UPDATING MULTIPLIERS CORRESPONDING TO INEQUALITY
CONSTRAINTS IN AN AUGMENTED LAGRANGIAN
MULTIPLIERS METHOD
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Abstract. This paper adds to the development of the field of augmented Lagrangian multipliers
methods for general nonlinear programming by introducing a new update for multipliers correspond-
ing to inequality constraints. The update naturally maintains the nonnegativity of the multipliers
without the need for a positive-orthant projection, as result of the verification of the first-order
necessary conditions for the minimization of a modified augmented Lagrangian penalty function.

In the new multipliers method the roles of the multipliers are interchanged: the multipliers
corresponding to inequality constraints are updated explicitly whereas the multipliers corresponding
to equality constraints are implicitly approximated. It is shown that the basic properties of local
convergence of the traditional multipliers method are also valid for the proposed method.
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1. Introduction. We consider the general nonlinear programming problem, in
the format

(1.1) min f(z) s.t. h(z)=0, 2 >0,

where z € IR", the functions f and h are considered smooth and defined as f: Q@ —
R and h: Q@ — R™, n and m are positive integers satisfying n > m, and Q is an
open set of IR".

The multipliers method [1, 2] is based on the augmented Lagrangian penalty
function

Lz A\, p) = f(z)+h(z)" A+ %h(m)Th(m) = Lz, )\) + ih(m)Th(m) ,

where p > 0 is a penalty parameter and
U(z,A) = f(z) + h(z)"A

is the Lagrangian of f with respect to the equality constraints h(z) = 0, with cor-
responding multipliers A € R™. Note that the Lagrangian term of the augmented
Lagrangian penalty function involves only the equality constraints h(z) = 0. In each
outer iteration of this method, the primal iterate z is computed by solving the prob-
lem

(1.2) min L(x;A\g,pug) st. x>0
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for some A and py > 0. The multipliers method [1] updates the multipliers A for the
next iteration by using the formula

1
Akt = Mg+ —h(zy).
Mk

Thus, the multipliers A corresponding to the equality constraints h(z) = 0 are updated
explicitly. The nonnegative multipliers w € IR", corresponding to the inequality con-
straints z > 0 in problem (1.1), can be implicitly approximated from the multipliers
associated with > 0 in problem (1.2), see [2].

The question addressed in this paper is the interchange of the implicit vs explicit
roles of the multipliers in the multipliers method. It turns out that it is possible to
derive a multipliers method where the multipliers w corresponding to the inequality
constraints are updated explicitly — and kept nonnegative — whereas the multipliers
corresponding to the equality constraints are implicitly approximated.

For this purpose let us consider the duality part of the first-order necessary opti-
mality conditions for problem (1.1),

Vf(z)+ Vh(z)A —w =0,

and the corresponding least-squares Lagrange multipliers estimate (when Vh(z) has
full rank),

Az, w) = — (Vh(z)TVh(z)) " Vh(z)T (Vf(z) —w).

It is therefore possible to consider an augmented Lagrangian penalty function in the
variables x, parameterized by the penalty parameter y > 0 and by the multipliers
w > 0,

P(a;w, 1) = f(z) + h(z) Az, w) + ih(:srh(w),

and to pose the corresponding penalized problem
(1.3) min P(z;w,p) st. x>0.

Each outer iteration of the new multipliers method involves the computation of
the primal variables zj, by solving the problem

(1.4) min P(x;wg, pr) st. x>0,

for some wy > 0 and pg > 0. The outer iteration provides then a formula to update
w for the next iteration:

(1.5) Wie1 = VP(Tp;wg, pg)-

This formula results naturally from the first-order necessary conditions for prob-
lem (1.4) and guarantees the nonnegativity of the new multipliers estimate wy.y.

In this paper we establish the local convergence properties of the new multipliers
method based on (1.4) and (1.5) for general programming problems of the form (1.1).
Although the analysis presented here has a lot in common with the proof of local
convergence for the original multipliers method [1], several difficulties inherent to the
nature of the new update had to be overcome. In particular, it is shown that the
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neighborhood of local convergence is smaller than in the original multipliers method,
see (3.4). The new multipliers method was originally developed in [6] for nonlinear
optimization problems of the form

(1.6) min f(y,u) st e(y,u) =0, (y,u) >0,

where it was assumed that the partial Jacobian of ¢ with respect to y is square and
invertible.

