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This talk concerns extensions of Scott topology to real-enriched categories. A real-
enriched category is a category with real numbers as enrichment. The definition is as
follows. For each continuous t-norm & on the unit interval [0, 1], V = ([0, 1],&, 1) is a
complete and symmetric monoidal closed category. A V-category is then a pair (X,α),
where X is a set and α : X ×X → [0, 1] is a function such that

(i) α(x, x) = 1 for all x ∈ X; and
(ii) α(y, z)&α(x, y) ≤ α(x, z) for all x, y, z ∈ X.

Such V-categories are called real-enriched categories. If we interpret the value α(x, y)

as the truth degree that x precedes y, then (i) is reflexivity and (ii) is transitivity. So,
real-enriched categories may be viewed as many-valued ordered sets. Since the quantale
([0,∞]op,+, 0) is isomorphic to ([0, 1], ·, 1), quasi-metric spaces are natural examples of
real-enriched categories.

We focus on topological structures of real-enriched categories, including classical topo-
logical structures and V-approach structures. A V-approach structure on a set is a map
δ : X × 2X → [0, 1] such that for all x ∈ X and all A,B ∈ 2X ,

(A1) δ(x, {x}) = 1;
(A2) δ(x,∅) = 0;
(A3) δ(x,A ∪B) = δ(x,A) ∨ δ(x,B);

(A4) δ(x,A) ≥
(
inf
b∈B

δ(b, A)
)
& δ(x,B).

The value δ(x,A) is interpreted as the truth degree that x is close to A. So, a V-approach
structure is a many-valued topology, a V-valued topology to be precise.

Scott topology is an important topology on partially ordered sets, it makes every
directed subset converge to its supremum. In this talk we discuss extensions of Scott
topology to the realm of real-enriched categories.

References

[1] M.M. Bonsangue, F. van Breugel, J.J.M.M. Rutten, Generalized metric space: completion,
topology, and powerdomains via the Yoneda embedding, Theoretical Computer Science 193
(1998) 1-51.

[2] R.C. Flagg, R. Kopperman, Continuity spaces: Reconciling domains and metric spaces,
Theoretical Computer Science 177 (1997) 111-138.

[3] R.C. Flagg, P. Sünderhauf, The essence of ideal completion in quantitative form, Theoretical
Computer Science 278 (2002) 141-158.

[4] R.C. Flagg, P. Sünderhauf, K.R. Wagner, A logical approach to quantitative domain theory,
Topology Atlas Preprint No. 23, 1996. http://at.yorku.ca/e/a/p/p/23.htm

[5] P. Fletcher, W.F. Lindgren, Quasi-Uniform Spaces, Marcel Dekker Inc., New York and Basel,
1982.



[6] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, D.S. Scott, Continuous
Lattices and Domains, Cambridge University Press, Cambridge, 2003.

[7] J. Goubault-Larrecq, Non-Hausdorff Topology and Domain Theory, Cambridge University
Press, Cambridge, 2013.

[8] J. Goubault-Larrecq, K.M. Ng, A few notes on formal balls, Logical Methods in Computer
Science 13(4:18) (2017) 1-34.

[9] G. Gutierres, D. Hofmann, Approaching metric domains, Applied Categorical Structures 21
(2013) 617-650.

[10] P. Hájek, Metamathematics of Fuzzy Logic, Kluwer Academic Publishers, Dordrecht, 1998.
[11] D. Hofmann, G.J. Seal, W. Tholen (eds.), Monoidal Topology: A Categorical Approach to

Order, Metric, and Topology, Cambridge University Press, Cambridge, 2014.
[12] E.P. Klement, R. Mesiar, E. Pap, Triangular Norms, Kluwer Academic Publishers, Dor-

drecht, 2000.
[13] H. Lai, W. Tholen, Quantale-valued approach spaces via closure and convergence, Topology

and its Applications 230 (2017) 599-620.
[14] H. Lai, D. Zhang, G. Zhang, The saturated prefilter monad, Topology and its Applications

301 (2021) 107525.
[15] F.W. Lawvere, Metric spaces, generalized logic, and closed categories, Rendiconti del Semi-

nario Matématico e Fisico di Milano 43 (1973) 135-166.
[16] W. Li, D. Zhang, Scott approach distance on metric spaces, Applied Categorical Structures

26 (2018) 1067-1093.
[17] R. Lowen, Approach Spaces: the Missing Link in the Topology-Uniformity-Metric Triad,

Oxford University Press, 1997.
[18] R. Lowen, Index Analysis, Approach Theory at Work, Springer, 2015.
[19] M. B. Smyth, Quasi-uniformities: Reconciling domains with metric spaces, in: Mathematical

Foundations of Programming Language Semantics, Lecture Notes in Computer Science, vol
298, pp. 236-253, Springer, Berlin, 1988.

[20] M. B. Smyth, Completeness of quasi-uniform and syntopological spaces, Journal of London
Mathematical Society 49 (1994) 385-400.

[21] K.R. Wagner, Liminf convergence in Ω-categories, Theoretical Computer Science 184 (1997)
61-104.

[22] B. Windels, The Scott approach structure: an extension of the Scott topology for quantitative
domain theory, Acta Mathematica Hungarica 88 (2000) 35-44.

[23] J. Yu, D. Zhang, Continuous [0, 1]-lattices and injective [0, 1]-approach spaces, Fuzzy Sets
and Systems 444 (2022) 49-78.


