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1. Os coeficientes de Littlewood-Richardson c/;\y

@ As fungdes de Schur constituem uma base (linear) para a algebra das
funcbes simétricas

> x = (x1,x,...), neN,
fun¢do simétrica homogénea de grau n sobre Q

f(x) = Z Cax®,

* o= (a1,az,...) é uma particio de n,

* XY = XX,

* ch €Q

» s, fungdo de Schur associada a partigdo

_ A
SuSy = E CruSA-
A
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@ Decomposicdo do produto tensorial de duas representagtes
polinomiais irredutiveis V# e V¥ do grupo linear geral GL4(C) em
representacdes irredutiveis do GL4(C)

A A
Vi@ VY = Z Vo
I(\)<d
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@ Decomposicdo do produto tensorial de duas representagtes
polinomiais irredutiveis V# e V¥ do grupo linear geral GL4(C) em
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v __ A A
VE R VY = Z ¢V
I(N)<d

@ As classes de Schubert o) formam uma base linear para H*(G(d, n)),
o anel de cohomologia do Grassmanniano G(d, n) dos subespagos
lineares de dimens3o d de C”,
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ouoy, = Z ¢/ O
ACdx (n—d)
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Decomposicao do produto tensorial de duas representagdes
polinomiais irredutiveis V# e V¥ do grupo linear geral GL4(C) em
representacdes irredutiveis do GL4(C)

VER V= > o, VA

I(\)<d

As classes de Schubert o) formam uma base linear para H*(G(d, n)),
o anel de cohomologia do Grassmanniano G(d, n) dos subespagos
lineares de dimens3o d de C”,

ouoy, = Z cﬁ‘ Lo\

ACdx(n—d)

Existem matrizes n x n n3o singulares A, B e C, sobre um dominio
local de ideais principais, com invariantes de Smith © = (u1,. .., in),
v=(v1,...,vpn) and A = (A1,...,\,) respectivamente, tal que
AB:Cseesésec}’)V>0.
Existem matrizes n x n Hermiticas A, B e C, com valores préprios
inteiros ordenados por ordem n3o crescente p = (p1, ..., fn),
v=(v1,...,Vn) € A=(A1,...,A,) respectivamente, tal que
C=A+Bseesose c27y>0.
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Porque é que os combinatorialistas se interessam pelos
: A
coefientes ¢, 7

wv
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2- A regra de Littlewood-Richardson (D. E. Littlewood, A. R.
Richardson (1934))

e Correspondéncia de Robinson-Schensted-Knuth

Example
n=238
v=(3,32)=
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2- A regra de Littlewood-Richardson (D. E. Littlewood, A. R.
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e Correspondéncia de Robinson-Schensted-Knuth

Example
n=238
5|6
AG
v=3,32)= p=12134
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2- A regra de Littlewood-Richardson (D. E. Littlewood, A. R.

Richardson (1934))

e Correspondéncia de Robinson-Schensted-Knuth

Example
n=238
v=(3,32)=

w(P) = 56446234,

P =

P € Tab(v),

(€]
(@)}

N
N
(@)}

Q € ST(v).

Q

(o)}

N

W(H |00
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2- A regra de Littlewood-Richardson (D. E. Littlewood, A. R.
Richardson (1934))

e Correspondéncia de Robinson-Schensted-Knuth

Example
n=238
5|6 6|8
4146 214|7
v=(332)= p=(2]|3]4 Q=I1[3]5

w(P) = 56446234, P e Tab(v), Q€ ST(v).