The paper is structured as follows. In section 2 we describe the new multipliers
method for (1.1) in more detail. The local convergence properties are then presented
in section 3. In section 4 we state some conclusions and comments. The proof of the
main result of the local convergence analysis, stated in theorem 3.2, is given in the
appendix of the paper.

2. The new multipliers method. A point x satisfies the first-order necessary
optimality conditions for problem (1.1) if there exist A € IR™ and w € IR" such that

(2.1a) Vel(z,A) —w =0,
(2.1b) h(z) =0, z >0,
(2.1c) z'w =0, w>0.

Conditions (2.1a)-(2.1c) are know as the first-order Karush-Kuhn-Tucker conditions
and can be written in the equivalent form

Z(z)"(Vf(z) —w) =0,
h(z) =0, z >0,

2w =0, w>0,

where Z(z) is a matrix whose columns form an orthonormal basis for the null space
of Vh(z)T, i.e., where Z(x) satisfies

Z(x)"Z(x) =1 and Vh(z)"Z(z) =0.

The matrix Z(x) can be obtained from the QR factorization of Vh(z).
Note that the matrix

Z(2)Z(x)" = I — Vh(z) (Vh(z)" Vh(z)) ™" Vh(z)T

is an orthogonal projector onto the null space A" (Vh(z)T) of the matrix Vh(z)T.
Similarly, I — Z(x)Z(z)" is an orthogonal projector onto R (Vh(z)), the range space
of Vh(x).

First and second order derivatives of the penalty function P require second and
third order derivatives of f and h, respectively. To establish local convergence proper-
ties we will therefore need the following assumptions that will be assumed throughout
this paper.

A.1 The functions f and h are three times continuously differentiable in 2, where
) is an open set of R™. The Jacobian matrix Vh(z)" of h(z) has full rank
in Q.
We point out that an implementation of the multipliers method (with or without
a globalization scheme) could require only first or second order derivatives.
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To derive the first-order necessary conditions for problem (1.3), we need first to
calculate the gradient of P(z;w, u) with respect to z. First, we note that
VeA(z, w) = = (V2 0(z, XNz, w))Vh(z) + R(z,w)7) (Vh(z)"Vh(z))™",
where the i-th row of R(z,w) is given by
R(z,w); = (Vol(z, \(z,w)) —w)" V?hi(z), i=1,..,m.
Thus, the gradient of P(z;w,u) is given by
(2.2) VP(z;w,u) = Gy (z;w, u) + Go(z; w, 1) + Ga(z; w, p),
where

Gi(zyw,p) = Z(2)Z(2z) 'V f(x) + (I - Z(z)Z(2)") w,
Ga(z;w, p) = — (V2 0z, Nz, w))Vh(z) + R(z,w)7) (Vh(z)"Vh(z))"" h(z),

Gs(zyw, p) = %Vh(a:)h(:n).

To alleviate the notation, we will omit the arguments x and z* when it is clear
from the context where the functions are evaluated. For instance, Vh = Vh(z) and
Vf*=Vf(z*).

A point z satisfies the first-order necessary conditions for problem (1.3) if there
exists w € IR"™ such that

_ 1
(2.32) ZZ'Vf+(I—ZZ )w— (V2 (Vh+R")(VA"Vh) " h+ ;wL h—w=0,

(2.3b) x>0,
(2.3c) 2w =0, w>0.

Equation (2.3a) provides an update formula for the multipliers corresponding to the
constraints > 0, that is the basis of the multipliers method considered in this paper.

The penalty function P, together with the penalized problem (1.3) and the equa-
tion (2.3a), suggest a new multipliers method to solve the nonlinear programming
problem (1.1), which is presented below without any globalization strategy.

ALGORITHM 2.1.

Step 0. Choose initial values: pg for the penalty parameter and wy for the approxi-
mation of the multipliers.

Step 1. For k. =0,1,2,... do
1.1 Solve problem (1.4).
1.2 Update the multipliers approximation:

wisr = ZZVf+ (I = ZZ Ywy — (V2,6Vh+RT) (VAVh) ' h

1
+—Vhh,
143
where the functions Vf, h, Vh, and Z are evaluated at the solution
#(wy, ug) obtained in step 1.1, and the functions V2,¢ and R are eval-
uated at (Z(wg, pe), MA@ (wr, pr), wi))-
1.3 Update the penalty parameter fig1.

