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Envelopes in function spaces

Growth envelopes

Definition of growth envelope

Decreasing rearrangement of f:

f(t):=inf{s>0: {xeR": |f(x)| >s}| <t}, t>0
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Envelopes in function spaces

Growth envelopes

Continuity envelopes

Definition of growth envelope

= sup f(t), t>0.

)

f1Xx1I<1
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Envelopes in function spaces

Growth envelopes

Continuity envelopes

Definition of growth envelope

(i)

= sup f(t), t>0.
f1Xx1I<1

(i) Assume X 4 Loo. Let H(t) := —log EX(t), t € (0,¢].

= inf{v € (0,00] : 3 ¢ > 0 such that

&

</<£é((tt))) /m(dt))l/v < c|[fIX|| Vfe X}.
0
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Envelopes in function spaces

Growth envelopes

Continuity envelopes

Definition of growth envelope

(i)

= sup f(t), t>0.
f1Xx1I<1

(i) Assume X 4 Loo. Let H(t) := —log EX(t), t € (0,¢].

= inf{v € (0,00] : 3 ¢ > 0 such that

&

</< £*(t) ) ;I,H(dt)>1/v < c|IfIX|| Vfe x},
0

X
&g (1)
for the function space X:
Ee(X) = ( UG -
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Continuity envelopes
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@ Envelopes in function spaces

@ Continuity envelopes
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Envelopes in function spaces

Continuity envelopes

Definition of continuity envelope

Modulus of smoothness of f:

w(f,t) := sup sup |[f(x+h)—f(x)], t>0
|h|<t x€R"
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Envelopes in function spaces

Growth envelopes
Continuity envelopes

Definition of continuity envelope

(i)

f,t
‘= sup S0

t > 0.
ifxj<e ]
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Envelopes in function spaces

Growth envelopes
Continuity envelopes

Definition of continuity envelope

(i)

f,
‘= sup w(/t)7 t> 0.
Ifix<e t
(i) Assume X ¢ Lip'. Let H(t) := —log EX(t), t € (0,¢].

= inf{v € (0,00] : 3 ¢ > 0 such that

(/(fg(g(?)) uH(dt)>1/v < c|IfIX| vfe x},
0
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Envelopes in function spaces

Growth envelopes
Continuity envelopes

Definition of continuity envelope

(i)

f,
‘= sup w(/t)7 t> 0.
Ifix<e t
(i) Assume X ¢ Lip'. Let H(t) := —log EX(t), t € (0,¢].

= inf{v € (0,00] : 3 ¢ > 0 such that

1/v

(O/Gg(g(?)y“'*(df)) <cllfX|| vfex}.

for the function space X:
Ec(X) = ( ,ug ).
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© Function spaces
@ Classical Besov and Triebel-Lizorkin spaces
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Besov spaces

> {gpk}iozo smooth dyadic resolution of unity
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Besov spaces
> {gpk}iozo smooth dyadic resolution of unity

@ Q) € S
@ supp o compact
supp ¢k C {x € R": 2k-1 < |x| < 2k} ke N

o sup sup 2K DY, (x)] < 00, @€ NJ
kENo xER™

° Zg@k(x) =1, xeR"
k=0
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Besov spaces

> {gpk}iozo smooth dyadic resolution of unity

> =

Mg

(gpjr")v fes

.
I
o
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Besov spaces

> {gpk}iozo smooth dyadic resolution of unity

M8

> = (gpjr")v fes

Il
o

J

Let s€ R and 0 < p,q < co. The space B , consists of those
f € 8’ such that

o] 1/q

all = | D 2@k F)"|Lpll7 ) < oo
k=0

1185
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Triebel-Lizorkin spaces

Let s€e R, 0<p<ooand0<qg<oco. Thespace f; , consists of
those f € 8’ such that

IfIF, qH—H( 2k$‘7! )V(-)!")l/q\LpH@o.
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Function spaces Classical Besov and Triebel-Lizorkin spaces

