Monadic actions
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A monoid M in a monoidal category (C,®,FE) gives rise to a monad whose
Eilenberg-Moore category CM is the category of M-actions and equivariant maps—a
fact that is well-known in the case of M-actions in Set. Further examples, provided
by the category of R-modules or the category of a quantale action on sup-semilattices,

suggest the following general principle:

The category (CT)M of actions of a monoid M in a monoidal Eilenberg-

Moore category CT is monadic over C.

However, before being able to define actions in CT, we need a tensor ® on CT that
encodes the “bilinear” nature of the action morphism M ® X — X: this structure
emerges in the form of a monoidal monad on (C, ®, E') that facilitates the definition
of C-morphisms that are “T-algebra homomorphisms in each variable”, as originally

suggested in [1] and studied in [2].
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