The local convergence analysis of the multipliers method, based on algorithm 2.1,
is presented in section 3 and corresponds to the analysis given in Bertsekas [1] for the
traditional augmented Lagrangian multipliers method.
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3. Local convergence analysis. The study of the rate of local convergence
of the multipliers method (as described in algorithm 2.1) requires second derivatives
of the penalty function P(z;w,u). One can easily show that the Hessian matrix of
P(z;w, u) is given by

(3.1) V2P(z;w, p) = Hy(z;w, ) + Ha(z;w, ) + Ha(z;w, 1),
where

Hy(z;w,p) = V2 0227 — RT (VATVh) ' VAT,

Hy(ww,p) = — (I = ZZT) V3,0 = Vh(VETVR) T R+ > hiV2,\;,
i=1

1 1 —
Hs(z;w, p) = ;vwm o > hiV7hi,
i=1

correspond to the derivatives of G1(z;w, ), Ga(z;w, n), and Gz(z;w,u) in (2.2),
respectively.

We start by showing that the penalty function P(z;w, u) exhibits some exactness
properties. The result stated in the next theorem will be helpful later in the analysis
of local convergence, in particular the fact that the Hessian of P(z;w, u) is positive
definite for p in (0, u*], where pu* > 0 is specified later, provided that x satisfies
the second-order sufficient conditions for the original problem (1.1) with multipliers
Mz, w) and w.

THEOREM 3.1. Let assumptions A.1 hold. If (x,\(xz,w)) satisfies the second-
order necessary (resp. sufficient) conditions for the original problem (1.1), with mul-
tipliers w corresponding to © > 0, then there exists u* > 0 such that x satisfies the
second-order necessary (resp. sufficient) conditions for the penalized problem (1.3),
for this w and for any p € (0, u*].

Proof. We start by pointing out that because the matrix

(o)

is nonsingular, the equation (2.3a), when h(z) = 0, is equivalent to
Z(x)"(Vf(x) —w) =0 and Vh(z)" (w—1w)=0.

Thus, from the fact that x satisfies the first-order necessary conditions for the original
problem (1.1) with multipliers A(z,w) and w, we conclude that x also satisfies the
first-order necessary conditions (2.3) for the penalized problem (1.3) with multipliers
w=w.

Now, let us prove the result concerning the second-order sufficient conditions. For
this purpose, let Ax satisfy

(3.2a) (Az), =0 if 2; =0 and w; >0,

(3.2b) (Az); >0 if 2; =0 and w; =0.

Since h(z) = 0 and R(z,w) = 0, we have
Az"V2P(z;w,u)Ax =AxTZZ V2 AZ 7T Ax—

AxT(I = ZZT)V2,0(I — ZZ7)Ax + L A2TVhVAT Az
5



On the other hand, the second-order sufficient conditions for the original prob-
lem (1.1) say that V2_¢(x, A\(z,w)) has to be positive definite for all vectors Az
satisfying (3.2) and Vh(z)TAz =0, i.e., Az = ZZ " Az. Thus,

Az"ZZTN2AZZT Az >0
for all vectors Az satisfying (3.2).
So, since I — ZZ™ = Vh(VhTVh)" VAT,
Azx"V2P(z;w, p) Az

1
> Az"Vh (—(VhTVh)‘1VhTV§zZVh(VhTVh)‘1 + ;I) VhT Az,

and the proof is completed by setting:

any positive real if (VATVh) " 'VhTV2 (Vh(VATVhA) ™!
W= is negative semi-definite,

m otherwise,
where a(z,w) is the largest eigenvalue of (VAT Vh) VATV (Vh(VATVh)~1. O

The local convergence properties of the multipliers method are established under
assumptions A.1 and A.2, where A.2 is given below.

A.2 The point z* € Q is a nondegenerate point (i.e., the gradients of the functions
defining the active constraints are linearly independent) satisfying the second-
order sufficient conditions for problem (1.1) with corresponding multipliers
A(z*,w*) and w*. The pair (z*,@*) satisfies strict complementarity.

