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Introduction
Classical results

Sobolev’s classical embedding theorem

Q C IR" is a domain with a sufficient smooth boundary
® Limiting case, i.e.,p= ¢ >1
ng((Q) = Lq(Q)7 for all qe [p,-‘rOO),
(g = +o0, if p =1 so that k = n).
@ Super-limiting case, i.e., p > n/k, WX(Q) — Cg(Q).
Whenk =1+n/p € N,
Wi (Q) — c%*(@Q), forall a € (0,1).

If p = 1, we can have a = 1 - Lipschitz space.
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Introduction
Better target spaces

Super-Limiting case: “almost” Lipschitz functions
Brézis-Wainger [1980],

H;.+n/p(|Rn) s CO.)\()(IR_n)

1
7

with A(t) :=t|logt|?’, t € (0, ), which implies, for some positive constant c,

1
7

If(x) — f(y)] < clIf[Hs™Pl x —y]| [log|x —y]||?

forall f € Hy""/P(IR") and x,y € IR" such that 0 < [x —y| < &.
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ri.BFS
Banach function norm p

p: MY (R") — [0, o0]
p(f)=0«<=f=0ae. inR"
plaf) =ap(f) fa>0
p(f+9) < p(f) + p(9)
0<g<f ae = p(g) <p(f) (lattice property)
0<fy ~fae = p(fn) /" p(f) (Fatou property)
[Eln < 00 = p(xe) < oo
|Eln < 0o = [ f(x)dx < Cep(f) Vf € M*(R"), 0 < Ce < o0

e ¢ ¢ ¢ 6 ¢ ¢
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ri.BFS

Banach function space X (IR")

P Banach function norm on M(IR")

BFS  X(R") = X,(R") := {f € M(R") : p(|f]) < oo}
Ifllx := p(If])

associate BFS X'(IR") := X,/ (R")

associate norm p’ p'(9) = sup{ [ f(x)g(x) dx: p(f) < 1}

([ Peoax)” if1<p<oo
LP(R"), 1 <p < o0, pp(f) := RN -
€SS SUPgaf(X) if p=oo

(LPQ)) =L"(R"), 1/p+1/p'=1
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ri.BFS

Non-increasing rearrangement f*

Definition (the distribution function)

pr(N) = [{x € R": [f(x)] > Atln, A>0

Theorem

| A\

/Q|f(x)|qu:q /Oooxq—luf(x)dx vV q € (0, 0).

g equimeasurable with f if ug(A\) = us(\), A >0

Definition (the non-increasing rearrangement)

fr(t) :=inf{A>0: (N <t} ={A>0; | (N)| >t}, t>0

f and f* are equimeasurable: ps(A) = pw=(A), A >0.
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ri.BFS

Non-increasing rearrangement f*: Example

agl-—- n(B3)

j Kt (s)
¢ ) n(B2)
% ' ‘ 1(By) _T

Ay Az Ay X ag ap ay s

3
X) = ajxa (x)
i=1

3 kK
pi(8) =D 1A Xiag,.a0(S)  (as :=0)
k=1 j=1
——
=:p1(By)

&4l

(1)
az

0 =3 e 5 wEn®  (u(Bo) :=0)

ag ——T j=1

n(B1) n(By) 1(B3) t
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ri.BFS

Non-increasing rearrangement f*: Example

(l)"(t)

tioaye
l(x) = [x|7%,  x € R®\{0} (-)7% t>o

lo(x) = [x]°7",  x € R"\{0}, (L) (t) = (L)a/nfl’ t>0.
0<o<n Wn
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ri.BFS

r.i. Banach function space

BFS X is rearrangement invariant (r.i.) <=

f € X, g equimeasurable with f, then g € X and ||g||x = ||f||x

Luxemburg representation theorem —-
If X (IR") is a r.i. BFS, then 3 a r.i. BFS X over ((0, o), ju1) S.t.
Ifllx ="l ¥feX(R").