@ X alfabeto totalmente ordenado, n € N

F: X" — U,., Tabx(v) x ST(v)
w — (P(w), Q(w))
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Jeu de taquin

@ construcdo devida a Marcel-Paul Schiitzenberger inspirada no puzzle
15 (le taquin) (1976).
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w = 54646234 — P(w)
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w = 54646234 — P(w)
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w = 54646234 — P(w)

*|~m|
(@)}

* |~ .
|

o)}

28 /62



w = 54646234 — P(w)
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w = 54646234 — P(w)
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w = 54646234 — (P, Q(w))
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w = 54646234 — (P(w) = 4] Q(w)=1113]5
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o (Hillman, Grassl 1980; White 1981) Seja x um diagrama enviezado

ik

Identificamos Tabx (k) com o subconjunto de X" das palavras no
alfabeto X obtidas lendo os contetidos de todos os tableaux
€ Tabx(ﬁ)

F|Tabx(r) : Tabx(x) — U,, Tabx(v) x Qu(k), Qu(x) C ST(v)
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o (Hillman, Grassl 1980; White 1981) Seja x um diagrama enviezado

ik

Identificamos Tabx (k) com o subconjunto de X" das palavras no
alfabeto X obtidas lendo os contetidos de todos os tableaux
€ Tabx(li)

F|Tabx(r) : Tabx(x) — U,, Tabx(v) x Qu(k), Qu(x) C ST(v)

=[ow]

T )= w = 2331221111 5 (P = filihitm, Q)
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o (Hillman, Grassl 1980; White 1981) Seja x um diagrama enviezado

ik

Identificamos Tabx (k) com o subconjunto de X" das palavras no
alfabeto X obtidas lendo os conteiidos de todos os tableaux

€ Tabx(li)

F|Tabx(r) : Tabx(x) — U,, Tabx(v) x Qu(k), Qu(x) C ST(v)

(]
23]3
1212 [3]
22]2]
el = w = 2331221111 5 (P = i, Q)
1]3]3
2| 2|2 [3]
| | 2[2]2] P
] = w =1332221111 — (P = [, Q)

| Tab®(k,v)| = | Qu (k)] 36/ 62



A regra de Littlewood-Richardson

N

[1]4
[3]
o ( Kerov, 1984) k = EEE], T= i’, mr = x2x3x3xy . ..

Sk = Z mrt

TeTab(rk)
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A regra de Littlewood-Richardson

[1]4
o ( Kerov, 1984) k = EEE], T= Ei, mr = x2x3x3xy . ..

Sk = Z mrt

TeTab(rk)

Sy, = Z mT

TeTab(v)
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A regra de Littlewood-Richardson

N

[1]4
[3]
o ( Kerov, 1984) k = EEE], T= i, mr = x2x3x3xy . ..

Sk = Z mrt

TeTab(rk)
o
Sy = Z mT
TeTab(v)
o

Sk = Z mT—Z‘Qy )| Z mP—Z|Qu |5V

TeTab(k) PeTab(v)
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A regra de Littlewood-Richardson

N

[1]4
[3]
o ( Kerov, 1984) k = EEE], T= i, mr = x2x3x3xy . ..

Sk = Z mrt

TeTab(rk)
o
Sy = Z mT
TeTab(v)
o

Sk = Z mT—Z‘Qy )| Z mP—Z|Qu |5V

TeTab(k) PeTab(v)
o k=M, =|Qr)| = |Tab’(\/p;v)]

_ A
S\ = D sy
v
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Littlewood-Richardson tableaux
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3-Puzzle de Knutson-Tao-Woodward
e Particoes e sequéncias binarias
n=10

A1=(4,2,1,0) «+ 0010010101 1'=(3,2,1,1,0,0) 0101011011

1Y =(6,5,4,2) « 1010100100 ()'=(4,4,3321) 1101101010
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A regra do puzzle de Knutson-Tao-Woodward

@ Um puzzle KTW de tamanho n é uma pavimentagdo dum tridngulo de lado n com pegas
de lado 1 de trés tipos tal que sempre que duas pegas partilham uma aresta, as etiquetas
(cores) das arestas sdo concordantes.

@ As pecas do puzzle podem ser rodadas em qualquer orientagdo mas ndo reflectidas.

e (Knutson-Tao-Woodward, 2004) Cu v A € 0 nimero de puzzles com ,
v e A no sentido dos ponteiros do relégio como 01-sequéncias na
fronteira.

