q8s³� � ² o ��sx�jk o � Q<s³T
Having theseboundsin mind,andrequiringexplicitly ² o �£s&�´QC²�5��£s&� , we definethe
stepsizestakenalongthenormalandtangentialdirectionsrespectively as² 5 �£s&� �C$&%('&µ fi� s� k 5 �6¶ � (13)² o �£s&� �C$&%(' µ ² 5 �£s&�N� s� k o �6¶ �C$x%y' µ ft� s� k 5 � � s� k o ��¶ T (14)

Hereby, we usefor s�_ . thenaturaldefinition ²�5 ��sx� � f for
� k
5 � �/. by usingthe

convention $&%('¥[ fi�N·8] � f . We alsosaythat ² o �£s&� � ²�5 ��sx� if
� k o � �¸. , although
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ouralgorithmcannotgeneratetangentialstepsfor which
� k"o � �/. sincetheright-hand-

sidein (12) will never bezeroif the iterates+ and � arekeptpositive throughout.The
requirement² o �£s&��Q~²�5 ��sx� is mainly necessaryto enforcethe iteratesto stayin the
neighborhood¹º��a��^»º� definedin (17),seeLemma2.

Let also� �£s&� � ��+���s&�N���¥��sx�O�j�#�£s&��� �<� m ² 5 �£s&��k 5 m ² o �£s&�jk o � (15)kc�£s&� �½¼ k � ��s&�N�zk
¾���sx�O�zk
¿��£s&��À �8� ��s&�Á7 ��� ² 5 �£s&��k 5 m ² o ��sx�jk o T (16)

Thus, � kt��s&� � Q8hts³�
and s playsherea role comparableto thetrust-regionradius.

The scalars²�5¥�£s&� and ² o ��sx� will be suchthat positivity andsomemeasureof
centralityof the new iterate � �£s&� aremaintained.However, both ²�5¥�£s&� and ² o ��s&�
dependon s , that in turn will be adjusted,not only to meetthe purposeof positivity
andcentrality, but alsoto enforceglobalconvergence.

We introducethenotationHvÂ=� � � � � -��,+#� � � H ¯ � � � �ÄÃÃÃÃ � ��7 +#���� � ÃÃÃÃ � H
Å
� � � � � p � � � � � � �
which allowsusto write thefilter componentsasH=� � � � H ¯ � � � m HvÂI� � �N� HM��� � � � +#���� m � p � � � � � � � T
Since

� � mightnot bezero,a point � thatsatisfiesHI� � � � H
Å
� � � �C. and �,+��z�c�S1 . ,
might not bea KKT point.Thedefinitionof H
��� � � , however, guaranteesthata point �
satisfyingHI� � � � HM��� � � �C. and ��+��j���U1 . , is indeedaKKT point.

With the purposeof achieving a reductionon the function HM� , we introduce,at a
givenpoint � , thequadraticmodelw�� � �£s&���� +=���� m �,+���sx��7\+��ª��� m �,�#�£s&��7����ª��+� m � p � � � � � m4p �Æ � � � � ��� � ��s&��7 � � � �� +��£s&�����#�£s&��78��+��£s&�Á7�+#���d�£�=��sx�Á7����� m � px�Z� � � � m�p �Æ � � � � ��� � ��sx�Ç7 � � � � �
byaddingto thelinearizationof +=����gZ� thesquarednormof thelinearizationof p � � � � � .
To simplify thenotationwe alsodefine|���s&� � +��£s&�ª���#�£s&�� T

In order to prevent ��+���s&�N�j�#�£s&�j� from approachingthe boundaryof the positive
orthanttoo rapidlywe will keeptheiterationin theneighborhood¹º�Èa6�z»º� ��µ��É3 ��+��j���S_ . � � �&1Êa +=���� �VH Â � � � m H Å � � �«Q8» +=���� ¶ (17)
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with fixed a��½� . ��fM� and » _ . . This is a frequentlyusedcentrality condition in
infeasibleinterior-pointmethodsfor linearandconvex quadraticprogramming,cf. [29]
andthe referencestherein,andhasalsoproven its efficiency in thecontext of nonlin-
earprogramming[11]. We will seein thenext subsectionthat � ��¹º�Èa6�z»º� implies� ��sx�R�x¹º��a��^»º� whenever s���� . �^s�ËÁÌ ÍMÎ for a givenconstants�ËÁÌ Í�_ . .
3.2. Stepestimates

The following lemmaprovidesupperboundsfor H Â , H ¯ , H Å , and H � at the new point� ��sx� in termsof s andof the correspondingvaluesat the previous point � . It also
providesalowerboundfor thedecreaseproducedonthequadraticmodel w by thestep� ��sx��7 � .

Lemma 1. There exist positiveconstants» Â , » ¯ , and » Å , dependingon an upper
boundfor H Å andon theLipschitzconstantsof p - and p �� Æ � , such that, for all s½_ . ,H Â � � �£s&���RQ~��f«7�² 5 �£s&�j��H Â � � � m » Â s � � (18)H ¯ � � �£s&���RQ~��f«7�² 5 �£s&�j��H ¯ � � � m » ¯ s � � (19)H Å � � �£s&���RQ~��f«7�² o �£s&���ªH Å � � � m » Å s � T (20)

Givenan upperbound sxÏZÐ«_ . for s , it alsoholdsH
��� � �£s&���RQ ¼ f«7�² o �£s&���ªfR7 ¢ ��À"HM�c� � � m »e�Zs � � (21)

for . �<sÄQ<sxÏZÐ andfor somepositiveconstant» � .
Finally, for any s�_ . , wealsohavew�� � �67�w�� � �£s&���R1�² o �£s&���ªfR7 ¢ ��H � � � �OT (22)

Now we statea resultthat saysthat if the currentpoint ��� ��+������j��� satisfiesthe
centralityrequirement

� �&1�a#| � , sodoesthenext point � ��s&� � �,+���sx�O���¥�£s&�O�j�#�£s&��� ,
provided s is sufficiently small.A similar propertyis alsostatedfor the inequalitiesH Â � � � m H Å � � �UQ<»~| and ��+��j���S_ . .
Lemma 2. Let

� � P¤ { � � �^Ñ ± � Q<Ò and,for aÓ�e� . �"f
� and »Ô_ . , assumethat� �&1�a�| �c�0HZÂ=� � � m H
ÅM� � �RQ�»~|ÁT
There existsa constants�ËÁÌ Í such that, if . �<sÄQ<s�ËÁÌ Í , then� �£s&���=��sx�S14a�|��£s&�ª�c� (23)H Â � � �£s&�j� m H Å � � ��s&���«Q<»~|��£s&�OT (24)

Furthermore, if ��+��j���S_ . , then,for all s in � . �zs�ËÁÌ ÍMÎ ,��+��£s&�N�z�=��sx�j�U_ . T (25)

Thus,� �x¹º��a��^»º� implies � �£s&�U�X¹º�Èa6�z»º� for all s��e� . �zs ËÁÌ Í Î .
The proofsof theseresultsarequite technicalandareleft for an appendixof this

paper.
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4. The interior -point filter method

Our definition of a filter takesinto accountthe fact thatwe would like to reducebothHI� � � � H ¯ � � � m H Â � � � and H � � � � . Hence,we chooseH and H � to form a filter entry,
whereH measuresfeasibilityand H � measuresoptimality. We thusreplacetheobjective
function value by the criticality measureH � . Sincewe introducedthe filter concept
alreadyin Section2, we give hereonly formal definitionsto setthe notationsfor the
restof thepaper.

Definition 1 (Dominance).A point � , or thecorrespondingpair ��HI� � �N�jH � � � �j� , is said
to dominatea point � P , or thecorrespondingpair ��HI� � P �N�jH � � � P ��� , ifHI� � �UQ�HI� � P � and H � � � �RQ�H � � � P �N�
or, equivalently, if thefollowing inequalityis violated:$XWZY#[ HI� � �Á7�HI� � P �N��H � � � �Á7�H � � � P �^]n_ . T
Definition 2 (Filter). A filter is a finite subsetJ®AÕ�6� consistingof pairs ��HcÖI�jHtÖ� � ,
with HtÖS������ H ÖÂ m HtÖ¯ , suchthatno pair candominateany of theothers.

Aspointedoutin Section2, themererequirementthatanew iterateis notdominated
by any of thefilter entriesis too weakasanacceptancecriterion.Instead,we require:

Definition 3. Let a b �/� . �"fMgvht� be fixed.Thepoint � is acceptableto thefilter J if,
for all �,HtÖI��HtÖ� �U�VJ , it holds$&WvY=[ H Ö 7�HI� � �N��H Ö� 7�H � � � �^]�_�a b H Ö T

In the courseof the algorithm,we will addselectednew pointsto the filter. This
procedureis donein thefollowing way:

Definition 4. By adding � to thefilter J we meanthefollowing operation:J�×9ÉJ �`[ ��H=� � �O��H � � � �j�^]ZØÙ �,H Ö ��H Ö� �U�VJ 32$&%y'¥[ H Ö 7\HI� � �N�jH Ö� 7\H � � � �N]©� .=Ú T
Remark1. Therefore,if � is addedto thefilter, all old entriesthataredominatedby the
new entryareremoved. ÛÜ

Our primal-dualinterior-point filter methodgeneratesiterates� l ! ± �G� l �£s l ��Ý�� l thatareacceptableto thefilter, but notall new iterates� l ! ± areaddedto thefilter.
In general,the primal-dualinterior-point filter methodimposesa sufficient reduc-

tion criterion relating the actual reductionin H � with the reductionpredictedby its
model w�l : Þ l�14�
where Þ l �ª���� H � � � lt��7\H � � � l���sxlt���w�l�� � lt��7\w�l�� � lI�£s&lv���



A globally convergentprimal-dualinterior-point filter method 11

and �³�e� . �"f
� is a presetconstant.
However, thetestof this conditionis skippedifw�l�� � lt�67\w�l�� � lI�£s&lv���«��qIHI� � li� � �

where qG�½� . �"f
� is a presetconstant.In other words, the sufficient reductioncrite-
rion

Þ lV1ß� is only imposedwhenthereductionin themodel w�l is sufficiently good
comparedwith HI� � lt� � . In thesituationwhere

Þ l&�8� and w�l�� � li�Á7�w�l�� � lL�£s&lv�j�«�qIHI� � li��� , the new iterate � l ! ± �F� lL�£s&li� is acceptedand the previous point � l is
addedto thefilter (guaranteeingthatthisnew filter entrysatisfiesHI� � li�S_ . ). Thiscri-
terionfor addingpoints � l to thefilter preventsusfrom building up a filter for which
thecomputationof acceptablepointswould requiretoo smalltrust-regionradii.