Triebel-Lizorkin spaces

Let s€e R, 0<p<ooand0<qg<oco. Thespace f; , consists of
those f € 8’ such that

= A 1/q
. k: q
I1£175 gl := || (32 271ee) () | L | < oo
k=0
Special cases:
° F;i2 =lp, 1<p<x Lebesgue spaces
° F;f,z = Wff‘, keNy, 1<p<oo  Sobolev spaces
° F;’2 =H;, s>0,1<p<oo Bessel-potencial spaces

° By . =0C, s>0 Holder-Zygmund spaces
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© Function spaces

@ Spaces of generalized smoothness
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Function spaces

Spaces of generalized smoothness

Besov spaces of generalized smoothness

> . positive, measurable function on
(0, 1] with

m V(st) _

1 1].
v — b <0l
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Function spaces

Spaces of generalized smoothness

Besov spaces of generalized smoothness

> . positive, measurable function on
(0, 1] with
v
jim 250 _
t—0 \U(t)

1, se(0,1].

Examples:
W(x) = (1+ [log x|)" (1 + log (1 + [logx|))*, x € (0,1], a,beR,

V(x) = exp(|log x|°), x € (0,1], c €(0,1)
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Function spaces

Spaces of generalized smoothness

Besov spaces of generalized smoothness

> . positive, measurable function on
(0, 1] with
v
jim 250 _
t—0 \U(t)

Let 0 < p,qg < o0, s € R, W slowly varying function. The space
Bf,fg,w) consists of those f € &’ such that

1, se(0,1].

o0

1/q
171857 = (Z oksa \W)V!Lpuq> < oo,

k=0
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Function spaces

Spaces of generalized smoothness

Triebel-Lizorkin spaces of generalized smoothness

Let 0 < p<00,0<qg<o0, s€eR, Vslowly varying function. The

space FF(,f(}w) consists of those f € &’ such that
(9) S ks 2w (]9}
11FG 1 = || (22 B OI) | Lo < o
k=0
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Function spaces

Spaces of generalized smoothness

Triebel-Lizorkin spaces of generalized smoothness

Let 0 < p<00,0<qg<o0, s€eR, Vslowly varying function. The

space FF(,f(}w) consists of those f € &’ such that
(9) S ks 2w (]9}
11FG 1 = || (22 B OI) | Lo < o
k=0
Remark:

Aste < A < AsE >0, Ae (B, F)
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Embeddings in Lo and Lip1
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© Function spaces

@ Embeddings in L and Lip*
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Function spaces

Embeddings in Lo and Lip1

Embeddings in L, and Lip!

T =

Notation: L=(01- %)Jr, u € (0, 00]
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Function spaces

Embeddings in Lo and Lip1

Embeddings in L, and Lip!
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Function spaces

Embeddings in Lo and Lip1

Embeddings in L, and Lip!

v 5> % or
BEY) S Lo & ’ o
s=72 and (v(2) )j € Ly
s> or
FEY) Lo ? ,
s=, and (\Il(2_f)_1)j &Ly
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Function spaces

Embeddings in Lo and Lip1

Embeddings in L, and Lip!

s>%+1 or

Bl < Lip! &

s=2+1 and (V@27)Y); €ty

oIS

s>241 or

n
p
s=,+1 and (\Il(2_j)_1)j &y

F&Y) o Lip! <
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Growth envelopes

Envelopes of spaces of generalized smoothness
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© Envelopes of spaces of generalized smoothness
@ Growth envelopes
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Growth envelopes

Envelopes of spaces of generalized smoothness

Growth envelopes in the subcritical case

Theorem [A. Caetano, S. M., 2004]

n

Let 0 < p,g < 00 (p < 00 in F-case), W slowly varying and o, < s < B

() €6 (857) = (77w a)
(i) € (F%7) = (v ).
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Growth envelopes

Envelopes of spaces of generalized smoothness

Growth envelopes in the subcritical case
Theorem [A. Caetano, S. M., 2004]

Let 0 < p,g < 0o (p < oo in F-case), W slowly varying and o, <s < 7.