X representation space of X (IR")

/ If(x)[P dx :/ f*(t)PPdt, 0<p<oo, feM(R"
RN 0

ess supgf =7(0), f e M(R")

L?(IR"), 1 < p < oo are r.i. Banach function spaces
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ri.BFS

Lorentz-Karamata spaces

b slowly varying function on (0, +o0) (b € SV (0, +0)):
@ Lebesgue measurable function b : (0, +00) — (0, +00);
@ foreache > 0,

tb(t) ~f(t) ~ and t~°b(t) & f_(t) \,.
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ri.BFS

Lorentz-Karamata spaces

b slowly varying function on (0, +o0) (b € SV (0, +0)):
@ Lebesgue measurable function b : (0, +00) — (0, +00);
@ foreache > 0,

tb(t) ~f(t) ~ and t~°b(t) & f_(t) \,.

Leta,B € R:
@ b(t) = (1 + |logt[)*(1 +log(1 + [ logt|))”;
@ b(t) = exp(]logt|*),0 < a < 1.
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ri.BFS
Lorentz-Karamata spaces

b slowly varying function on (0, +o0) (b € SV (0, +0)):
@ Lebesgue measurable function b : (0, +00) — (0, +00);
@ foreache > 0,

tb(t) ~f(t) ~ and t~°b(t) & f_(t) \,.

\

Lorentz-Karamata space Ly .(RR")

1_1
[fllp,a: == NIt 9b(t) £ (V)llg;(0,4+00)

b = €% - product of powers of iterated “logs”
Logarithmic Bessel-potential-type spaces (Edmunds, Gurka and Opic, 1997).

A\
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Optimal embeddings
Bessel-potential-type spaces

Leto > 0,p € (1,+00),qg € [1,+o0] and b € SV (0, +c0). Let g, be Bessel
kernel.
HLpgb(R") = {u:u=go*f, f € Lpqu(R")}

endowed with the (quasi-)norm ||ul|s:p,q:b == [|f|lp,q:b-

Notation: H%Lp q:6(R") = Lp q6(IR").

Bessel Kernel
ds, COM o > 0:

9-(8) = (2m)"*(L + 1¢) 7% ¢ e R".

where the Fourier transform f of a function f is given by

f(e) = (2m) ™2 [ e7EXF(x) dx
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Optimal embeddings
Bessel-potential-type spaces

Leto > 0,p € (1,+00),q € [1,+o0] and b € SV (0, +0). Let g, be Bessel

kernel.
HLp q(IR") {u u=g,x*f, fequb(IR)}

endowed with the (quasi-)norm ||ul|s:p,q:b == [|f|lp,q:b-

Notation: H%Lp q:6(R") = Lp q6(IR").

b = €% - product of powers of iterated “logs”
Logarithmic Bessel-potential-type spaces (Edmunds, Gurka and Opic, 1997).
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Optimal embeddings
Bessel-potential-type spaces

Leto > 0,p € (1,+00),qg € [1,+o0] and b € SV (0, +c0). Let g, be Bessel
kernel.
HLpgb(R") = {u:u=go*f, f € Lpqu(R")}

endowed with the (quasi-)norm ||ul|s:p,q:b == [|f|lp,q:b-

Notation: H%Lp q:6(R") = Lp q6(IR").

Theorem [Neves 2004 (Edmunds, Gurka and Opic, 1997 - Logarithmic Bessel-potential-type spaces)]
Ifk € N,p € (1,+o00) and q € (1, +00)
H¥Lp qb(R") = WKL, qp(R")
and the corresponding (quasi-)norms are equivalent, where
WKLp g6 (R") == {u: DU € Ly qp(R"), || <k}

and

ullwir, g rmy = D DUl g
|| <k
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Optimal embeddings
Notation

heR", feCg(R")
Apf(x) :=f(x+h)—-f(x), xeR"
A (X) = Ap(ARf)(X), x€R", k€N

wi(f, 1) := sup < [ AKflloo, t>0.
w(f,t) == wi(f,t).

Definition (the class ££)

the class 25, k € IN, r € (0, 4+o0], consists of all continuous functions
:(0,1) — (0, 4o00) such that

=

= oo 1)
r;(0,1)

< 400 2)
r;(0,1)

[

@ k, r and ) are connected by (1) and (2)
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Optimal embeddings
the generalized Holder space

Definition
k €N, r € (0,+o0],

NOO(RY) = {f € Ca(R"); [N (R < 400}

||f|/\ )(IR“)H = [flloo + Htil/rwa((ft)t)

r:(0,1)

@ Ifk = 1, we sometimes use A2} (IR™) := AL (R™) and
COMO(RT) := AL (IRY).