If
Þ l 14� andw l � � l �
7�w l � � l �£s l �j�U1�qIHI� � l �ª� , theiterate� l is notaddedto the

filter. This situationis theonly onewherea new iterate � l ! ± �º� l ��s l � is computed
andthepreviousone, � l , is not addedto thefilter.

If H=� � l � is toolargecomparedto s l (or anappropriatepowerof s l ), thealgorithm
entersa restorationphasewith thepurposeof reducingH . More precisely, a restoration
algorithmis calledif H=� � li�U_8s&l $x%y'¥[ a ± �ªa � s©àl ]t�
where a ± , a � , and á arepresetpositive constants.Therestorationalgorithmmustpro-
duce a new iterate � l ! ± that is not only acceptableto the filter but also satisfiesHI� � l ! ± �XQ½s&l $&%('¥[ a ± �ªa � s à l ] . In this situation,the previous iterate � l is addedto
thefilter (guaranteeingalsothatthis new filter entrysatisfiesHI� � lt�U_ . ). In Section6,
we proposea restorationalgorithm,basedon theprimal-dualinterior-point framework
of this paper, thatverifiestherequirementsof therestorationphase.

The primal-dual interior-point filter methodsatisfyingthe above featuresis now
presented.Notethatstep5 guaranteesthatthepotentiallynew iterate� l��£s&lv� is always
acceptableto thefilter.

Notation. In the following algorithm,the currentiteratein iteration u is denoted
by � l andthenormalandtangentialtrial stepsaredenotedby k o l and k
5l , respectively.
Further, the stepsizes ²�5l �£s&� and ² o l �£s&� aredefinedaccordingto (13) and(14), re-
spectively, with k"5 � k"5l and k o � k o l . Similarly, � l �£s&� and k l �£s&� aredefinedby (15)

and(16), respectively, with ���8� l , k
5iâ o � k 5iâ ol , and ²�5iâ o �£s&� � ² 5tâ ol ��sx� .
Algorithm 1 (Primal-dual interior -point filter method).

0. Choose¢ �4� . �"f
� , ã2��� . ��f
��a ± ��a � _ . , . �CáÇ�����zq\�ºf , and a b ��� . ��fMgihi� . SetJ 3ä��å . Choose�,+Iæc�j�
æ
�n_ . and �væ , anddeterminea��<� . �"f
� suchthat
� æ"�
æX1a�|¥æ with |¥æ � +#�æ �
æZgM� . Further, choose»ç_ . suchthat H Â � � æM� m H Å � � æZ�UQ8»~|¥æ .

ChoosesXèäéæ _ . andset u 3ê�/. .
1. Set |�l 3ä� +#�l �ZlvgZ� andcomputek
5l and k o l by solving the linearsystems(11) and

(12), respectively, with � � ��|�� � � � l���|�lv� .
2. Computes P l ��ë . �^s&èìél Î suchthat+#lI�£s&�S_ . ���MlL�£s&�U_ . � � l��£s&�ª�ZlL��s&�S1�a�|�l��£s&��� for all s½��ë . �^s P l Î

andsuchthat s P l is not smallerthanthe largest ã�í"sXèäél , î �Õ. �"fi��T"T�T , having this
property.
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3. Computethelargest s P Pl � ã K s P l , ï �<. ��ft��T�T"T , suchthatH Â � � lI�£s P Pl ��� m H Å � � l���s P Pl �j�UQ8»~|�l���s P Pl �OT
Set s l 3ä� s P Pl .

4. If HI� � lt��Q�s&l $x%y' [ a ± �ªa � s à l ] thencontinuein step5. Otherwiseadd � l to the
filter andusea restorationalgorithmto producea point � l ! ± suchthat:� l ! ± �&¹º�Èa6�z»º� with | l ! ± � +=�l ! ± � l ! ± gM� ;� l ! ± is acceptableto thefilter;HI� � l ! ± �«Q�s l ! ± $x%y' [ a ± �ªa � s à l ! ± ] with s l ! ± � s l .
Set sXèäél ! ± 3ê� s&l , u 3ä� u m f , andgo to step1.

5. If � l���sxlt� isnotacceptableto thefilter (with � l consideredin thefilter if w�l�� � lt�O7w�l�� � lL��sxli���U�<qLH=� � lv� � ), thengo to step11.
6. If w l � � l �Á7\w l � � l ��s l ��� �/. , thenset

Þ l 3ä�C. . Otherwise,computeÞ l � H � � � li�67\H � � � l���s&li���w�l�� � li�67\w�l�� � lL�£s&li�j� T
7. If

Þ l���� and w�l�� � lv�Á7\w�l�� � l���s&li���S1<qIHI� � lv��� thengo to step11.
8. If w�l�� � lv�Á7\w�l�� � l���s&lv���U�<qIHI� � lv��� thenadd � l to thefilter.
9. ChoosesXèäél ! ± 18s&l .

10. Set � l ! ± 3ê�C� l��£s&lv� , u 3ä� u m f , andgo to step1.
11. Set � l ! ± 3ä�/� l , k 5 l ! ± 3ä� k 5 l , k"o l ! ± 3ê� k"o l , s P l ! ± 3ä� sxlcgvh . Set u 3ä� u m f andgo

to step3.

In practice,step2 would be implementedas sxPl �Gð l �sxPl , where �s�Pl is the largest
valueof s suchthat �,+ l �£s&�N�z� l �£s&����1 . and

� l �£s&�ª� l ��s&��1�a�| l �£s&��� and ð l is
a parameterin �£ã��"f
� to enforce �,+ l ��s&�N�j� l ��s&����_ . . The adjustmentof ð l would be
importantto achievearapidrateof localconvergence.Wepointout thatthecalculation
of s l is split in steps2 and 3 for good reasons.In fact, in step2 it is possibleto
determineexplicitly s P l (moreprecisely �s P l ). However, becauseof thenonlinearityofH Â and H Å , that is not thecasein step3, wherewe know from Lemma2 thatalthough
thereexistsasufficientlysmall s P Pl satisfyingH Â � � lL�£s P Pl ��� m H Å � � l��£s P Pl ���UQ<»~|�l��£s P Pl � ,
it cannotbedeterminedexplicitly.

In practicestep1 of thealgorithmwouldstartby checkingthesatisfactionof astop-
ping criterionof theform H=� � li� m H � � � li�*QCñ , for small ñ´_ . . To beableto analyze
theasymptoticglobal convergencepropertiesof the algorithmwe did not includeany
stoppingcriterion.

5. Global convergenceto first-order critical points

For the rest of this paperwe assumethat [
� l ] is a sequenceof iteratesgenerated
by theprimal-dualinterior-point filter method(Algorithm 1). We will alsoimposethe
following assumptions.
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Assumption1.

(A1) Thesequence[ �,+#l��j�tl��j�ZlZ�N] is bounded.
(A2) Thederivatives p - and p �� Æ � exist andareLipschitzcontinuousin anopenset

containingall theiterates�,+ l ��� l �z� l � andtheline segmentsë � l � � l m k l �£s l ��Î .
(A3) Thereexists Ò¸_ . suchthatfor all u it holds

� � P¤ {vò � � l �^Ñ ± � Q8Ò .

Remark2. (A3) holdsin a neighborhoodof a regular point ��ó satisfyingthe second-
ordersufficient conditionsandstrict complementarity, seefor instance[11]. Moreover,
conditionsaregiven in [11] underwhich (A1) and(A3) areensuredif the iterates� l
arekeptin ¹º��a��^»º� andonly theboundednessof [ + l ] is assumed.

As we will see,theseassumptionsallow us to prove global convergenceto KKT
points.SinceKKT pointsarefeasible,we arerestrictingtheanalysisto problemsthat
arenot infeasible.It is theuniformboundednessof theinverseof theJacobiangivenin
Assumption(A3) thatrulesout infeasibility. ÛÜ
Thefollowing simpleresultis a directconsequenceof theseassumptionsandof Lem-
mas1 and2.

Lemma 3. Thefollowing hold:

i) Thesequences[ H Â � � li�^] , [ H ¯ � � li�N] , [ |�lt] , and [ H � � � li�^] arebounded.
ii) Theconstants» Â �z» ¯ �z» Å �z» � in Lemma1 are boundedfor all u .
iii) There exists s©ËÁÌ Í�_ . such that the conditionsin steps2 and 3 are satisfiedfor

all s P l �zs P Pl �8ë . �zs�ËÁÌ ÍMÎ . Thus,steps2 and3 leave sXèäél unchangedfor . Q~sXèäél Qs�ËÁÌ Í andwehave s&l � sXèäél .
iv) It holdsthat $XWvY=[ � k
5l � � � k o l � ]nQ8Ò&��» m ��� �R7\� m f
� ± âz�"�ª|�l for all u .

