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Specht and skew Specht modules, and general diagrams

> As ) ranges over all partitions of n, the Specht modules (over C) of
A, S, are the irreducible representations of &,,. The Frobenius
characteristic map

Ch(S)\) = S).

> Given the skew shape A, one can define the skew Spetch module S
which has a decomposition into irreducibles given by the LR rule

SA @ (SV)P% =5 W g ...q(5")%% g ... S
vE[r(A),c(A)]

ch(§%) = sa = 1s.a) + -+ casy + - -+ Lsc(ay



General diagrams

> A diagram D is an arbitrary finite collection of unit lattice boxes in
the plane
oo - - o g -
A=0 - O - 0O 0O
O O o - 0O
> The construction of S*, \ a partition, allows a construction of the
Specht module SP for any diagram D. SP may be decomposed into
irreducible representations

SD o~ @ (SV)GBCE
vel,]

where cf, is the number of times S” appears in the decomposition
of SP.

» This allows to define the Schur function associated to D
sp := ch(SP) = Z CHSu-

It is not known a combinatorial description of the coefficients cf; for
D in ceneral



Is the D-support contained in an interval w.r.t.

dominance order?

Computational evidence for diagrams D with at most 8 boxes in Ricky
Liu PhD thesis (2010)

o O
A=0 - 0O - Sp = S411 + 25301 + So20
(| -
o o -
- 0o Sp = $33 + 25321 + Sz
(] ]
0o oo
o -
o . . 543 + 25421 + Sa111 + 25331 + S322 + S3211
o 0O



Our problem: overview

» Connected ribbon shapes with rows of length at least two.

Ris532) = [:EFEFD:H:D:D Ris2s3) = D:EFEB:DI

» Problem Given the partition «,
e when do we have
supp[SRe] = supp[SF*] < supp[sr,.] = supp[sr,]
for any rearrangement 3 of a?
e when does R, have full Schur support?
» Partial answer:
» Gaetz-Hardt-Sridhar necessary condition (2017). R, has full
equivalence class = some inequalities on « are satisfied.
» (A., Mamede) These inequalities characterize partitions « so
that R,, has full Schur support.
R, has full equivalence class = R, has full Schur support.
> Conjecture: (A., Mamede, 2018)
R, has full equivalence class < R, has full Schur support.



Ribbon shapes

» A partition or straight shape v

v =(6532) = au) V| =64+5+3+2=16, {((v)=4

> A skew-shape v/u, p Cv

F

» Connected ribbons with row lengths at least 2 are encoded by
compositions « with parts at least 2

Rs532) = [:EFEFD:H:D:D R(s253) = D:HZEE:IE Rizs2s) = EDIEE:IIBI
Ri2ss3) D:H:IIHIEBH Ri2s3s) D:D:EFEFD:EP (3552) EEFEEEFD:H:D

12 compositions in the orbit of the o™ = (5532)



Schur interval of a ribbon shape

> Ry ot =(5532), |a| =5+5+3+2=15 4(a)=4

(5532)=EB:E:IIB:DI (3525) = mo (3552) = =

» The Schur interval of the connected ribbons in the orbit of the

partition at is the interval, in the dominance lattice of partitions of
lal,

[a; &= (la| —(a)+1,4a) -] ={v:at v =a}.
> ot =(5532), (o) —1=3

(7611) € [(5532), (15 — 3,3)] = {v : (5532) < v =< (12,3)}

P = D = EEE = rees




Ribbon tableaux

> A semistandard tableau of straight shape (partition) v is a filling T
of the v with positive integers,

2.0 3

T= 3[4l xT = x?x9x3 x3 monomial weight of T

1)1
13131
[414]

weight (2,0,3,3), |v| =8.

» A ribbon semistandard tableau is a semistandard filling R of a
ribbon shape R,

1
[2[2]2]4]4
645,22 6,432
X3 x3xE XXX X7
a = (3525) a™ = (5532)



Ribbon Schur functions

» Given a partition v the Schur function s, in the variables
x = (X1, %2, ... ) is the generating function of all semi standard
tableaux T of shape v
5 =3 K7
T

The Schur functions s, for all v, form a linear basis of the ring A of
(homogeneous) symmetric functions in the components of x.

> Given the composition «, the ribbon-Schur function sz in the
variables x = (x1, X2, ...) is the generating function of all ribbons

tableaux R of shape R,,
SR, = ZXR.
R

> sg, is a symmetric function
SR, = E Ck.Sv» Cr, € ZL>o,
velat,(Jal—é(e)+1,6(a)-1)]

¢k, are called Littlewood-Richardson coefficients.



LR coefficients as numbers that count

> Given a ribbon R, and v a partition of |a/,

> cg = #ribbon LR tableaux of shape R,

» ribbon semistandard tableaux of shape R, and weight v with;
> the word Yamanouchi condition.