@ conditions (1) and (2) are

@ the scale /\ ) contains both Holder and Zygmund spaces

o ANt)=t* ac (o 1] = ARU(RY) = co(R)

@ A(t)=t*, a>0,k>a= /\oo,oo(an) =Z%(R")
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Optimal embeddings
Optimal Embeddings: super-limiting case

Theorem [Gogatishvili, N. & Opic (2005)]

Leto € [1,n+ 1), max{1,n/c} < p < n/(c — 1), g € (1,+0), I € [q, +oco] and let
b € SV(0, +00). 2 C R" a nonempty domain. A(t) = t—"/P[b(t")]~%, t € (0,1].

(i) Then HLy qin(R") — AL (RF).

_t

(ii) If lim + =0, HoLp qn(R") 4 A2 (@)
=04 [|77 /rm”r;(o,t) ’ ’

(ii) Letq € (0,q). H7Lp gn(R") > AY1(@).

(i) - N. (2004); (i),(ii)- Logarithmic Bessel potential space-Edmunds, Gurka and Opic (1997,2000) - = +oo;
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Optimal embeddings
Optimal Embeddings: super-limiting case

Theorem [Gogatishvili, N. & Opic (2005)]

Leto € (1,n+1),p=n/(c —1),9 € (1,+0), T € [g,+o0] and b € SV (0, +o0)
such that || t=2/9"[b(t)] ||/ (0,1) = +o0.

’ 2 ’
Ar(t) =t o(tM)]* /! (/m T b(n)) T dr

(i) Then HLy (o1 qb(R") — AXL(RM).

-1 T
(i) 1t im " x@ e

t—0, ||T_1/’ﬁf)||r;(o,t)

1/q'+1/r
) , te(0,1].

=0, HLp/(o—1),q:b(R") ‘7’-’/\%}(5)

— Ag() =
(i) Let € (0,q). HTLny(s—1)qn(B") 5 A3 (D).

(i) - N. (2004); (i),(ii) - Logarithmic Bessel potential space-Edmunds, Gurka and Opic (1997,2000) - 1 = +oo;
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Optimal embeddings
Optimal Embeddings: super-limiting case

[(i)] general ideas

e S(IR")isdense in H7L, q.,(IR").

o Letu € S(R") C HIL, o (IR).

o (Lifting argument) 2% € Ho =1L, 4x(R"), fori =1,...,n.
1

e Use embedding results for limiting case and inequality of DeVore and Sharpley
inequality

t
w(u,t)j/ [Vul*(¢")do, t>0.
0
e Use of appropriate Hardy-type inequalities.

o Hence u[AX )]l 2 |[ullompqp forall ue S(RM).

Proofs: [(ii), (iii)] general ideas

e Use of appropriate extremal functions!
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Optimal embeddings

Optimal Embeddings: super-limiting case-Examples

Example

Letn € Nsuchthatn > 2andletk € INsuchthat2 <k <n. Letp = g

T
g € (1,+o00) andr € [q, +o0].
Let« € IRand letb € SV (0, +0) be defined by b(t) = (1 + |logt|)®, t > 0.

9 Ifa< then

q/y

WKLPA(logL)* (IR") — AMO(RT) — AN (IRT) — COAe0)(IRD),

with
1,1, 1,
Ar(t) =t(1 + |logt])r " a” and Ao (t) =t(1+ |logt|)e” —, te(0,1].
9 Ifa= q,,then
WKLPA(log L)* (IR") — A O (RT) — AN (IRT) — COree()(IRD),
with
1
M (t) = t(1+ | logt])7 (1. + log(1 + |ogt|)) W te (o1

Aoo(t) = t(1 + log(1 + |logt|))a , te(o,1].

° Ifa> L then WXLP-9(log L)*(IR") — Lip(IR").




Optimal embeddings
Optimal Embeddings: limiting case

Theorem (Gogatishvili, N. and Opic (2007))

LetO<o <n,p=n/o,q¢€(l,+oc0)andb € SV (0, +o0) such that
[[t=2/9" [b(t)]~*llqr,(0,1) < +o0. Then

H7Lp qp(R") < COAO(RM).

th , 1/q/
A(L) = </0 [b(r)] ¢ ‘i‘) . t>0.