For theresultiv) we usethat
� � ��7�| � � Qß��� �«7���� ± âz�O| and

� �ªf«7 ¢ ��| � � Q4� ± âz�O| .
Given the fact that [ ��+�l����cl��j�ZlZ�^] is bounded,the boundednessof the sequence[ kc��sxli�^] follows from Lemma3. (Note that

� k
5l � and
� k o l � areboundedby iv) and²�5l and ² o l do not exceedone.)

We point out that all filter entries ��HtÖI��HcÖ� � obey HtÖ�_ . . This fact is statedin the
following lemmawithoutproofandfollowsdirectlyfrom thestructureof thealgorithm.

Lemma 4. If � l is addedto thefilter, then HI� � l �S_ . .
Proof. An iterate � l is addedto thefilter eitherin step4 or in step8. In thefirst case
(step4), we seethat HI� � li�«_Cs&l $&%(' [ a ± �ªa � s à l ]©_ . . In thesecondcase(step8), we
concludefrom Lemma1, (22) thatHI� � l � � _ fq �,w l � � l ��7�w l � � l �£s l �j�U1 . T
Thus,in bothcases,HI� � li�S_ . . ÛÜ

Weshow in thenext lemmathatnew iteratesarealwaysacceptableto thefilter. The
proof of this resultrequiresno analysisandfollows directly from the structureof the
algorithm.
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Lemma 5. In all iterations u³1 . , thecurrentiterate � l is acceptableto thefilter.

Proof. Theproof is by induction.SinceJ is emptyin iteration u �<. , theinitial iterate� æ is certainlyacceptableto thefilter. Now let uV1 . andassumethat � l is acceptable
to thefilter. The iterate � l ! ± is eithergeneratedin step4, or in step10, or in step11.
If � l ! ± is obtainedin step4, then � l is addedto thefilter anda restorationalgorithm
is calledthatreturnsa point � l ! ± thatis acceptableto thefilter. If � l ! ± is obtainedin
step10, thenthenew iterate � l ! ± �B� l��£s&li� passedthefilter acceptancetestin step
5 (with � l consideredin thefilter in thecasewhere � l is addedin step8). Finally, if� l ! ± resultsfrom step11, then � l ! ± �Ä� l and � l is not addedto the filter. By the
inductionhypothesis,� l is acceptableto thefilter. Sincethefilter is not changed,the
sameholdstruefor � l ! ± �C� l . ÛÜ

Thenext threelemmasprovide technicalresultsneededto establishglobalconver-
genceto first-ordercritical points.Thefirst of theselemmasprovidesacrucialinequal-
ity showing thatfeasibility andcentralityat � lI�£s&lv� areof theorderof s��l .
Lemma 6. There existsa s í _ . such that, if s l Q�s í in step5, it holdsthatHI� � l �£s l ���SQß�£»ÊÂ m » ¯ ��s � l T
Proof. If step5 is reached,then H=� � l �UQ�a � s ± ! àl T
Thus,by (A3) and(11),wehave

� k
5l � Q8Ò´a � s ± ! àl . In thecase
� k"5l � �/. wegetfor alls&l&_ . that ²�5l �/$x%y' [ fi�^sxlvg � k
5l � ] � f by our naturalconvention $&%y' [ ft�^·<] � f .

Otherwise,wehave s l� k 5 l � 1 fÒ´a � s à l T
We seethenthat ²�5l � f whenevers l Q<s í ������0ô fÒ´a �Lõ 	ö T
Thus,wehave in bothcases²�5l � f for s&l©Q8s í . But then,by Lemma1,HI� � lL�£s&lt���SQß�£» Â m » ¯ ��s � l T ÛÜ
Remark3. We stressthat Lemma6 as well as the next two Lemmas7 and 8 make
assertionson thesituationin step5 of thealgorithm. Step5 is precededby step4, and
thus,in step5 alwaysholdsthatH=� � li�UQ8s&l $x%y'¥[ a ± �ªa � s à l ]t� (26)

sinceotherwisestep4 calls restorationinsteadof step5. As we have alreadyseenin
Lemma6, (26) makesit possibleto show HI� � lI�£s&lv��� ��} ��s��l � for sufficiently smalls&l , whichwould beimpossiblewithout (26)holding. ÛÜ
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Thenext two lemmasdealalsowith step5of theprimal-dualinterior-pointfilter method.
They providesufficientconditionsonthevalueof s&l for � ��sxlt� to beacceptableto the
filter in step5. In both lemmaswe analyzetheacceptabilityof � �£s&lt� to thefilter by
consideringthat thefilter contains� l if w�l�� � li��7ew�l�� � l���sxlt���´��qIHI� � lt�ª� , despite
the fact that, in this situation, � l will possiblybe addedto the filter only in step8.
Firstly weconsiderthecasewhere� l is boundedawayfrom aKKT pointandthefilter
hasafinite numberof entries.

Lemma 7. Supposethat H=� � l � m H
��� � l �21Fñ�_ . for all u . There exists s&÷8_ .
dependingonly on ñ andon thevaluesof thefilter entries,such that, if. ��s l Q8s&÷c�
then � �£s&li� is in step5 acceptableto thefilter (with � l considered in thefilter whenw�l�� � li��7�w�l�� � lL��s&lv���U�8qLH=� � li��� ).
Proof. Since. �4a b �/fMgih���f , wehave from Lemma4 thatHMb �8$&%y'b �ªf«7\a�bS��H Ö _ . T

Considerfirst thecasewhereHI� � lv�U18ñNgih . Then � lL�£s&li� is acceptableto thefilter
(with � l consideredin thefilter when w�l�� � li��7�w�l�� � lL�£s&lv�j�U��qIHI� � lt�ª� ) ifHI� � lL�£s&lv�j�UQ fh $&%y' [ H b �"��f«7Óa b ��ñOgvh�]�� $x%y'¥[ H b �"��f«7Óa b ��ñOgvh�]cT (27)

We alsoknow from Lemma6 thatHI� � lL��s&lv���UQ~�£» Â m » ¯ �js � l
holdsfor s l Q¸s í . Thus,(27) is satisfiedfor s l QBsùø ±�ú÷ with sùø ±ªú÷ _ . depending
only on HMb , ñ , »ÊÂ , » ¯ , a�b , and s í .

Otherwisewehave H � � � li�S18ñOgvh . If � l is notconsideredin thefilter in step5, then

a similar argument,with HI� � l �£s l �j��Q ±� H
b insteadof (27), shows that if s l Qßsûø ±ªú÷
then � l ��s l � is acceptableto thefilter. Moreover � l �£s l � is alsoacceptable,with � l
consideredin thefilter when w l � � l ��7\w l � � l �£s l ���«��qIHI� � l ��� , if, in addition,H � � � lI�£s&lv���Á7\H � � � lv�U��7Ua b HI� � lt�NT (28)

In therestof theproof we show how this boundcanbeachievedfor sufficiently smalls&l . Sincestep5 is reached,we know thatH=� � l �UQ�a � s ± ! àl T
On theotherhand,we obtainfrom HM��� � l ��1~ñOgvh andLemma1 with . �ßs l Qßs ÏMÐ
that H � � � l���sxlt���67�H � � � li�SQ~7`�ªf«7 ¢ �ª² o l ñOgvh m » � s � l T
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Hencewe needto show that7`�ªf«7 ¢ �ª² o l ñOgih m » � s � l �~7Ua b a � s ± ! àl T
Since

� k"5l � and
� k o l � areboundedby aconstant»�ü and ² o l �C$&%('�[ ft� r òý ü�þò ý � r òý ü�ÿò ý ] , we

have for all s&l�Q8» ü , that ² o l 18s&ligO» ü . Thus(28)holdsif» � sxl m a b a � s©àl Q �ªf«7 ¢ �ªñ� » ü � ��fR7 ¢ �ªñhi» ü �
which in turnholdsfor all s l Q<sûø � ú÷ with sùø � ú÷ _ . dependingonly on ñ , »e� , acb , a � ,á , ¢ , » ü , and s�ÏZÐ . Taking s ÷ �<$&%y'¥[ s ø ±�ú÷ �zs ø � ú÷ ] concludestheproof. ÛÜ

Secondlywelook atthecasewhereonly themeasureof optimality is boundedaway
from zero,but wherewe imposeaconditionrelating HI� � lt� and sxl .
Lemma 8. Supposethat for given ñ*_ .HM��� � l �S18ñ and H=� � l �S_ s lh $x%y'¥[ a ± �ªa � �£s l gihi� à ]cT (29)

Thenthereexists s Ö _ . such that, if. �<s&l©Q8s Ö �
then � �£s&li� is in step5 acceptableto thefilter (with � l considered in thefilter whenw�l�� � li��7�w�l�� � lL��s&lv���U�8qLH=� � li��� ).
Proof. Since,by Lemma5, � l is acceptableto thefilter, � lL�£s&li� is acceptableto the
filter (with � l consideredin thefilter when w�l�� � lv�Á7\w�l�� � l���s&li���S�<qIHI� � li��� ) ifH=� � l ��s l ���UQ4HI� � l �
and H � � � l��£s&lv�j�U��H � � � lt�67Óa b H=� � li�OT (30)

We know from Lemma6 that,if s&l©Q<s í ,HI� � l �£s l ���SQß�£»ÊÂ m » ¯ ��s � l T
Hence,HI� � lI�£s&lv���«Q�HI� � lt� is ensuredby thesecondinequalityin (29) if in addition�£»ÊÂ m » ¯ ��s l Q fh $&%('¥[ a ± �ªa � ��s l gvhi� à ]tT (31)

Moreover, when . ��s l Q�s ÏZÐ , we have by Lemma1 andthefirst inequalityin (29)
that H
��� � l �£s l ���Á7\HM��� � l �SQ~7R² o l �ªf«7 ¢ �ªñ m »e�Zs �l T
We have pointedout beforethat ² o l 1�s l gO»Êü for all s l Q�»Êü , seethe endof the
proof of Lemma7. So,H � � � lL�£s&lv�j�67�H � � � lt�SQ8s&l ô 7 ��fU7 ¢ ��ñ»Êü m » � sxl õ T
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Sincewe areconcernedwith step5 of thealgorithm,we know that HI� � li�´Q<a � s ± ! àl ,
seeRemark3, (26).Hence,we obtain(30)whenever»e�Zs l m a�b�a � s à l Q �ªf«7 ¢ �ªñht» ü � ��fR7 ¢ �ªñ» ü T (32)

Therequirements. �/s l Q $&%y' [ s í �zs ÏZÐ ] , (31) and(32) on s l areobviouslysatis-
fied if . �8s l Q<s Ö with someconstants Ö _ . . ÛÜ

Now wearereadyto deriveasymptoticresults.Weappealfirst to acommonlyused
argumentin filter convergenceproofs to show that � %y$�%('�� l�����HI� � li� � . whenin-
finitely many iteratesareaddedto thefilter.