The main result is presented in theorem 3.2 and bounds the distance between a
local minimizer of (1.3) and (z*,w™*) by the penalty parameter y times the distance
between the approximation w and the corresponding multipliers w*. The proof of this
theorem is quite long and technical and is postponed to the appendix of this paper.

THEOREM 3.2. Let z*, with corresponding multipliers w*, satisfy assumptions
A.1-A.2. There exist positive scalars fi, 6, €, k1, and ko such that

1
Z*ZNE 77T — (I - ZX 2T )NE (I - Z2 ZFT) + =Vh*VA*T
I
is positive definite, the problem
(3.3) min P(z;w,pu) st. x>0, x € B(z";¢),

has an unique solution &(w, ) for all (w,p) in

(3.4) D*={(w,u):||w—w*||<min{5,%};0<u§u},

the function Z(w, ) is continuously differentiable in D*, and for all (w,pu) € D*, we
have

(3.50) i (w, 1) — a*]| < rapallw — 0],
(3.5b) i, 1) = @ < seapalfw — 0],
6



where w = w(w, u) are the multipliers corresponding to & = Z(w, u), and

W o= Z(@)ZE)TVHE) + (- Z2(3)Z(E)T)w

— (V2,(%,w)Vh(Z) + R(Z,w)7) (VA(Z)TVh(E)) " h(Z) + + Vh(Z)h(Z).
(3.6)

Theorem 3.2 can be used to state the basic local convergence properties of the
multipliers method given in algorithm 2.1, which we summarize in the next corollary.

COROLLARY 3.3. Let z*, with corresponding multipliers w*, satisfy assumptions
A.1-A.2. There exist scalars &g € (0,0], & € (0,1), and po € (0,71] such that if

the sequence {ur} is monotone decreasing and ||lwg — w*|| < min {60, Z—?}}, then the

sequence {wy}, generated by wiy1 = VP(Z(wi, ur); wg, ug), is well defined (in the
sense that (wy, u) € D* for all k) and satisfies

(3.7) lim sup e — <k
kotoo  |lwk —w*|
when lim pr >0, and
k—+o0
(3.8) lim M =0,
k—+o0 ||U)k — w*||
when lim ui = 0. In both cases, we have
k—+o0
. lim # =z*
(3.9) (Jm E(wg, ) = o7,
(3.10) lim wp = w*.
k—+oco

Proof. The limits (3.7), (3.8) and (3.10) follow from inequality (3.5b). The limit
(3.9) is a consequence of (3.5a). O

It is also worthwhile to note that the multipliers update (3.6) can be seen as an
approximation to the steepest ascent iteration applied to the dual function associated

with problem (3.3); see [6] for details on how this was carried out in the context of
problem (1.6).

4. Conclusions and future research. The augmented Lagrangian multipliers
method proposed in this paper is based on the solution of a sequence of bound-
constrained minimization problems. Each outer iteration of the method involves
the minimization, within the bounds, of the augmented Lagrangian penalty func-
tion P(z;w, u) for specific values of the penalty parameter p and of the multipliers w.
The evaluation of P(z;w,u) and of its gradient requires the solution of systems of
linear equations with Vh(z) T Vh(x). The gradient of P(x;w, i) involves a cross term
where second-order derivatives of the problem functions f and h appear. Thus, each
inner or minor iteration, i.e., each iteration of the iterative process applied to minimize
P(x;w, u) within the bounds, is relatively costly.

This augmented Lagrangian multipliers method was proposed originally in [6]
for a class of nonlinear programming problems with a structure arising from optimal
control or design, see (1.6). There, the role of the matrix Vh(z)T Vh(z) is played by
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the matrix ¢, (y, u), the partial Jacobian of ¢(y, u) with respect to the state variables y.
The computation of the gradient of the penalty function involves there the solution
of linear systems with ¢, (y, u) (linearized state equations) and with ¢, (y,u)" (adjoint
equations), for which solvers are available in many applications, see [4].