Logarithmic Bessel potential space - Edmunds, Gurka and Opic (2005);

where

o
H™ L 1 .4
i

R") s cO2C) Ry,
paid, : m( ) (R™)

o@3

-
: 1 g/ —om
with am > r and A(t) = £ (t).
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Optimal embeddings

Bessel-potential spaces H? X (IR")

Letoc >0

X =X(R") = X(IR", gn) . .. 1. i. BFS over (R", un) =
X < LYR") +L*(R") =

u = f x g, is well defined for all f € X

HOX(R") :={u:u=fxg,, f € X(R")}

[[ullex = [[fllx

Notation: H°X (IR") = X (IR").
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Optimal embeddings

Optimal Embeddings: smoothness o € (0, n)

Theorem [Gogatishvili, N. & Opic (2009) o < 1, (2010) o € (0, n)]

Leto € (0,n) and let X = X(IR") be ar. i. BFS. Assume that Q is a domain in

IR". Then H?X (IR") — C(R) if and only if ||g. ||x/ < +oo.

<

Lemma [Gogatishvili, N. & Opic (2009) o < 1, (2010) o € 0,n)]

Leto € (0,n),p € (1,400),q € [1,4+o0] and b € SV (0, +o0). If X = Ly 4.5(IR"), then

go € X’
if and only if either
n
p>— 3
g
or
n =4 1
p=— and [t ¥ (b(t)) Hlgr00) < +oo- @

A\
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Optimal embeddings

Optimal Embeddings: smoothness o € (0, n)

Theorem [Gogatishvili, N. & Opic (2010)]

Leto € (0,n) and let X = X(IR") = X(IR", un) be ar. i. BFS such that
lgo]lxs < +oc. Putk := [o] + 1, assume thatr € (0, +oc] and p € LK. Then
HOX (IR") — A0 (R

if and only if

n

CHu) ™ [ o) ar

0

3 |Ifl|x forall feX.
r;(0,1)
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Optimal embeddings

Optimal Embeddings: smoothness o € (0, n)

Proof: uses key estimates

Leto € (0,n) and let X = X(IR") be ar. i. BFS such that ||g. [x» < +oo.
Thenf x g, € C(IR") forall f € X and
ln

/ st f*(s)ds vt € (0,1),Vf € X,
0

~

wi(f * go,t) 3
where k > [o] + 1.
Moreover, this estimate is sharp: given k € IN, there are § € (0,1) and « > 0
such that
— t" o
wi(F % 9o, t) i/ snH*(s)ds vt € (0,1),Vf € X,
0

where f(x) := *(BaX|")Xco0,6)(X), X = (X1, ;%) € R,
Ca(0,6) := Ca NB(0,8) With Co == {y € R": y1 > 0, y2 > a 3", y2}.
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Optimal embeddings
Optimal Embeddings: limiting case-Example

Theorem [Gogatishvili, N. & Opic (2009) o < 1, [Gogatishvili, N. & Opic (2010) o € (0, n) ]

Leto € (0,n),p=2,q € (1,400], 1 € (0,+00], k =[o] + 1, p € LK and let
b € SV(0,+00): ||t (b(t))[lq7(0.1) < +oo- Let

yri
Aar (x) = b9/ (x) (/ b- q(t)dt> ., x€(0,1].

If1<q<r < +oo,then

2=

< +oo

_ = t 1 _
HoLp g (R") < ASZCO(RT) <= Tim 7 ) o
X0k 1t (Agr (1))~ Mlrix,2)

BTN

4

Whenr € [1, 4+o0], then

AL Aqr

AT O RT) = (R").
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Optimal embeddings
Embeddings: Examples in the limiting case

Leto € (0,n),p= 2,9 € (1,4+oc] andr € [q, +o0].
Ifa>$,ﬁ€lR,then

HoLP9(log L)* (loglog L) (IR") — AL O)(1RR) s cOMace ()(IRD),

._.

4+ 1
Y

Agr(t) = (1 + [logt|)" ) “(1+1log(1 +|logt]))=7, te(0,1];
Agoo(t) = (1 +[logt|)@~*(1 +log(1 + |logt]))~#, t € (0,1].
Ifa—i,,ﬁ> , then

H7LP9(log L)* (loglog L) (IR") — AL ) (1R - cOrace () (IRT),

\\H

Aqr(t) = (1 + | logt))F (1+Iog(1+|logt|))% B te(o,1];

Aqoo(t) = (1 +log(1 + | logt]))™ ~*, t e (0,1].
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Optimal embeddings

Optimal Embeddings: super-limiting case-Again!