Lemma 9. Fromthemomentthat � l is addedto thefilter, thefilter alwayscontainsan
entrythatdominates� l .
Proof. Since � l dominates� l , the assertionis trivial as long as � l remainsin the
filter. If � l is removed from the filter then it is replacedby an iterate � l	� , u P _ u ,
that dominates� l . Thus,the assertionremainstrue aslong as � l	� staysin the filter.
If � l � is removed from the filter thenit is replacedby an iterate � l � � , u P P _Õu P , that
dominates� l	� andthusalsodominates� l by thetransitivity of dominance.Thus,the
resultfollows inductively. ÛÜ
Lemma 10. Supposethere are infinitely manypoints addedto the filter. Then there
existsa subsequence[ ui��] such that � l�
 is addedto thefilter and� %y$����� H=� � l�
j� �/. T (33)

Proof. Let infinitely many pointsbeaddedto thefilter andset �ß[ u 3v� l is addedto thefilter ]tT
Assume(for deriving a contradiction)that the assertionis wrong.Sinceby Lemma4
holds HI� � li�S_ . for all u³�  , we thenfind ñ«_ . with HI� � lv�U1�ñ for all u³�  .

For uù�  , definethesquare� l � ë HI� � lt�67\a b ñ"�jHI� � lt� Î��eë H � � � lt�67Óa b ñ
�jH � � � lt� Î T
We provethatfor all u����6�  with u³_�� it holds� l�� ��� ��å T (34)

In fact, at the time where � l is addedto the filter, the filter containsan entry � � �
that dominates� � accordingto Lemma9. In addition, � l is acceptableto the filter
by Lemma5, sothatat leastoneof thefollowing inequalities(35)or (36)holds:HI� � li�S��HI� � � � ��7Óa b HI� � � � �SQ4H=� � � �67\a b ñ (35)

or HM��� � l �S��H
��� � � � �67\acbdHI� � � � �SQ�H
��� � � �67Óa�bdñ
T (36)

In eithercase,this implies (34). Therefore,all theseinfinitely many squares
� l , u8�

, with area �Èa�bSñN��� aredisjoint. Sincethesequence[ HI� � l �N��HM��� � l �^] is bounded,we
obtainthedesiredcontradiction. ÛÜ
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Remark4. Note that Lemma 10 asserts(33) only for someparticular subsequence["� l�
^] of iteratesaddedto the filter andnot for any suchsubsequence.The reasonis
that acceptabilityof a pair doesnot imply acceptabilityof a dominatedpair. In fact,
let

¬ ± � �ªfi�"f
� and
¬ � � ��fMgvhL��fM� . Then

¬ � is acceptableto
¬ ± anddominates

¬ ± ;
nevertheless,all pointsin theset ëìf«7�a b �N·����eë(fR7�a b ��f*7\a b gvhi� are acceptableto¬ � , but are not acceptableto

¬ ± . Therefore,if
¬ ± is in thefilter and

¬ � entersthefilter,
then,by dominance,

¬ ± is removed,andthis canresultin pointsthatareacceptableto
theupdatedfilter, but werenot acceptableto thefilter beforetheupdate.

If required,thiseffectcanbecircumventedin severalways.Theeasiestapproachis
to never remove dominatedentriesfrom thefilter. Thentheabove proof canbeeasily
modified to establishthat (33) holds for any infinite subsequenceof iteratesthat are
addedto thefilter. An alternative to derive this strongerresult,if onewishesto remove
dominatedfilter entries,canalsobeobtainedby slightly modifyingthefilter acceptance
test,see[7] and[10, � 15.5].In fact,if we require

either H Ö 7\HI� � �«_�acbSH Ö or H Ö� 7�HM��� � �U_4a�bÇHI� � �N�
thenacceptabilityto apair impliesacceptabilityto all dominatedpairsandit is straight-
forward to prove that (33) holds for any infinite subsequenceof iteratesaddedto the
filter, see[10, Lem.15.5.2]. ÛÜ
Our next stepis to show that in the casewhereinfinitely many iteratesareaddedto
the filter thereexistsa subsequenceof iteratesthat convergesto a KKT-point. In fact,
our previous result � %($�%('�� l���� H=� � l � �F. canbe extendedto � %y$�%('�� l���� HI� � l � mH � � � lv� �C. . Sinceiteratesareaddedto thefilter only if restorationis invokedor in step
8, thesequence[ ut�ª] of Lemma10mustcontaineitherasubsequencewhererestoration
is invoked,or asubsequencewheretheiteratesareaddedto thefilter in step8. Westart
with thefirst case.

Lemma 11. Supposethat there existsan infinite sequence[ u � ] of iterationsat which
restoration is invokedandfor which holdsthat� %y$����� H=� � l�
j� �/. T
Then [ ui�ª] containsa subsequence[ u PK ] with� %y$K���� H=� � l �� � �/. � � %($K���� HM��� � l �� � �<. T
Proof. Let u � beasubsequencewhererestorationis invokedfor every u � (andthus � l 

is addedto thefilter) suchthat � %($ ����� HI� � l 
z� �º. . Sincetherestorationis invokedit
musthold that Hvl�
S_8s&l�
 $&%('�[ a ± �ªa � s à l�
 ]cT (37)

Therefore,we have .`� � %y$����� Hvl�
 � � %y$����� s&l�

andthuscanfind �Xæ�_ . suchthat s&l�
x��ãLs�ËÁÌ Í for all ut�n1 �ûæ with s�ËÁÌ Í from
Lemma3.iii, with ã³�e� . �"f
� . We show next that s&l�
 Ñ ± Q�his&l�
 for all ui�Á1!�Xæ which
thenyields .©� � %($����� Hvl�
 � � %($����� s&l�
 � � %($����� s&l�
 Ñ ± T (38)
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In fact, s&l�
û�ÕãLs�ËÁÌ Í for ui�x1"�Xæ shows that s&l�
 � s èäél 
 for ut��1#�Xæ , since,by
Lemma3.iii, step2 andstep3 yield only s&l�
�Ý� sXèäél�
 if sXèäél�
 _Õs�ËÁÌ Í . But thenthe
resultof step2 andstep3 would bea radius s&l�
n_GãLs�ËÁÌ Í , which is not thecaseforu � 1$� æ . Thus,we have s l 
 � sXèäél�
 for u � 1%� æ andconcludethat s l 
�1ßs l 
 Ñ ± gvh
for all u � 1!� æ . Thus,(38)holds.

By (38) andLemma3.iii we know that for largeenough� step2 andstep3 do not
changesXèäél�
 Ñ ± and sXèäél�
 . Thus,wefind � ± 1�� æ withs&l�
 Ñ ± � s èäél 
 Ñ ± �çs&l�
 � s èäél 
 for all ui��74f�1!� ± . (39)

We show next that step5 is reachedin all iterations ui�67�f�1 � ± . In fact,otherwise
therestorationprocedureis calledin iteration ui�#7Êf . Thus,wehave sXèäél�
 � s&l�
 Ñ ± and
consequentlys l 
 � s l 
 Ñ ± by (39).Sinceby ourassumptiontherestorationis invoked
in iteration u � 7<f , by using s l 
 � s l 
 Ñ ± theoutcomeof therestorationis an iterate� l 
 with H l 
ÇQ<s l 
 Ñ ± $x%y'¥[ a ± �ªa � s à l�
 Ñ ± ] � s l 
 $&%y'¥[ a ± ��a � s à l�
 ]t�
whichcontradicts(37).Hence,step5 is reachedfor all u � 7Êfn1&� ± andthusin partic-
ular H l 
 Ñ ± Q<s l 
 Ñ ± $&%y'¥[ a ± ��a � s à l�
 Ñ ± ]tT

For the purposeof deriving a contradiction,supposethat HM�c� � l 
z�\1Eñ�_ . foru � 1'� � with somesufficiently large � � 1'� ± . We show next that thenthereexists�)(�1!� � suchthat HM��� � l 
 Ñ ± �«14ñOgvh for all u � 1!�)(vT (40)

In fact,we have either � l 
 �Õ� l 
 Ñ ± or � l 
 �Õ� l 
 Ñ ± ��s l 
 Ñ ± � . In the first case(40)
is obvioussincethen HM��� � l 
 Ñ ± � � HM��� � l 
��&1¸ñ for all u � 1 � � . In the case� l 
 �� l 
 Ñ ± �£s l 
 Ñ ± � it followsfrom Lemma1 thatfor . �<s l 
 Ñ ± Q<s ÏZÐHM��� � l 
�� � H
��� � l 
 Ñ ± �£s l 
 Ñ ± ���«Q~��f«7�² ol�
 Ñ ± �ªf«7 ¢ ���ªHM�L� � l 
 Ñ ± � m »e�Zs �l�
 Ñ ± �
andthusfor ui�61!� � ñ*Q4H � � � l�
j�SQ�H � � � l�
 Ñ ± � m » � s � l�
 Ñ ± T
We canthereforeconcludefrom (38) that(40)holdsfor � ( 1!� � largeenough.