One major open question is weather a globalization scheme, similar to what was
developed in [2] for the original multipliers method, would be applicable to the new
multipliers method of this paper, yielding the same type of global convergence. In
contrast to what happens in [2], we do not have here the equality VP (z;w,u) =
V. l(x, A(z,w)) that seems to us to be crucial to the derivation of global convergence.
What we get instead is the following:

VP(z;w,pu) — Vl(z, Nz, w)) =

U ) 2()" (V2,6 M, ) Vh(@) + () (Vh(x) Th(a) " hiz).
When h(z) = 0 we do have, of course, VP(z;w, u) = Vi l(z, A\(z,w)). The fact that
there is a term depending on the size of the feasibility function h(z) in (4.1) makes
the global analysis considerably more difficult.

Numerical results obtained for small-scale dimension problems have shown that
the method is competitive with Lancelot [3], sharing some of the advantages and
disadvantages of the class of augmented Lagrangian multipliers methods.

Appendix. We prove here the main result of local convergence established in
theorem 3.2. We will use the following notation. The symbol e represents a vector
of ones with appropriate size and e; denotes a vector whose i-th component is unity
and the others zero. Also, for any vector v, V is the diagonal matrix for which the
diagonal elements are the elements of v.

Although the structure of the proof follows the one in [1, proposition 2.4], we
have additional difficulties here due to the presence of the bound constraints on the
variables. Another difficulty arises when dealing with the cross term in the multipliers
update. This term is not multiplied by ul_k but involves wy. A consequence of having
to handle this extra term is that the region D* in (3.4) becomes smaller than the one
in [1, proposition 2.4], where instead of min{d,d/u} we only have §/pu.

We need first to organize some of the calculations that will appear later. The
derivative of s(z) = (Vh(z)"Vh(z)) h(x) is given by

Vs(z)T = (VATVh) 'VAT — (VRTVh)* i V(VATVh); [(VATVh)"'h]

i=1

i

C(VhTVR)TIVET — F(h),

where we have omitted the argument z in the right hand side. The size of F(h(z))
varies continuously with h(z).
Further, we note that from Vh(z)™ Z(x) = 0 one obtains

Z(x)7V?h(x):
(4.2) Vh(z)"VZ(x)] = — :
Z(x)]V2h(x)m

for j =1,...,n —m, where Z(x); denotes the j-th column of Z(z). By using (4.2), we
8



can write

(Vf—w) (I - ZZT\Z]

=77 Zm: [(VRTVR)"'VAT(Vf —w)], V?h;.

i=1

(Vf—-w)"(I-ZZ")VZT_ ..

We have assumed that Z(z) is differentiable. Goodman [5] has shown how to extend
locally an orthonormal basis Z(z) given by the QR factorization of Vh(z) so that
Z(z) exhibits the same smoothness of h(z).
We finally get an expression that will be used later on:
(Vf—w)"VZT (Vf—w)TZZ™VZ]
(4.3) : = : - ZTV2f+ ZTV2 L.
(Vf=-w)"VZ_,, (Vf—-w)TZZVZ,_,,

We are ready now to prove theorem 3.2. The proof is divided in six major steps.

Proof. A. Preparing the system of nonlinear equations. Consider, for
i > 0, the system of nonlinear equations that results from the first-order necessary
conditions (2.3a)-(2.3c) for problem (1.3). If we multiply equation (2.3a) by VAT and
Z7", we obtain the equivalent system

Vh™w — Vh™ (V2 l(z,w)Vh + R(z,w)") (VhTVh)_1 h+ %VhTVh h
—VhT™w =0,

(44b) Z'Vf — ZT(VizZ(a:,w)Vh + R(z,w)") (VhTVh)_1 h—Z"w=0,
(4.4c) XWe = 0.

(4.4a)

Now we multiply equation (4.4a) by u and perform the changes of variables

(4.5a) r = pulw —w"),

(4.5b) s =w—w*,
to obtain the system of nonlinear equations

VhTr — uNh™ (V2 l(z, w* + s)Vh + R(z,0* + s)7) (VATVR) "' h
+VhTVhh 4+ pVhTo* — uVh™w = 0,
ZTNf — ZT(V2 l(x,w* + s)Vh+ R(z,w* +s)7) (VATVA) " h
—Z7 =0,

(4.6¢c) XWe=0,

(4.6a)

(4.6b)

that we write as
J(z,w,p) =0.
We analyze this system for p € [0, p*], where p* is such that

4.7)  pZ*Z N2 22T — (I — Z* 2 )R (I — Z*Z*T) + VA VAT
9



is positive definite for all u € (0, u*]. The existence of such pu* > 0 is guaranteed by
theorem 3.1.

