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It has been shown in [J. Picado, A. Pultr and A. Tozzi, Houston J. Math. 45 (2019),
no. 1, 21–38; MR3951126] that the frame join-generated by closed sublocales of any
frame L, denoted by Sc(L), is a frame, and that for subfit frames (and only for them), it
is Boolean. Furthermore, as shown in [R. N. Ball and A. Pultr, Algebra Universalis 79

(2018), no. 2, Art. 32; MR3788811], Sc(L) is the maximal essential extension of L for
any subfit L.

The authors of the present article show that for any frame L, Sc(L) is an essential
extension of L, and that L and Sc(L) have the same maximal essential extension, up to
isomorphism. The construction Sc is not functorial. Denote by oL the homomorphism,
oL:L → Sc(L), that sends an element to the open sublocale it induces. Not every
frame homomorphism h:L → M can be “lifted”, in the sense of the existence of a
homomorphism Sc(h):Sc(L)→ Sc(M) such that Sc(h) ◦ oL = oM ◦ h. The authors thus
consider individual liftings, and show that every frame homomorphism with a regular
domain and Boolean codomain can be lifted. Oghenetega Ighedo

References

1. C.E. Aull and W.J. Thron, Separation axioms between T0 and T1, Indag. Math.
24 (1963), 26–37. MR0138082

2. R. Balbes, Projective and inductive distributive lattices, Pacific J. Math. 21

(1967), 405–420. MR0211927
3. R.N. Ball, J. Picado and A. Pultr, On an aspect of scatteredness in the

point-free setting, Portug. Math. 73 (2016), 139–152. MR3500827
4. R.N. Ball and A. Pultr, Maximal essential extensions in the context of frames,

Algebra Universalis 79(32) (2018), 1–13. MR3788811
5. B. Banaschewski and A. Pultr, Booleanization, Cahiers Topologie Géom.

Différentielle Catég. 37 (1996), 41–60. MR1383446
6. C.H. Dowker and D. Strauss, T1- and T2-axioms for frames, In: Aspects of

topology, London Math. Soc. Lecture Note Ser., Vol. 93, pp. 325–335, Cambridge
Univ. Press, Cambridge, 1985. MR0787838

7. J.R. Isbell, Atomless parts of spaces, Math. Scand. 31 (1972), 5–32. MR0358725
8. P.T. Johnstone, Stone spaces, Cambridge Univ. Press, Cambridge, 1982.

MR0698074
9. P.T. Johnstone and S.-H. Sun, Weak products and Hausdorff locales, In: Cate-

gorical algebra and its applications (Proc. Louvain-La-Neuve, 1987), Lecture Notes
in Math., Vol. 1348, pp. 173–193, Springer, Berlin, 1988. MR0975969
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