Next, weshow thatstep7 mustbereachedfor all iterationsui�t7�f with ut�v7�fn1��+*
and �+*V1'� ( largeenough.In fact, let s Ö be theboundof Lemma8 corresponding
to ñOgih insteadof ñ . By (38) we canfind �+*�1,� ( suchthat s&l�
 Ñ ± QCs Ö holdsfor allut�i7�f�1!�+* . Now assumethatstep7 is not reachedin iteration ui�t7�f�1&�+* . Thenstep
5 is followedby step11andthus H l 
 � H l 
 Ñ ± , and,using(39), s l 
 � s&èìél�
 � s l 
 Ñ ± gih .
Therefore,by (37), H l 
 Ñ ± _ s&l�
 Ñ ±h $&%y'¥[ a ± ��a � �£s l 
 Ñ ± gvht� à ]tT
Hence,weobtainfrom Lemma8 that � l�
 Ñ ± �£s&l�
 Ñ ± � wasacceptableto thefilter in step
5, sinceut�=7�fn1��+* ensuress&l�
 Ñ ± Q8s Ö . Therefore,step5 wouldnothavebranched
to step11 asassumed.Hence,step7 is alwaysreachedin all iterationsut�¥74fn1!�+* .
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We concludethe proof by showing the existenceof �)-�1.�+* suchthat step9 is
reachedfor all iterationsui��7&f with ut�O7&f�1��)- . Thisassertionleadsto acontradiction:
by (39)andsteps9, 10wehave s&l�
 � sXèäél�
 1<s&l�
 Ñ ± , � l�
 �<� l�
 Ñ ± �£s&l�
 Ñ ± � . Thus,we
obtainby Lemma6 for all s&l�
 Ñ ± Q8s í (whichholdsby (38) for all � largeenough)Hvl�
 � HI� � l�
 Ñ ± �£s&l�
 Ñ ± ���«Q~��» Â m » ¯ �js � l 
 Ñ ± Q��£» Â m » ¯ �js � l 
 T
This contradicts(37)and(38).

It remainsto show that step9 is eventually reachedin all iterations ut�Ç7ºf withut�d7ºf41/�)- , �)-�1/�)* large enough.We note that by (40) andLemma1 for allut�Á1��)*w l 
 Ñ ± � � l 
 Ñ ± �67�w l 
 Ñ ± � � l 
 Ñ ± �£s l 
 Ñ ± �j�U14² ol�
 Ñ ± �ªf«7 ¢ � ñh 1<s l 
 Ñ ± �ªf«7 ¢ � ñht» ü T
Hereby, we useagainthefact that ² o l�
 Ñ ± 1Bs l 
 Ñ ± g�»Êü if s l 
 Ñ ± QB»Êü , which holds
by (38)possiblyafterincreasing� * . On theotherhand,we have0 w l 
 Ñ ± � � l 
 Ñ ± �N7«w l 
 Ñ ± � � l 
 Ñ ± ��s l 
 Ñ ± ���O7«H
��� � l 
 Ñ ± � m HM��� � l 
 Ñ ± ��s l 
 Ñ ± ��� 0 �21 ��s � l�
 Ñ ± �NT
The last two inequalitiesshow that

Þ l 
 Ñ ± 9Ôf andhencethereexists � - 13� * such
thatstep9 is reachedin all iterationsu � 7�f with u � 74fn1!� - .

As wehavealreadyseen,this leadsto acontradictionwith HM��� � l 
z�S1�ñ for all u � 1� � . Theproof is thereforecompletedsincethereexistsasubsequence[ u PK ]`A [ u � ] for
which � %y$ K���� HI� � l �� � � � %y$ K���� H
��� � l �� � �C. . ÛÜ

The other situation is where the sequence[ ui��] of Lemma10 containsa subse-
quence,wherethe iteratesareaddedto the filter in step8. As in thepreviousLemma
we havethefollowing result.

Lemma 12. Supposethat there existsan infinite sequence[ u � ] of iterationsfor which� l�
 is addedto the filter in step8 and, in addition, � %y$ ������HI� � l�
j� � . . Then [ ui��]
containsa subsequence[ u PK ] such that� %y$K���� H=� � l �� � �/. � � %($K���� H � � � l �� � �<. T
Proof. Let [ u � ] bea sequenceof iterationssuchthat � l 
 is addedto thefilter in step8
and � %($ ����� HI� � l 
z� �/. . Supposenow that HM��� � l 
j�«1�ñ*_ . for all u � 1!� æ for some� æ 1 . . By Lemma1 andsince� l 
 is addedto thefilter in step8 we have² o l�
 �ªf«7 ¢ �ªñ´Q�w l 
O� � l 
z��7\w l 
O� � l 
��£s l 
j�j�S�8qIHI� � l 
�� � T
Thus,we obtain ² o l�
 9 . andconsequentlys l 
`9 . . In particular, ² o l�
 1�s l 
zgO»Êü
for largeenough� , andsincetherestorationprocedureis not called,we have H=� � l 
��UQa � s ± ! àl�
 andconcludethats l 
O��fR7 ¢ �ªñOgO»Êü*Q�w l 
N� � l 
z��7\w l 
O� � l 
"�£s l 
��j�S�8q��Èa � s ± ! àl 
 � �
which is a contradictionto s&l�
�9 . . ÛÜ
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We summarizebothsituationsin thenext theorem.

Theorem1. Supposethat infinitely manyiteratesare addedto the filter. Thenthere
existsa subsequence[ uMKv] such that� %y$K���� H=� � l � � �/. � � %($K���� H � � � l � � �<. T
Proof. By Lemma10 thereexistsa sequence[ u � ] of iteratessuchthat � l 
 is addedto
the filter and � %y$ ����� HI� � l 
j� �½. . As we have alreadyobserved thereexists eithera
subsequence[ u PK ] of [ ut��] suchthat � l �� areaddedto the filter in the restorationor a
subsequence[ u PK ] of [ u � ] suchthat � l �� areaddedto thefilter in step8. In thefirst case
theassertionfollows from Lemma11; in thesecondcasefrom Lemma12. ÛÜ

It remainsto considerthe casewherethe algorithmrunsinfinitely but the filter is
left with a finite numberof entries.

Theorem2. Supposethat the algorithm runs infinitely andonly finitely manyiterates
are addedto thefilter. Then� %($l���� HI� � lv� �<. � � %y$4%y'��l4��� H � � � li� �/. T
Proof. The assumptionsaysthat for u~15� , with � large enough,no further filter
entry is added.Hence,thefilter containsfor all u212� thesamefinitely many entries,
andtherestorationis never invoked.Thus,all new iterates� l ! ± Ý�<� l arecomputedin
step10.We now show thatstep10 is reachedinfinitely many times.

In fact,step5 is reachedin eachiteration,and,by Lemma7, step7 is reachedafter
finitely many reductionsof s l in step11. Again, step8 is reachedafterfinitely many
reductionsof s l . In fact,if HI� � l �S_ . thenclearlyw l � � l �67�w l � � l �£s l �j�S�8qIHI� � l � �
for s&l sufficiently small andstep8 is reached.Otherwise,HI� � lt� ��. and H � � � li�`_. and therefore

Þ lß1 � for all s&l small enough(we may apply exactly the same
argumentsasat theendof theproof of Lemma12).So,step10 is alwaysreachedafter
finitely many reductionsof s l , producingalwaysnew iterates.

Sinceno further entry is addedto the filter we know, cf. step8, that in step10 it
alwaysholdsthatHM��� � l ��7�H
��� � l ! ± �S14�¥��w l � � l �67\w l � � l �£s l �j���U14��qIHI� � l � � T
Sincethis holdsfor all successfulstepsand [ H � � � lv�^] is bounded,we concludethat� %($l���� HI� � li� �C. T
Now assumethat H � � � lt�S1�ñ*_ . for all u³1&� andsomeñR_ . . Sincethefilter entries
do not changefor uÓ12� , the testin step5 is passedwhenever s&lùQ~s ÷ (cf. Lemma
7). Also, since H � � � lv��1ßñ`_ . , we obtainasbeforethat

Þ l³1�� whenever s&lVQºs P
for some s P _ . . Finally, we know by Lemma3.iii that for sXèäél QGs©ËÁÌ Í steps2 and
3 yield sxl � sXèäél . Hence,we seethat s&lù126 ������ $&%('¥[ s ÷ gvh��^s P gvhL�zãLs�ËÁÌ Í�]&_ . for
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asabove,HM�c� � l �67�H
��� � l ! ± �S1��¥��w l � � l ��7\w l � � l �£s l ���j�U1�����f«7 ¢ ��ñ^² o l1��¥�ªf«7 ¢ �ªñ $&%('Xµ 6»Êü ��f ¶
where » ü is asbeforea uniform upperboundon $&WvY�[ � k o l � � � k
5l � ] . This is againa
contradictionto theboundednessof H � � � lv� andtheproof is complete. ÛÜ

Themainresultis obtainedby combiningTheorems1 and2:

Corollary 1. Under Assumption1, the sequenceof iterates [
� l�] generated by the
primal-dualinterior-pointmethod(Algorithm1) satisfies� %y$�%('��l���� HI� � l � m HM��� � l � �<. T
6. A restorationalgorithm

In this sectionwe presentrestorationalgorithmsthat can be usedin step 4 of the
primal-dual interior-point filter method(Algorithm 1). The purposeof a restoration
algorithm is to find a point � l ! ± �/¹º��a��^»º� acceptableto the filter andsuchthatHI� � l ! ± �SQ8s l ! ± $&%('¥[ a ± �ªa � s à l ! ± ] with s l ! ± � s l . Thus,thepurposeof a restora-
tion algorithmis to decreasethevalueof HI� � � � HvÂI� � � m H ¯ � � � . To achieve this goal
we introducethefunctionH � � � �������� fh ¼ HvÂ=� � � � m H ¯ � � � � À � fh 7 � -���+�� � � m � � ��7\| � � �98 T
6.1. A RestorationAlgorithmbasedon theKKT-Newton-System