B. Nonsingularity at the solution when the penalty parameter is zero.
When r = s =0 and p € [0, u*], it is easy to check that the system (4.6a)-(4.6c) has
the solution (z*,w*). For r = s = 0, the Jacobian of (4.6a)-(4.6c) with respect to
(z,w), at the point (z*,w*), is given by

—uVh*TVE 0* (1 — Z*Z*7) + Vh*TVh*Vh*T —uVh*T
J*(anzu) — Z*Tvimé*z*z*T _Z*T
W* X*

When p =0, J*(0,0, u) reduces to

VR*"Vh*Vh*T 0
(48) J*(O,OIO) — Z*Tvixe*z*z*T —Z*T
w* X*

One can see that J*(0,0,0) is nonsingular. In fact, the assumptions on (z*, w*) imply
that the following matrix is nonsingular:

Vh*T 0 0
(4.9) VAVARAVEN AVAY AL Vh* —I
w* 0 X

The nonsingularity of (4.9) implies the nonsingularity of (4.8).

C. Nonsingularity at the solution for positive values of the penalty
parameter. Let (Az, Aw) be a solution of the homogeneous linear system with the
matrix J*(0,0, u):

(4.10a) (—pVH* T2 05 (I — Z*Z*7) + VR*TVR*VE*T) Az — uVh*T Aw = 0,
(4.10b) Z¥TNE 77T Ar — ZFT Aw = 0,
(4.10c) W*Az + X*Aw = 0.

The equation (4.10c) and strict complementarity between z* and w* imply
AzTAw = 0. By multiplying (4.10a) and (4.10b) on the left by Vh* (VA*TVh*) ™"
and puZ*, respectively, we obtain

(—uI-Z*Z")N2 (I - Z*Z*") + VR*VR* ) Az — u (I = Z*Z*7) Aw = 0,
puZ* 7 N2 77T Ar — uZ* 7T Aw = 0.

Thus,
uZ*Z* N2 77T A — p (I — Z*Z*7T) V2,0 (1 — Z*Z*7) Az + Vh*Vh*T Az

—pAw = 0.
10



By multiplying this equation on the left by Az™, we derive
A" (22" N2 27T — (I = Z*Z* )N (I — Z*Z*T) + VR*VE*T) Az = 0.

Since (4.7) is positive definite for u € (0, u*], we conclude that Az = 0. Now, using
Az = 0, we get VA*TAw = 0 and Z*TAw = 0, implying that Aw = 0. We have
therefore proved that J*(0,0, i) is nonsingular for u € (0, u*].

D. The use of the implicit function theorem. We now apply the implicit
function theorem [1, page 12] to the system (4.6a)-(4.6¢c). By identifying the set
K = {0} x {0} x [0, u*] as the compact set X of that theorem, we guarantee the
existing of positive scalars € and § and unique continuously differentiable functions
% = 2(r,s,pu) and w = w(r, s, u), defined on a neighborhood of K,

B (K,6) = {(r,s,p) : |[(r,5,) — (0,0, ) || < & for some (0,0, u') € K'},

satisfying (4.6a)-(4.6¢) with x = & = &(r, s, ) and @ = w = w(r, s, u), and such that

i%(?“, S, I'L) -z

12)(7“, S, I'L) —w"
for all (r,s,u) € B (K,J). Using (4.6¢) and strict complementarity of the pair (z*, w*),
and reducing € and § if necessary, one can easily show for all (r,s,u) € B(K,J)
that: Z(r,s,u) > 0; w(r,s,u) > 0; the pair (Z(r,s,u),w(r,s,n)) also verifies strict
complementarity; the gradients of the active constraints are linearly independent at
(r, s, ).

E. The bounds (3.5a)-(3.5b). We differentiate (4.6a)-(4.6¢) with respect to

(r,s, ), and write

<e

Vg (r,s,pu)7 Vs&(r,s, )" Vua(r,s,w)’

(4.11) J(r, s, p) ( ) = —B(r, s, u).

