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The Cantor frame

The existence of free frames and quotient frames allows the definition of a frame by generators
and relations. Joyal [8] and Banaschewski [3] give a pointfree description of the real numbers in
this way. The aim of this work is to give a pointfree description of the Cantor set. A topological
characterization of it is given by Brouwer's Theorem [4]: The Cantor set is the unique totally
disconnected, compact metric space with no isolated points. It can be shown (see, e.g. [1]) that
the Cantor set is homeomorphic to the p-adic integers

Ly :={zxecQp:|z|, <1}

for every prime number p. To give a pointfree description of the Cantor set, we specify the frame of
Zy, by generators and relations. We use the fact that the open balls centered at integers generate
the open subsets of Z,, and thus we think of them as the basic generators; we consider the (lattice)
properties of these balls to determine the relations these elements must satisfy.

Set |Z| := {p~""' | n € N} and let £(Z,) be the frame generated by the elements B, (a), where
a € Z and r € |Z|, subject to the following relations:

(Q1) Bs(b
(Q2) B (a
(Q3)
(Q4)

) < Br(a) whenever |a —b|, <7 and s < 7.
) A Bg(b) = 0 whenever |a —b|, > 7 and s <.
Q3) 1= \/{B aEZ,r€|Z|}.

Q4) Br(a) =\ {Bs(b):la=bl,<r,s<r,beZ, scl|Zl}.

We prove that £(Z,) is a spatial frame whose space of points is homeomorphic to Z,. In par-
ticular, we show with pointfree arguments that £(Q,) is 0-dimensional, (completely) regular,
compact, and metrizable. Moreover, we show that the frame L(Z,) satisfies cbdz,)(0) =0,
where cbdp(z,) : L(Zp) — L(Zy), defined by

cbdpz,)(a /\{xeﬁ )|z <aand (z —a)=a}

is the Cantor-Bendixson derivative (see, e.g. [10]). It follows that a frame L is isomorphic to
L(Zyp) if and only if L is a 0-dimensional compact regular metrizable frame with cbdr,(0) = 0.
Finally, we give a point-free counterpart of the Hausdorff-Alexandroff Theorem which states that
every compact metric space is a continuous image of the Cantor space (see, e.g. [2] and [6]).
In point-free topology, we show that if L is a compact regular metrizable frame, then there is an
injective frame homomorphism from L into £(Z3).

Joint work with Angel Zaldivar.
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