Thenormalstep k
5 computedfrom (11) is a descentdirectionfor H � � � � . In fact,p H � � � � � k 5 � � � ��7�| �Z� � � § s©+ 5 m � sx� 5 � m -���+�� � p -��,+#� � s�+ 5� 7`� � ��7�| �Z� � � � �n7�| �Z��7e-���+�� � -��,+#�NT
Thus, p H � � � � � k 5 � 7*hvH � � � � , and k 5 is, in fact,a descentdirectionfor H � � � � . One
canalsoshow using� � ��7�| �M� � ��fR7 ¢ �ª| � � �ªf«7 ¢ ��|��,�¥|V7��¥|�� �/.
thatthetangentialstep(12)yields p H � � � �ª�6k o �C. . Wesummarizethesetwo properties
for futurereference:p H � � � � � k 5 � 7*hvH � � � �O� p H � � � � � k o �/. T (41)

Therestorationalgorithmpresentedhereworkswith the stepframework � ��sx� �� m ²�5 �£s&��k
5 m ² o �£s&��k o , where²�5¥��s&� , k
5 , ² o �£s&� , and k o aregivenby (13),(11),(14),
and(12), respectively. Severalotherrestorationalgorithmsareplausiblebut we chose
the following onebecauseit is consistentwith the stepcalculationof our primal-dual
interior-pointfilter method.
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Algorithm 2 (Restoration algorithm).

0. Choose:��zã³�e� . ��f
� . Set � æl 3ä�8� l , s æ l 3ä� s&l , ï 3ä�C. andstartwith step4.
1. If H=� � K l �RQ/s l $&%y' [ a ± ��a � s à l ] and � K l is acceptableto thefilter thenset � l ! ± 3ê�� K l andstoprestoration.
2. Set | K l 3ä� �,+ K l � � � Kl gZ� andcomputethe steps k 5�; Kl and k o ; Kl by solving the linear

systems(11)and(12), respectively, with � � ��|�� � � � K l �j| K l � .
3. Computes K l ��� . �zs èäé�; Kl Î suchthat+ K l �£s&�S_ . ��� Kl �£s&�U_ . � � Kl �£s&�ª� Kl ��sx�«1�a�| K l �£s&�ª� for all s��eë . �^s K l Î (42)

andsuchthat s K l is notsmallerthanthelargestvalue ã�í"s èäé�; Kl , î �<. ��ft��T�T"T , having
thisproperty.

4. If H � � � K l �Á7\H � � � K l �£s K l �j�U1~7�: p H � � � K l � � k K l �£s K l �O� (43)HvÂI� � K l �£s K l ��� m H
Å
� � K l �£s K l �j�UQ<»~| K l �£s K l �N� (44)

thenchooses èäé�; K ! ±l 1<s K l , set � K ! ±l 3ê�/� Kl �£s K l � , ï 3ê� ï m f , andreturnto step1.
Otherwiseset s K ! ±l � s K l gvh , ï 3ä� ï m f , andrepeatstep4.

Thisrestorationalgorithmterminatessuccessfullyin afinite numberof iterationsas
we provein our final theorem.In analogyto Assumption1 we require

Assumption2. Assumption1 holdsfor � l , k l �£s l � , | l replacedby � K l , k K l �£s K l � , | K l ,
respectively.

Theorem3. Under Assumption2, the restoration algorithm 2 terminatesin a finite
numberof iterations.

Proof. Let us first considerthe well-definednessof the algorithm.Hereby, the only
critical issuesarethecomputationof thetrial stepsk 5<; Kl and k o ; Kl , which is possibleby
Assumption2 (A3), andthecomputationof s K l in step3, which is possibleby Lemma
2. Thus,thealgorithmis well-defined.

For the restof theproof, assumethat the restorationalgorithmdoesnot terminate
finitely. Let HMb �8$&%y'b ��f«7Óa�bU�ªH Ö T
Since a b �F� . �"fMgihi� , we have from Lemma4 that H b _ . , and � K l is acceptable

to the filter if H=� � K l �4Q h>= H � � � K l ��Q H b gihG� H b . This condition and HI� � K l �ÊQs&l $&%('¥[ a ± �ªa � s à l ] areeventuallysatisfiedif� %($�%('��K���� H � � � K l � �<. T (45)
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Hence,if therestorationdoesnot terminatefinitely, thenthereexistsan ñ�_ . withH � � � K l ��1�ñ for all ï . We show that this uniform boundwill leadto a contradiction.In
fact,from (41),we havep H � � � K l � � k K l �£s&� � ² 5�; Kl �£s&� p H � � � K l � � k 5<; Kl m ² o ; Kl �£s&� p H � � � K l � � k o ; Kl� 7*hv² 5<; Kl �£s&��H � � � K l �OT
Moreover, thereexistsaconstant» � _ . suchthatH � � � K l �Á7\H � � � K l �£s&�j� � 7 p H � � � K l � � k K l �£s&�67�» � � k K l ��s&� � � �
which in turn,appealingto ² o ; Kl ��s&�SQ�² 5<; Kl �£s&� , impliesH � � � K l �67\H � � � K l ��sx�j�U1/7 p H � � � K l � � k K l �£s&�67Êhi» � ² 5�; Kl �£s&� � � � k 5�; Kl � � m � k o ; Kl � � �OT
Hence,(43)holdsfor all ² 5<; Kl �£s&� suchthathI�ªf«7?:i�ª² 5<; Kl ��sx�ªH � � � K l �U1�ht» � ² 5<; Kl �£s&� � � � k 5<; Kl � � m � k o ; Kl � � �N�
i.e., for all ² 5�; Kl �£s&� suchthat

² 5<; Kl ��s&�SQA@² 5<; Kl ������D$&%('+B fi� ��f«7C:i�ªH � � � K l �» � � � k 5<; Kl � � m � k o ; Kl � � ��D T
FromLemmas2 and3.iii, weseefinally that(42),(43),and(44)aresatisfiedfor all s K l
suchthat . �<s K l Q $&%('FE s�ËÁÌ ÍL�<@² 5<; Kl � k 5�; Kl �HG �
showing that all theseconditionsaresatisfiedafter finitely many reductionsof s K l in
step4.

Now, if H � � � K l �U1�ñR_ . holdsfor all ï , then,since$&WvY�[ � k 5<; Kl � � � k o ; Kl � ]nQ<» ü ,
² 5<; Kl ��s K l �U1 fh $x%y'+B s�ËÁÌ Í� k 5<; Kl � �<@² 5<; Kl D 1A@²�_ .

for some @²�_ . , andweconcludethatH � � � K l �67�H � � � K l ��s K l ���U18hI:�@²�ñ
�
which yieldsa contradiction.Hence,wehave(45)andthefinite terminationis proved.ÛÜ
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6.2. OtherrestorationproceduresandtheWächter-Biegler example

Therestorationalgorithm2 usesthesamestepcomputationasthe interior-point filter
method.Globalconvergenceis attainedaslongasAssumptions1 and2 hold.In practice
it mayhappenthatAssumption(A3) is violated,affectingnotonly Algorithm1,but also
therestorationalgorithm2.Wewill briefly discussherethemainissuesrelatedwith this
situationandleaveamoredetailedstudyfor a forthcomingpaper.

For thepurposeof thisdiscussion,let usconsidertheproblemproposedby Wächter
andBiegler in [27], which takesthefollowing form:$x%y'�KJML�N ) ��+�� s.t. + � ± 7�+ � mPO �C. �³+ ± 7\+Q(«7SR �C. ��+ � �j+T(�1 . � (46)

with O �2� and R�1 . . Theparticularform of the(sufficiently smooth)objective is not
relevantsincetheinterestingpropertiesof theproblemaregeneratedby theconstraints.
For brevity, weset - ± ��+�� � + � ± 7�+ � mFO and - � �,+#� � + ± 7�+Q(L7�R . Theproblemis nonde-
generate,becausep -���+#� hasfull rankandits conditionnumberis uniformly bounded
on setswhere + ± is bounded.Nevertheless,it wasshown in [27] that for every initial

point + æ ����7´·<� . �U�ù� . �^·4�ª� with î 3ê� Â 	 ø �WV úX Â  ø � V ú X 1 . and O 7ûîKR´Q $&%y' [M. ��7 O gih�] any

methodfails to convergeif it computesthenew primal iterate + l ! ± from theold point+ l ���$��� . �^·4�ª� by a stepof thefollowing form:+ l ! ± � + l m ¢ l k l ���%��� . �N·�� � � ¢ l ��� . ��f�Î��
where k l satisfies -��,+ l � m4p -��,+ l � � k l �/. T (47)

BothAlgorithms1 and2 canbeeasilyadaptedto allow for + ± asa freevariable.
It is straightforwardto seethatAlgorithm 1, whenno restorationis calledor when

the restorationalgorithmis of the form describedin Section6.1, is containedin the
classof algorithmsdescribedin thepreviousparagraph.In factwe have run this prob-
lem usingour Matlab implementationof Algorithm 1, combinedwith Algorithm 2 for
the restoration,andwe have observedbadnumericalbehavior. We have seenthat the
iteratesapproacheda point whereAssumption(A3) is violatedand that this was the
causefor suchbadnumericalperformance.