Ve (r, s, pu)" Vsw(r, s, p)T Vyw(r, s, p)"

Here J(r, s, u) is the Jacobian of the vector function of the left-hand side of (4.6) with
respect to z and w, given by

—uNVhTV2 0 (I = ZZ7) + VATVAVA™  —pVh"
ZTN2 0277 /A
W X

Ay — pVRTRT (VATVA) ™' VAT + uVh™ (V2,(Vh + R") F(h)

—1t Y Vo (VAT (V2 Vh+ RT));[(VATVA) " )i + Y hV(VATVA); 0
i=1 i=1
Aot =Y [(VATVR)T'R] V(27 (V2 Vh+ RT)); ol
i=1
+Z7 (V2,6Vh+RT) F(h) — ZTR™ (Vh"Vh) ™' VAT
0 0

11



where the functions h, Z, Vh, V2h;, i = 1,...,m, are evaluated at Z(r, s, u) and the
functions V2,¢ and R are evaluated at (Z(r, s, u),w(r,s,u)), and where the rows of
Aqy are given by (A11); = (r + p(w* —w))" V2h;, i = 1,...,m. The term A, is given
by

(Vf—@)VZT
Agy = : + 2V f - 2TV ¢
(Vf-w)'VZ; .,
(Vf—w®) ZZ7VZT

(Vf-w)ZZ"VZ] .

where the last equality is justified by the derivation (4.3).
In (4.11), B is the Jacobian of the vector function of the left-hand side of (4.6)
with respect to r, s and u, defined by

Bll(7’=5=M) Bl2(7’=5=M) 313(7‘75:”)

B(r,s,p) = 0 Bos(r, s, 1) 0 )
0 0 0
with
Bll(r: S, /'L) = VhT:
Bis(r,s,4) ej = —uVhT > [(VARTVR) 'VhTe;], V2hi VA(VRTVR) 'h
i=1
(ZZ7e;)TV?hy
+uVhT : (VR"Vh)"'h,
(ZZTej)TVth
Bia(r, s, 1) = —VhT ((v;xz Vh+RT) (VATVR) ™ h+@* —is(r, s, u)) ,
Bo(r,s,u) ej = —Z7 Y _[(VATVh)"'VhTe;], V2h; VR(VATVA) 'h
i=1
(ZZTe]')TVth
+Z7 : (VA™Vh)™'h,
(ZZTej)TVth

where j = 1,...,n.
Hence, for all (r, s, u) € B (

K
< (s, p) — 2* >:< &(r, s, 1) — (0,0,0) )
w(r, s, u) — w* w(r, s, u) —w(0,0,0)

,0), we have
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Since J*(0,0,u) is nonsingular for all u € [0,p*], we can show that for € and 6
sufficiently small, J(r, s, u)~! is bounded on

{(r;s,p) + [l(rys)ll < 6, p€0,u"]} C B(K,9).

In fact, it is quite clear from the continuity assumptions, that the first matrix term
of J(r,s, ) is a perturbation of size 4 and € of J*(0,0,0). If we look carefully at the
second term of J(r, s, 1), we come to the conclusion that all the expressions involved
depend continuously on either r, u, h, R or Z7(V f — @), quantities that are of size
4 and e.

Now we can finally show (3.5a)-(3.5b). By appealing to

z(r,s,u) — z* 1 T
< max ||J(rr,Ts,Tp) 1||/ B(rr,rs,Tu) | s dr,
w(r, s, pu) — w* T€[0,1] 0 M

and by applying the continuity assumptions to the terms that appear in By (r, s, u),
Bia(r, s, 1), Bis(r, s, 1), Baa(r, s, 1), we can assume the existence of positive constants
k3-k7 such that

[&(r, 8, 1) = 2"\ + ([ (r, s, p) — ™[] < msllrl| + kapl|slld(r, s, 1) + rspd(r, s, 1) +

o max, | (rr, 7s, 7i) — w*|
0,1

T El
+rlls|ld(r, s, ),

where

d(r, s, p) = max, {Vh (&(rr, 75, 71)) " Vh (&(rr, 75, 70))}~ h (& (77, 75, 710) ||-
TE

Furthermore, from (4.6a) we write, with Z = &(r, s, u) and w = w(r, s, 1),

h(#) = Vh(#) Vh(&) {—pVh(@)T (V2,0 (&, d) Vh(2) + R (&,1)7)

(4.12) +Vh(2)T Vh(2) V(&) Vh(3)} " VR(E) (—r + b — par*) .