() € (B5") = (77w q);
(ii) €g (Fé%@) _ (t—% \U(t)_l,p)_

N =
|
Sln

T =

1
v 1 1/p
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Growth envelopes

Envelopes of spaces of generalized smoothness

Growth envelopes in the critical case

Theorem [A. Caetano, S. M., 2004]

n

Let 0 < p,g < o0 (p < o0 in F-case), V slowly varying, s = 5 and
(\IJ(2_1)‘1)J. & £, (with u = g for B-spaces and u = p for F-spaces).

o ee(s) = (o0 5) " o)
i) e (F3") = <( IRCX %)W, p).
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Growth envelopes

Envelopes of spaces of generalized smoothness

Growth envelopes

Or in an unified way...
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Growth envelopes

Envelopes of spaces of generalized smoothness

Growth envelopes

Or in an unified way...

Theorem [A. Caetano, S. M., 2004]

Let 0 < p,g < 00 (p < o0 in F-case), W slowly varying, o, <s < g. In
n
r

the case s = £ assume further that (\U(Z_f)_l)j Elu. Lets— 12 =1

(i) e (B = <</tll/nyfq/w(y)"/ %)w, q>;
(i) € (FY) = ((/tll/nyfp’w(y)p' %)W’p)
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© Envelopes of spaces of generalized smoothness

@ Continuity envelopes
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the supercritical case
Theorem [D. Haroske, S. M., 2004]

Let 0 < p, g < o0, V slowly varying and =0

0 € (B537) = (0w 0)
() ec(FEY) = (42 v(0.p)
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Growth envelopes
Continuity envelopes

Envelopes of spaces of generalized smoothness

Continuity envelopes in the supercritical case
Theorem [D. Haroske, S. M., 2004]

Let 0 < p,g < o0, V slowly varying and =0

0 € (B537) = (0w 0)
() ec(FEY) = (42 v(0.p)

° %ﬂs)

1/p
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Growth envelopes

Envelopes of spaces of generalized smoothness erf
P! p g Continuity envelopes

Continuity envelopes in the supercritical case

Theorem [D. Haroske, S. M., 2004]

Let 0 < p,g < o0, V slowly varying and =0

0 @c( sW)) = (-0 w(e)~1,q)
(i) @C( (sw) = (-0 w(t)"L, p)

Theorem [A. Caetano, D. Haroske, 2005]

Let 0 < p, g < oo, V slowly varying, s = %—i— 1 and (\II(2’J')*1)J. Zly.

(i) ec (B%") = <(/tlw(y)q'%>l/q/, q)
o c(e) = (([v0r7%)"
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the supercritical case

Or, in an unified way...

Theorem [A. Caetano, D. Haroske, 2005]

Let 0 < p, g < o0, V slowly varying, or s= g + 1 and

(W)Y, & b »

1 1/q
0 e o8 = ([ o))
(ii) €c (Féi}w)) — <</tl\u(y)"' y 4= %)UP, p)
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the critical case

The case

l<p<oo,if A=F

P l<qg<oo, if A=B
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the critical case

The case

l<p<oo,if A=F
and

l<g<oo, if A=B

_n
s_p—i-l

Theorem  [D. Haroske, 2001]

p

Let 0 < p,g< o0 and s =

(i) If 0<qg<1,then B _
€c (Bp7q) - (t 1’\?,_,)

(i) If 0<p <1, then

€c (Fs,q) - (Fl’ ? )

>p
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the critical case

Theorem [S. M., J. Neves, M. Piotrowski, 2007]

Let 0 < p,q < oo, V slowly varying, s=2 and (\U(2’j)*1)j Ely.
(i) Let 1 < g < oo. Then

e (B (R) = (% ([vere2)” ,oo> .

(i) Let 1 < p < oo. Then

cartirvimn = (4 ([ vers£) " ).
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the critical case

Theorem [S. M., J. Neves, M. Piotrowski, 2007]

Let 0 < p,g < oo and WV slowly varying with (\U(2’j)’1)j€N € loo.