2

U %

Yy ¥
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4. As Z» x Sz-simetrias dos coeficientes de Littlewood-Richardson

@ (Benkart-Sottile-Stroomer, 96) Os coeficientes de Littlewood-Richardson ¢, ,, » sdo
invariantes para a ac¢do do grupo diedral Zy X S3:
> T € Zp ={0,7} transpde simultaneamente p, v e A.
> S3 =< s1,5 > permuta p, v. .

44 /62



4. As Z» x Sz-simetrias dos coeficientes de Littlewood-Richardson
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4. As Z» x Sz-simetrias dos coeficientes de Littlewood-Richardson
@ (Benkart-Sottile-Stroomer, 96) Os coeficientes de Littlewood-Richardson ¢, ,, » sdo
invariantes para a ac¢do do grupo diedral Zy X S3:
> T € Zp ={0,7} transpde simultaneamente p, v e A.
> S3 =< s1,5 > permuta p, v. .
@ Sz-simetrias

CuvX=Cpuv=Cxpu Cuvd=Cupu
Cuvd=Curv
Cuvd=Cvyp
@ 7o X Sz-simetrias

Cuvd=CQuv=CApu Cuv = Cut pt £t

Cuv X = Cxtpt pyt
CMV)\:C“t)\tl,t

CuvX=Cpux Cuv = Cut pt )t
Cuvd=Curv Cuvd = Cxtptpt
CuvX=Cuwp Cuv = Cut )\t pyt

I. Pak, E. Vallejo, Reductions of Young tableau bijections, SIAM J. Discrete Math., 2010

47
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5. Um subgrupo de indice 2 das Z, X Ssz-simetrias facil de
exibir
o H=<r7sy,750 >= {1,7’51,7'52515277'52,5152,5251} subgrupo de
indice 2 de Zy x Ss.
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5. Um subgrupo de indice 2 das Z, X Ssz-simetrias facil de
exibir
o H=<r7sy,750 >= {1,7’51,7’52515277'52,5152,5251} subgrupo de
indice 2 de Zy x Ss.
» Hr = H51 = H52 = H515251 = HTS]Sg = HTSle

@ Acc¢do do grupo H em LR tableaux
> &= TS15S51 = TSHS1SH
> ‘ TS
> & TSy,

Theorem

(A., Conflitti, Mamede, 09)

{1,0,60, 56, 65 &0% = 486 = A} =< &, ¢ >=5;

formam um subgrupo de indice 2, de custo linear, de Zy x S3. A

comutatividade e a transposicdo sdo de custo linearmente redutivel entre
Si.




KTW puzzle refleccoes com troca de 0's 1's

@ Cuvi = Cutpt xt ‘
@ Cuvr = Crtptpyt ‘

O Cua=Curst  h= AOA = A

A &
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Puzzle 27 /3-rotagdes

@ Cuvx=Cuv L X}
@ Cuvr=GCrp *5
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Acgdo do subgrupo H em KTW-puzzles/LR-tableaux

< KTW puzzle refleccdes & 0 +» 1 >

|
<O 0>={L& ¢ 50 =056 ¢}~ 55
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Bijeccao de Tao entre KTW puzzles e LR tableaux

(W]
(W]

=[N
(N
(N
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Purbhoo mosaicos (2008) estdo em bijecgdo com KTW
puzzles

Um mosaico é uma pavimentacdo de um hexdgono, com comprimentos de lados e dngulos como

abaixo, com tridngulos unitdrios, quadrados unitdrios, e rombus unitdrios com dngulos de 30° e
150° estes tltimos arrumados nos trés cantos de 150°.
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o X e

yo

oX

(A, 1, v)
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Acgdo de Z, x S3 em LR-tableaux/KTW-puzzles

Theorem
(A., Conflitti, Mamede,09)

Ly x S3=< o, #,p: " = & = §> = (%4)° = (&p)* = (#p)* =1 >

p=-ce, e = involugdo de Schiitzenberger.
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