This situationmaybeavoidedby usinga restorationalgorithmthatterminatessuc-
cessfullyevenif assumption(A3) is violated.To illustratethispoint,wehaveconsidered
a restorationprocedurethatdoesnot belongto theclass(47).This alternative is based
on theoptimizationproblemin thevariables+ and �$&%(' fh ¼ � -��,+#� � � m � � ��7�| ¯ � � � À s.t. +�1 . ���&1 . � (48)

where | ¯ �ª���� |�l denotesthe valueof | whenrestorationis entered.Analogously, we
denoteby � ¯ � ��+ ¯ ��� ¯ �j� ¯ � ������ ��+�l����tl��j�ZlZ� the iteratefor which restorationis entered.
Notethatif thereexistsastrictly feasiblepointof (46),i.e.,apoint + suchthat -��,+#� �/.
and +<_ . , thenwe canchoose� � | ¯ � Ñ ± � andobtaina global minimizer of (48).
Conversely, if thereexists a strictly feasiblepoint then any global minimizer ��+��j���
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satisfies-���+�� �¸. , +��z��_ . , and
� �`7Ê| ¯ � �G. . Therefore,any solver that is ableto

find a globalminimizer �	@+��K@�t� of (48) for which, in addition,HvÂ=�	@+���� ¯ �Y@�t� m H
Å
��@+���� ¯ �K@�c�SQ8»~| ¯ (49)

holds,providesa valid restorationprocedure(with � l ! ± � �	@+���� ¯ �Y@�c� ). In orderto in-
cludeadeviceto enforce(49)wetried(amongmany otherpossibleoptions)to augment
theobjectivefunctionin (48)by thepenalizationterm Z 	� � p � � ��+���� ¯ �j��� � � . In addition,
it canbeadvantagousto addtheregularizationterm Z � � �,+��j����7���+ ¯ �j� ¯ � � � to makethe
Hessianof therestorationproblempositivedefinite.Bothparameters

Þ ± , Þ � arechosen
small, i.e., . Q Þ ��[ f . Sincethesemodificationsmay leadto non-interiorsolutions,
i.e., +#� �B. or �
� �B. for some� , we move thenonnegativity constraintsslightly. The
resultingproblemis$x%y' fh ¼ � -���+�� � � m � � ��7\| ¯ � � � m Þ ± � px�Z� �,+��j� ¯ �z�c� � � m Þ � � ��+��j����7��,+ ¯ �j� ¯ � � � À

s.t. +��z�&1�6v�
where 6&_ . is very smallandshouldbechosen,e.g.,dependingon thevalueof | ¯ . If
required,thevalueof

Þ � canbeadjustedduringtheminimizationprocess.ThevalueofÞ ± is keptsmall,but largeenoughto ensure(49).WeappliedBertsekas’projectedNew-
ton methodto solve this problemin thecontext of (46).We havenumericallyobserved
thatAlgorithm 1 usingthisalternativerestorationprocedure(adaptedto thecasewhere+ ± is unrestricted)wasableto successfullysolveproblem(46).

The useof new alternativesfor the restorationprocedure,including the onepre-
sentedabove,is subjectof ongoingresearch.Anotheralternative is for instancetheuse
of therestorationalgorithm2 but with a suitableregularizationfor thematrix

� P¤ { � � � .
Oneshouldalsoconsidera modificationof the Algorithm 1 so that restorationis also
calledif

� � P¤ {vò � � l �NÑ ± � exceedsaprescribed,very largeboundÒ P – largerthanweex-
pector wishtheconstantÒ to bein assumption(A3). If therestorationprocedureis able
to find a new point � l ! ± at which, besidestherequirementsof step4 in Algorithm 1,� P¤ { ò]\ 	 � � l ! ± � satisfies(A3) with a reasonablevalueof ÒF�¸Ò P , thenthe chancesof
satisfyingassumption(A3) will beimprovedsothattheinterior-pointfilter methodcan
continuesuccessfully.

7. Concluding remarks

Thefilter mechanismhasbeenusedfor thefirst time to globalizeprimal-dualinterior-
point methods.Global convergenceto first-ordercritical pointshasbeenproved,and
themainresulthasbeenreportedin Corollary1.

Thecombinationof interior-point andfilter ideasled to a new classof algorithms.
We have alreadytestedour primal-dualinterior-point filter methodin Matlab for QP
problemsandsmall-scaleNLP problems.Theresultsareencouragingbut thereis still
somework ahead.We are currently working on a fortran 90 implementationof our
primal-dual interior-point filter methodand we plan to report numericalresultsin a
futurepaper.
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This paperis hopefullya first stepin this challengingtopic. Several issuesneedto
beaddressedandbetterunderstood,andamongthemwe highlight thefollowing.

The new primal-dualinterior-point algorithmusesa 2D filter: onedimensionfor
feasibility and centrality combinedand the other for the size of gradientof the La-
grangian(with complementarityadded).An openquestionis theuseof 3D filters. In a
3D filter, oneusesthefirst dimensionfor feasibility, thesecondfor centrality, andthe
third for thesizeof thegradientof theLagrangian.

As wehavementionedin theintroduction,therateof localconvergenceis well stud-
ied in the literaturefor primal-dualinterior-point methodsunderthestandardassump-
tions, andeven in caseswheresomeof thesestandardassumptionsdo not hold. The
openissuein interior-point filter methodsis whetherthe globalizationscheme(where
the filter playsan importantrole) becomeslocally inactive to allow fastconvergence
rates.

Another interestingtopic for future researchis the choiceof alternatives for the
componentsusedin the filter. As alreadymentioned,it would be desirableto replace
the optimality measureH � by a function that reflectsbetterthe goal of minimizing ) .
Essentially, anappropriatecandidateshouldbea functionfor which thetangentialstepk o yieldsa fractionof Cauchydecreasecloseto thequasi-centralpath.

Appendix

Thefollowing lemmameasuresthedecreaseon complementarityobtainedby thenew
iterate� �£s&� andis neededto proveLemmas1 and2.

Lemma 13. For all s�_ . andall � � ft��T"T�TO�j� it holds+ � �£s&�ª� � �£s&�UQ���fR7e² 5 ��sx�j��+ � � � m ¼ ² 5 ��s&�67�² o �£s&���ªfR7 ¢ � À | m � s � � (50)+ � �£s&�ª� � �£s&�U1���fR7e² 5 ��sx�j��+ � � � m ¼ ² 5 ��s&�67�² o �£s&���ªfR7 ¢ � À |V7 � s � � (51)|��£s&�UQ ¼ f«7e² o ��sx���ªfR7 ¢ ��À�| m � s � ��|��£s&�U1 ¼ f«7e² o ��s&�O�ªf*7 ¢ �jÀ |V7 � s � T
(52)

Proof. By thedefinitionof k
5 and k o , wehave+=�z�£s&���
�z�£s&� � ��+#� m ² 5 ��s&��s�+ 5� m ² o ��s&��s�+ o� ���,�M� m ² 5 ��s&��sx� 5� m ² o ��s&��sx� o� �� + � � � m ² 5 ��sx���,� � s©+ 5� m + � sx� 5� � m ² o �£s&���,� � s�+ o� m + � sx� o� �m �,² 5 �£s&��s�+ 5� m ² o �£s&��s�+ o� �O�,² 5 ��s&��sx� 5� m ² o ��sx�jsx� o� �� + � � � 7e² 5 ��sx����+ � � � 7�|��67e² o ��sx���ªfR7 ¢ ��| m ��+ � ��s&�67\+ � ���,� � �£s&�67e� � �NT
So,inequalities(50)and(51) follow from this derivationand0 + � �£s&�67�+ � 0^0 � � ��sx�Á7�� � 0 Q~��his&� � T

Summing(50) and(51) over all � , dividing theresultby � , andusing | � +#����gM� ,|��£s&� � +���s&�ª���=��sx�zgM� , yield (52). ÛÜ
We cannow proveLemmas1 and2.
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Proof of Lemma 1

Proof. Denoteby _RÅ anupperboundfor H"Å , andby ÒUÂ and ÒÇÅ � _�f Lipschitzconstants
for p - and p �� Æ � , respectively. We will proveLemma1 with»ÊÂ � htÒUÂL� » ¯ �2`Ha �6�»eÅ � hiÒÇÅ � � »e� � � ��f m _*Å^ÒÇÅ � � m � Ò �Å � s �ÏMÐ T
We notethat p -��,+#�ª�6k � ��sx� � 7R²�5¥�£s&��-���+�� , andthusHvÂ=� � ��s&��� � � -���+��£s&��� � � ÃÃÃÃ -��,+#� m�b ±æ p -���+ mSc k � ��s&��� � k � ��sx�]d c ÃÃÃÃ� ÃÃÃÃ �ªf*7�² 5 �£s&���j-��,+#� m b ±æ ¼ p -��,+ mPc k � �£s&���Á7 p -���+#�jÀ � k � ��s&�ed c ÃÃÃÃQ~�ªfR7e² 5 �£s&���ªH Â � � � m Ò Â � k � �£s&� � � b ±æ c d c �
which proves(18).

Similarly, wehave p �� Æ � � � ����kc�£s&� � 7R² o ��sx� p � � � � � and,asabove,we getH
Å
� � �£s&���RQ���fR7�² o �£s&���ªH
ÅM� � � m�b ±æ � p �� Æ � � � mPc kc�£s&����7 p �� Æ � � � � �t� kc�£s&� � d c �
which yields(20).