> a=(3,5,2,5), v = (6522)

Ahl oy =2,
1 I -
BE
2[2[2[als

3
4

111221113344222 111222113344221



LR coefficients as numbers that count

> Given a ribbon R, and v a partition of |a/,

> cg = #ribbon LR tableaux of shape R,
» ribbon semistandard tableaux of shape R, and weight v with;

» the word Yamanouchi condition.

> a=(3,5,2,5), v = (6522)

[1[1l1] g =2,
1 1 “

4 4

111221113344222

111222113344221

» The companion tableau of shape v and content « of each of the
two ribbon LR tableaux of shape R, and weight v

1[1]1]2]2]2] 1[1]1]2]2]4]
2[2]4]4]4] 2[2][2]4]4]
13]3] 1313]
1414] [414]
11/29




Companions of ribbon LR tableaux and descent sets

» How to detect the companion tableau of a ribbon LR tableau?
The descent set does it!

12/29



Companions of ribbon LR tableaux and descent sets

» How to detect the companion tableau of a ribbon LR tableau?
The descent set does it!
> a=(3,5,2,5), v =(6522)

1 1
4 4

» The companion tableau of a ribbon LR tableau of shape R, and
weight v is a SSYT of shape v and weight o and descent set
5(0() = {041,041 +ag,...,01 + -+ a/g(a),l}.

1]2[2]4]

descent set {1, a1 + az, a1 + oz + a3} = {3,8,10} 13/29



LR coefficients as structure coefficients

> Let a be any composition and R,, the corresponding connected
ribbon shape. Then

SR, = Z CR, Sv»
velat,a=(]a]—£(a)+1,0(a)—1)]

where

+ ~
Cr, = # SYT of shape v and descent set, cr, =Cr, =L

S(OZ) = {a1,a1 +a,...,00 + -+ aé(a)—l}-

14/29



LR coefficients and crystals: multiplicity numbers

» B, and B, crystals of type A with highest weights 1 and v.
B.® B, =B,
A

cj\’/ﬂ = #highest weight elements of weight A
in B, ® B,
» How to detect the highest weight elements of weight )\ in
B, ® B,?

Each crystal connected component in B, ® B, has highest weight

element
Y, ®T,

of weight A, where T, is the companion tableau of the LR tableau
T of shape \/u and weight v.

15/29



Schur support and Schur support equality

> The Schur support [R,] of the ribbon shape R, is a subset of the
Schur interval of a™,

[Ra] :={v:cg, >0} Clat,a= (o] —la)+1,0c)—1)].

at a = (la] — (o) +1,4(a) — 1) € [Ra]
The ribbon R, is said to have full Schur support when the support

coincides with the Schur interval.

> Let a and 8 be compositions, rearrangements of each other. The
ribbons R, and Rg are said to be Schur support equivalent if
their supports coincide, [R,] = [Rgs].

The ribbon R,+ is said to have support full equivalence class if
[Ra+] = [Ra], for any rearrangement « of the entries of a™.

16 /29



Schur support equality and symmetries of LR coefficients

» LR coefficients satisfy a number of symmetries:
N = Cf/u’ /i = SOJmyes N = Xy
(A/p)° is the m-rotation of A/u, and
> [\ ul = [(Ap)°] and [(A/p)'] = [A/p]" and

S)\/# = S()\/H)o and S)\//#/ = Z CK/;LSV"
ve[r(A/p),e(A/1)']

> The full support of one of the shapes A\/u, (A/u)’ or (A/w)° implies
the full support of any of the others

(2322) EBEFBj (2232) [BZEB] EBQB

17/29



» How monotone ribbons with full support and ribbons with full
equivalence class are related?

18 /29



Obstructions for the full Schur support

> Given « a composition, the overlapping partition
p = (p1;--,Pea)—-1,0) of the connected ribbon «

a = (3525) m::!ﬂjﬂj] (325) el (32) LD (2) m

p=(3,1,0,0)
at = (5532)EE:E:IIE:|E (532)EE:E:1333 (32)[:E:D (2) m
p=(3,21,0)

» Schur support of R,+ does not decrease with rearrangements of the
row lengths of a*?

19/29



» combinatorial interpretation of dominance order on partitions:
A 2 v < Young diagram of v is obtained by lifting

at least one box in the Young diagram of A

>
2(N) o(N)
AZv=u<Y A=A+ > Ag, 1<i<L(N)
q=i gq=i+1

20/29



Positivity of monotone ribbon LR coefficients

» Theorem. (A., Mamede) Given a = (ay, ..., ayq)) a partition with
parts > 2, let v be a partition of |a[, and p = (p1, ..., P(a)-1,0),
with p; =4(a) — i, for i=1,...,¢(a). Then

Ve [a,(|a| - plapl)] sazv= (|Oé| - pl,pl)v

L o>0e £(a) ()
Ra z/;§Zaq—p,-:oz;+Zaq—p,-, for 1 < i </{(p).
q=i g=i+1

» Example o = (5532), [R.] C [(5532), (15 — 3,3)]