Theorem [Gogatishvili, N. & Opic (2009) o < 1, [Gogatishvili, N. & Opic (2010) o € (0, n) ]

Leto € (0,n), p € (2, 400), g € [1,+c], b € SV(0, +00), T € (0, +0], k = [0] + 1,
and pu € LK.
Let

A(X) == x7 7P (b(x")"L, x € (0,1].
If1<q<r < +oo,then

H Lo qn(R") = AR = Tim |7 (u(e) 2| Ax) < +oo.
’ x—04 ri(x,1)

Remark

| A\

Whenr € [1, +o0], then

Ak /\( (IR") /\Z,;EHI’)\(A)(IR_n).

Ifa:g-i-l,then

N RT) = A2 (R).
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Optimal embeddings

Optimal Embeddings: super-limiting case-Again!

Corollary [cogatishvil, N. & Opic (2010)]
Ifoe(1,n),p="5,9€(1,+], 1 €[q,+o0] and b € SV (0, +o0) be such that
1=/ ()]~ llgr:(0,2) = +o0o-

Let
A(t) :==t(b(t")™%, te(0,1].
and let
, 2 , 1/9’+1/r
Agr(t) ==t [b(t™)]9 /" (/t 7= Lb(r)] ¢ df) , te(0,1].
Then

HTLp g (R") — A2 (RT) — AL O (RT).

| A\

Remark

Previous Corollary improves Theorem 3.2 of (GNO, 2005), provided o = 1 + % <n
and shows that the Brézis-Wainger embedding of the Sobolev space

1+3
Hy P(R"), 0 =1+ % < n, into the space of “almost” Lipschitz functions is a
consequence of a better embedding whose target is the Zygmund space.
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Optimal embeddings

ifn>1,p=q,p> 5 b(t)=£2(t), t € (0,400), a < ﬁ,

HYBLP(log L) (R") — A0 (RY) = ALY O(RT) — A0 (RT),
with
A(x) :=x £, %(x) forall x e (0,1],
and
Apr(x) =X (2())/P 7 x € (0,1, 1 € [p, +00]-
If o = 0, this example shows that the Brézis-Wainger embedding of the Sobolev space
140
Hper (R"),c =1+ ﬂ < n, into the space of “almost” Lipschitz functions is a

consequence of a better embedding whose target is the Zygmund space A2 'd( ) (IR”)
(Id(-) stands for the identity map).

J. S. Neves Optimal Embeddings



References

References

Kl
[
[
[
Kl
[
[

A. Gogatishvili, J. S. Neves and B. Opic, Optimality of embeddings of Bessel-potential-type spaces into into Lorentz-Karamata
spaces, Proc. Royal Soc. of Edinburgh, 134A (2004), 1127-1147.

A. Gogatishvili, J. S. Neves and B. Opic, Optimality of embeddings of Bessel-potential-type spaces into generalized Holder spaces,
Publ. Mat. 49 (2005), no. 2, 297-327.

A. Gogatishvili, J. S. Neves and B. Opic, Sharpness and non-compactness of embeddings of Bessel-potential- type spaces, Math.
Nachr. 280 (2007), no. 9-10, 1083-1093.

A. Gogatishvili, J. S. Neves and B. Opic, Optimal embeddings and compact embeddings of Bessel-potential-type spaces, Math. Z.
262 (2009), no. 3, 645-682.

A. Gogatishvili, J. S. Neves and B. Opic, Optimal embeddings of Bessel-potential-type spaces into generalized Hélder spaces
involving k-modulus of smoothness, Potential Anal. 32 (2009), no.3, 201-228.

A. Gogatishvili, J. S. Neves and B. Opic, Sharp estimates of the k-modulus of smoothness of Bessel potentials, J. London Math.
Soc. 81 (2010), no. 3, 608-624

A. Gogatishvili, J. S. Neves and B. Opic, Compact embeddings of Bessel-potential-type spaces into generalized Holder spaces
involving k-modulus of smoothness, Z. Anal. Anwend. (to appear)

J. S. Neves Optimal Embeddings



	Outline
	Introduction
	r.i. Banach function spaces (r.i. BFS)
	Bessel-potential-type spaces and optimal embeddings
	References