(i) Let 0 < g <1and ¥~ 1or V¥V monotonically decreasing with
lim W(t) = oco. Then

t—01

Ec(BPY)) = (71W(t) 71, 00) .

p.q

(i) Let 0 < p<1and WV ~1orW¥ monotonically decreasing with
lim W(t) = oco. Then

t—01

Ec(FS/PY)) = (t71W(1) 71, 00) .

p.q
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Envelopes of spaces of generalized smoothness

Continuity envelopes

Continuity envelopes in the critical case

Corollary

(i) Let 0<g<1land0< p<oco. Then
Ec(BY/P) = (t71,00).
(i) Let0<p<1land0< g <oo. Then

Ea(FIP) = (t71,00).
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Optimal embeddings in the critical case

Embedding results
From the continuity envelope, in the critical case

BYPY) o LD
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Optimal embeddings in the critical case

Embedding results

From the continuity envelope, in the critical case

BYPY) o LD

Generalized Holder spaces

Let 0 < r <oo, u€ L, The space /\é‘o()r consists of those f € Cpg
for which

1 . 1
NS = 1 FILooll + / w(F,8)]"dt\" _
| o L u(t) ] t
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Optimal embeddings in the critical case

Embedding results

Theorem [S. M., J. Neves, C. Schneider, 2010]

Let 0 < p <00, 0<q,r<oo, pu€L Va slowly varying function with
(V@) ™) ey, € ba-

if, and only if,

i : 1

N 2 oo q
_, dt -
su W(t) " — w2~k < 0.
aup ;,/W)’” : (Z( ) )

(i) f0<r<g< oo, then ...
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Optimal embeddings in the critical case

Theorem (Cont.)
(i) If 0<r<q< oo, then BY/PY)(R") — AL

(Z/Q (m) ! %)s ’ (/:(NNl) /"(t)r%>

. (i w(zk)"/> T e

()(R") if, and only if,

where 1 :=
u
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Optimal embeddings in the critical case

Optimal embeddings

Let 1 < g < oo and define the weights

\\H
-

Aor(t) = WD) ¥ (/Otw(s) q’ds5> L te (0,1l

<
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Optimal embeddings in the critical case

Optimal embeddings

Let 1 < g < oo and define the weights

N~ =

Aor(t) = WD) ¥ (/Otw(s)—q’%> T o

Consider the embedding Bf(,%p’w) — /\’f.é)r (%)
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Optimal embeddings in the critical case

Optimal embeddings

Let 1 < g < oo and define the weights
q t q/ ds
Agr(t) == V(t)r V(s)™ . ) t € (0,1].
0

Consider the embedding Bf(,%p’w) — /\’f.é)r (%)

\\»-‘
\\»-‘

» Let r € [g,00]. Among the embeddings (), that one with
[t = Agr is sharp with respect to the parameter p, i.e.

/\)‘q’() — /\é.‘é)r for any p such that (x) holds.
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Optimal embeddings in the critical case

Optimal embeddings

Let 1 < g < oo and define the weights
q t q/ ds
Agr(t) == V(t)r V(s)™ . ) t € (0,1].
0

Consider the embedding Bf(,%p’w) — /\’f.é)r (%)

\\»-‘
\\»-‘

» Let r € [g,00]. Among the embeddings (), that one with
[t = Agr is sharp with respect to the parameter p, i.e.

/\)‘q’() — /\é.‘é)r for any p such that (x) holds.

» Among all embeddings (*) that one with 1 = \qq and r = g

Aqq( ) )

is optimal, i.e., A3’ — /\ﬁé r. for any p and r such that (x)

holds.
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Remark

Monotonicity

y " 1/vi
et 5%(2) =« (O/ <sé:§((tz)) “”(dt))

™

G

< o (()/( gx(éz)yo MH(dt)>1/vo

for 0 < vop < v1 < oo and all g N\, on (0,¢].
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