EH:B:IIH:IE p=(3,2,1,0)
FEEF = P = e = [ = rreees

= (5541), (7611), (762) € [R.]
I |HjﬁjHEBIDIIIED v3=5>3+2—1=(555) ¢ [R4]

(7611) (5541) (552) (555) _
Cr, 'sCr, +Cr, >0, cg =0 e



Classification of full Schur support monotone ribbons

» Definition Let o be a partition with parts > 2 with overlapping
partition p. For each i € {1,..., ¢(p) — 1}, put
(o)
0; = Z ag — pi+1+1>0.
q=i+1

> Theorem. (A., Mamede) Let a be a partition with parts > 2, and
overlapping partition p. Ry = [«, (|a| — p1, p1)] if and only if

la)=2 or {(a)>3 and E (0i—aj) > pix1, 1 <i<{(p)-1.
1<j<i
o< Qi

A weaker but simpler version: « has full support =
()
o <o o < Z aqg — pit1, 1<i<{p)—1
g=i+1
> R(s532) has not full support: ao =5>pp=az3+as—1=3+2-1

22/29



Necessary condition for full equivalence support

> Theorem: Gaetz-Hardt-Sridhar necessary condition (2017). Let
« be a partition with parts > 2 and R,, a connected ribbon. If R,
has full equivalence class then

N; := max{k : Z (k—ai) <la)—j—2} < pj, 1 <j<l(a)-2.
1<i<j
i<k

> Lemma(A., Mamede, 2018) For all j € {1,...,¢(a) — 2},
N; := max{k : Z (k—aj)<la)—j—2} <0 &

1<i<j
i<k

= Z (0 — i) > l(a) —j — 1.
1<i<j
;<)

» Theorem . (A., Mamede, 2018) Let « be a partition with parts
> 2 and R, a connected ribbon. If R, has full equivalence class
then R, has full Schur support. When £(a) < 4, R, has full
equivalence class if and only if R, has full Schur support.

23 /29



(o) = 3 «afull equivalence class < [R,] = [, (Jo| — 2,2)]

3
= a1 < Zaq.
q=2

(o) =4 «full equivalence class < [R,] = [, (Jo| — 3,3)]

4 4
<:>041<Zaq—2, 042<Zaq.
g=2 q=3

24 /29



Towards to a coincidence between partitions with full

Schur support and full equivalence Schur support

» Theorem
Let o be a partition with parts > 2, and R,_ a connected ribbon
with overlapping partition p™, with 7 € Ee(a)- Let
v € [a,(la] — o) + 1,4(a) — 1)]. Then
£(a)
ve[Ral(ch, >0)=v <Y ag—pf, 1<i<ip). (1)
q=i

> Assuming that inequalities (1) are sufficient for v € [R,,.],

() ()
ve[R=wi<) ag—(la)=i) <D ag—pf, 1<i<((p)
q=i q=i
=v € [R.,]

[Ra] € [Ra, ], forany m € 32y

Ro has full Schur support = [R,, | = [Ra], for any 7 € 37, and

R, has full equivalence class. 2 o0



Horn-Klyachko linear inequalities

> Let N={1,2,...,n}, then for fixed d, with 1 < d < n, let
I={ih>h> - >ig} CTN.

26 /29



Horn-Klyachko linear inequalities

> Let N={1,2,...,n}, then for fixed d, with 1 < d < n, let
I={ih>h> - >ig} CTN.

> Let I, J, K C N with #/ = #J = #K = d and ordered decreasingly.
One defines the partitions

B(J)=J—(d,...,2,1),
WK) =K —(d,...,2,1).
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Horn-Klyachko linear inequalities

> Let N={1,2,...,n}, then for fixed d, with 1 < d < n, let
I={ih>h> - >ig} CTN.

> Let I, J, K C N with #/ = #J = #K = d and ordered decreasingly.
One defines the partitions

B(J)=J—(d,...,2,1),
WK) =K - (d,...,2,1).

> Let T] be the set of all triples (/, J, K) with /, J,K C N and

#1 = #J = #K = d such that ¢/} > 0.

(N,8(J)

28/29



Horn-Klyachko linear inequalities and Littlewood-Richardson coefficients

> C,li\,l/ > 0 if and only if the Horn-Klyachko inequalities are
satisfied
n n n
Yo=Y+ Yon
k=1 i=1 j=1
D M E D mit Y v

keK icl jed
for all triples (/,J,K) € T withd =1,...,n—1.
> Lidskii- Wielandt inequalities and the dominance order

SNED i+ Y v forall I C{1,... n} with #/ =d

icl icl i<d
&> (Ni—w) <) v, forall I C{1,...,n} with #/ =d
icl i<d
= Z()\,’ — ,u,-)+ < Z Vj.
i<d i<d
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