Theestimate(19) follows from Lemma13:f ¼ + � �£s&�ª� � �£s&�67�|��£s&� À Q f 7 �ªf«7e² 5 �£s&���ª+ � � � m ¼ ² 5 �£s&�67e² o ��s&�O�ªf*7 ¢ � À | 8 m � s �g ¼ f«7e² o �£s&�O��fR7 ¢ � À | m � s �� f ��fS7�² 5 �£s&������+#���
��7�|�� m ` s � T
Inequality(21) is derivedby appealingto Lemma13 andto the previously estab-

lishedinequality(20):H � � � ��sx�j� � |��£s&� m H Å � � �£s&��� �Q ¼ f«7e² o ��s&�O�ªf*7 ¢ � À | m � s � m ¼ ��f«7�² o �£s&���ªH
ÅM� � � m hiÒÇÅh�,s � À �Q ¼ f«7e² o ��s&�O�ªf*7 ¢ �jÀ�HM��� � � m ¼ � m � �ªf«7e² o �£s&���ªH"ÅZ� � ��ÀMÒÇÅi��s � m � Ò �Å � s * T
Finally, we havewe� � ��7\we� � ��s&��� � |�7\|���sx� m �,+��£s&��7\+�� � �,�#�£s&�67e�c�zgM�m �ªf«78�ªf«7e² o ��sx�j� � � � p � � � � � � �� ² o ��s&�O�ªf*7 ¢ �ª| m �ªf«7<��f«7�² o �£s&��� � � � p � � � � � � �1�² o ��s&�O�ªf*7 ¢ �ªH � � � �N�

andtheproof is thereforecompleted. ÛÜ
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Proof of Lemma 2

Proof. We will proveLemma2 withs ËÁÌ Í �çµ ¢ �ªfR7\a¥�� �ªf m a¥�jÒ&�£» m ��� � ¢ »��» Â m » Å m � »º��Ò&��» m ��� ¶ T (53)

1. We first show that(23)holdsfor all s½�e� . �^s�ËÁÌ ÍMÎ with s�ËÁÌ Í satisfying(53).
FromLemma13 weobtain� �£s&���=��sx�S1 ¼ a m ��fR7Óa �ª² 5 �£s&�67e² o �£s&�O��fR7 ¢ �jÀ"| �R7 � s � �cT (54)

On theotherhand,Lemma13 alsoyieldsa#|���s&�SQ�a�|³7\a¥² o �£s&���ªfR7 ¢ ��| m � a s � T
Hence,

� �£s&���=��sx�S14a�|��£s&�ª� holdswhenever� s � Q �ªfR7\a �O�,²�5¥�£s&��7�² o �£s&�O��fR7 ¢ �j��|f m a T (55)

Since² o �£s&�UQ8²�5¥��sx� , a sufficient conditionfor this inequalityto hold iss � Q ²�5¥��s&� ¢ �ªf´7Óa ��|� ��f m a � �
which,by (13), is implied bysÄQ $&%(' Bkj ¢ ��f«7Óa ��|� �ªf m a¥� � ¢ �ªfR7\a¥�ª|� ��f m a � � k 5 � D �
which in turn is trueifsÄQ $x%y'+Blj ¢ �ªf*7Óa ��|� ��f m a � � ¢ �ªfR7\a¥�� �ªf m a¥�jÒ&�£» m ��� D �ª���� 6 ± ��|��O�
since

� k
5 � Q8Ò&�£» m ��� �«7���� ± âz�"��|eQ8Ò&�£» m ���ª| .
On theotherhand,wecanalsodeducethat

� k o � Q<Ò&�£» m � ± âz���ª|\Q<Ò&�£» m ����| ,
andtherefore 6 ������ $XWZY�[ � k 5 � � � k o � ]nQ<Ò&�£» m ���ª|ÁT (56)

We considernow two possiblecasesin orderto show that(23)holdswhenever$&%(' �£s³��6v�UQ!6 ± ��|��OT (57)

In the first cases Qm6 we usethat,aswe have just shown, (23) holdsprovided s Q6 ± ��|�� . Since s>Q"6 in this case,the inequality s:Q#6 ± ��|�� is equivalentto (57). In
the case6�� s , we know that ²�5��£s&� � ² o �£s&� � f , � �£s&� �D� �n6v� , and kc�£s&� �kc�n6v� . Thus,(23) is thesameas

� �n6v���=�o6v��1/a�|��n6v� . Onecanapply thesamealgebraic
argumentsusedin thefirst paragraphof theproofto show that

� �n6v���=�o6v�S1�a�|��n6v� holds
if 6�Q&6 ± �,|�� . Now, since6x��s , wehave that 6©Q!6 ± ��|�� is alsoequivalentto (57).
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Hence,it remainsto show (57) for sÄ�eë . �zs�ËÁÌ ÍMÎ with s�ËÁÌ Í accordingto (53).Let| ±phq Ì r ������ ¢ �ªfR7\a �� �ªf m a ��Ò � �£» m ��� � T
If |4Q�| ±phq Ì r , then 6 ± ��|�� is givenby its first expression,and(57) follows directly from
(56),sinceby thedefinitionof | ±phq Ì r for |\Q�| ±phq Ì r with (56)holds

6�Q<Ò&�£» m ���ª|\Q = Ò � �£» m ��� � | ±phq Ì r | � j ¢ ��fR7Óa ��|� ��f m a � � 6 ± �,|��NT
If |�_4| ±phq Ì r , then 6 ± �,|�� is givenby its secondexpression,and(57)holdsif$&%(' �£s³��6v�UQ�6 ± ��|�� � 6 ± ��| ±phq Ì r �
which is trueif sÄQ�6 ± ��| ±phq Ì r � � ¢ �ªfR7\a¥�� �ªf m a¥�jÒ&�£» m ��� T

2. We provenow that(24)holdsfor all s½�e� . �^s�ËÁÌ ÍMÎ with s�ËÁÌ Í satisfying(53).
FromLemma1 and ² o �£s&�UQ8²�5¥�£s&� wederiveH Å � � ��sx�j�«Qß�ªf«7e² o ��s&����H Å � � � m » Å s � �H Â � � ��sx�j�«Qß�ªf«7e² o ��s&����H Â � � � m » Â s � T

Using H Â � � � m H Å � � �UQ8»~| we getHvÂI� � �£s&�j� m H"ÅM� � ��s&���«Qß�ªf«7e² o �£s&���j»~| m �£»�Â m »eÅ^��s � T
Ontheotherhand,by Lemma13»~|���s&�S1~��f«7�² o �£s&���j»~| m ¢ ² o �£s&��»~|�7 � »ºs � T
Therefore,(24)holdswhenever�£»�Â m »eÅ m � »º��s � Q ¢ ² o �£s&�j»~|Á�
which,by (14), is implied bysÄQ $&%('+Bks ¢ »~|» Â m » Å m � » � ¢ »~|�£» Â m » Å m � »º� $XWvY=[ � k 5 � � � k o � ] D �
which in turn is true,by (56), ifs�Q $&%y'+Bls ¢ »~|»ÊÂ m »�Å m � » � ¢ »��»ÊÂ m »�Å m � »º��Ò&��» m ��� D ������ 6 � �,|��NT
Fromnow on,this partof theproof followsexactly thesamestepsof part1, with| �phq Ì r �ª���� ¢ »��» Â m » Å m � »º��Ò � �£» m ��� � �
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replacingtherole of | ±phq Ì r , and. �8s�Q�6 � ��| �phq Ì r � � ¢ »�£» Â m » Å m � »º��Ò&�£» m ��� T
3. Finally we prove that (25) holdsfor all s suchthat (53) is satisfied.We know

from part1 that(54) and(55) areverifiedif sD�4� . �zs�ËÁÌ ÍMÎ with s�ËÁÌ Í satisfying(53).
It followsfrom (55) that � s � � ¼ ² 5 �£s&�Á7e² o ��s&�O�ªf*7 ¢ � À |
So,from (54),we get � ��s&�ª�#�£s&�S_�a ¼ f«7�² 5 �£s&� À | �©1 . �
for all s for which (53) is satisfied,andassertion(25) follows trivially. ÛÜ
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Tech.Report98/13,DépartementdeMathématique,FUNDP, Namur, 1998.

16. A. FORSGREN AND P. E. GI LL, Primal-dual interior methodsfor nonconvex nonlinearprogramming,
SIAM J.Optim.,8 (1998),pp.1132–1152.

17. D. M. GAY, M. L . OVERTON, AND M. H. WRIGHT, A primal-dual interior methodfor nonconvex
nonlinearprogramming, in Proceedingsof the 1996InternationalConferenceon NonlinearProgram-
ming, Beijing, China,Y. Yuan,ed.,Kluwer AcademicPublishers,Dordrecht,The Netherlands,1998,
pp.31–56.

18. M. HEINKENSCHLOSS, M. ULBRICH, AND S. ULBRICH, Superlinearand quadratic convergenceof
affine-scalinginterior-point Newton methodsfor problemswith simpleboundswithout strict comple-
mentarityassumption, Math.Programming,86 (1999),pp.615–635.

19. H. J. MARTINEZ, Z. PARADA , AND R. A. TAPIA,Onthecharacterizationof q-superlinearconvergence
of quasi-Newtoninterior-point methodsfor nonlinearprogramming, Boletindela SociedadMatematica
Mexicana,1 (1995),pp.1–12.

20. J. NOCEDAL AND S. J. WRIGHT, NumericalOptimization, Springer–Verlag,Berlin, 1999.
21. P. TSENG, Error boundsand superlinearconvergenceanalysisof someNewton-typemethodsin opti-

mization, in NonlinearOptimizationandApplications,vol. 2, Kluwer AcademicPublishersB. V., 1998.
22. M. ULBRICH AND S. ULBRICH, Nonmonotonetrust region methodsfor nonlinearequalityconstrained

optimizationwithouta penaltyfunction, Math.Programming,95 (2003),pp.103–135.
23. R. J. VANDERBEI AND D. F. SHANNO, An interior-point algorithmfor nonconvex nonlinearprogram-

ming, Comput.Optim.andAppl., 13 (1999),pp.231–252.
24. L . N. V ICENTE,Localconvergenceof theaffine-scalinginterior-pointalgorithmfor nonlinearprogram-

ming, Comput.Optim.andAppl., 17 (2000),pp.23–35.
25. L . N. V ICENTE AND S. J. WRIGHT, Local convergenceof a primal-dualmethodfor degenerate non-

linear programming, Comput.Optim.andAppl., 22 (2002),pp.311–328.
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