Thus, the choice of p* and the continuity assumptions, together with the expres-
sion (4.12) for h (&), imply that

(r,,1) < sl + op e (e, 7o, 7y0) =
T€|0,

for some positive constants ks and kg. Since p < p* and ||s|| < 4, there exist positive
constants k19 and k11 such that

12(rs 5. 1) = @[l + Wl (r, 5, 1) = w7} < wrollrl] + wunp maxc Jfio(rr, 7s, 7p) = w7,
T El

from which we get for (r, s, u) replaced by (7, 7s, T,u),

s i s, ) — 0] <

for p € [0, @], with i < min {,u*, NLH} Therefore,

("310 + H10H11u) || ||

& (r, s, ) = 2| + ([ (r, 5, ) — @] i

(4.13)

e — a7,

13



For p € (0, u*] and ||w — @*|| < min {5, %}, let us define

(4.14) Fw,p) = #(rsp) = F(p(w—a"),w—a",p),
B(w,p) = ors,p) = 0(pw-—w"),w—wopu).

Hence, the bounds (3.5a)-(3.5b) follow immediately from (4.13).

F. Optimality of Z(w, ). We finish the proof by showing that #(w, ) is the
solution of problem (3.3). First we point out that (Z(w, p),w(w, u)) satisfies the first-
order necessary conditions for (3.3) as it can be seen by rewriting system (4.6a)-(4.6¢)
using the changes of variables (4.5a)-(4.5b) and (4.14). The first equation of the
first-order necessary conditions is, with & = Z(w, u) and @ = w(w, u),

Z@)Z(E)V@) + (I - Z(&)Z2(@)")w— (V2,(E, w)Vh(E) + R(Z,w)7)

(4.15) L o
(VA(Z)TVA(E)) " h(Z) + , Vh(Z)h(F) - = 0,

and (3.6) is clearly true. We show now that the Hessian of P(z;w,p) is positive
definite at #(w, u) for all vectors

(4.16) (Az); =0 if (#(w,p)), =0 and (w(w,u)); > 0.

The case (Ax); > 0 is eliminated, because the pair (Z(w, u), w(w, p)) is strictly com-
plementary. The scalar e can be chosen sufficiently small so that we can consider

(Az); =0 if ; =0 and (@*); > 0.

This means that we can check the positive definiteness of the Hessian of P(x;w, u)
in the same subspace that we consider for P(z*;w*,u). Moreover, we proved in
theorem 3.1 that the Hessian of P(x*;w*, u) is positive definite for u € (0, p*] in
the above mentioned subspace. To achieve our goal, we show that the Hessian of
P (Z(w, p);w, ) is a perturbation of size ¢ and d of the Hessian of P(z*;w*, ). In
fact, the Hessian of P (Z(w, u); w, 1) is given by

V20227 — RT (VATVh) ' VAT — (I - ZZ7) V2,0 —Vh(VRVh)™'R,
+) Vi + ;VthT + > hiV7hi,
i=1 i=1

see (3.1), with the Lagrangian and the residual R evaluated at (#(w,u),w) and the
remaining functions at Z(w, u). The term

V20227 —RT (VhVh) ' VKT — (I - ZZ7)V2 - Vh(VhTVh) " R+ Lonon
n

is a perturbation of size € and § of the Hessian of P(z*; w*, ). To bound the remaining
terms, we can rewrite (4.15), using Z = &(w, ) and @ = w(w, ), as

%h(i) — Vh(#) V(@) {—aVh(E)T (V2,60 w)Vh(E) + R(Ew)")

+(I-Z(#)Z%)7)} 'Vh(E)T (b —w).
14



Thus, using the continuity assumptions and adding and subtracting w*, we obtain,
for some positive constant k1o,

H%h(:ﬁ(w,u))‘ < s ([l (w, 1) — ]| + w0 — "]
< K1a(e + 0)

and

1A (#(w, w))| < fir12(e + 0).

m 1 m
The conclusion is that ZhiV§z/\i + — ZhiVth is also of size § and €, and the
: M
i=1 =1
proof that the Hessian of P(x;w, u) is positive definite for all vectors Az satisfying
(4.16) is terminated. O

The proof also shows that 1 and ks in the bounds (3.5) grow with the condition
number of VAT Vh.
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