A singular-degenerate parabolic problem: regularity up to the Dirichlet boundary

José Miguel Urbano^∗

Departamento de Matemática Universidade de Coimbra 3001-454 Coimbra, Portugal

Abstract

We show that weak solutions of a free boundary problem, modeling a waterice phase transition in the case of nonlinear heat diffusion, are continuous up to the lateral boundary. We consider homogeneous Dirichlet boundary conditions and assume that the lateral boundary of the space-time domain satisfies the property of positive geometric density. The results are a follow up from recent results by the author concerning the interior regularity.

1. Introduction

The two phase Stefan problem is a mathematical model for a water-ice phase transition and is probably the most well studied free boundary problem in the literature. An extension of the classical case consists in considering a nonlinear law of Fourier, relating the heat flux q and the gradient of the renormalized temperature θ by q = −|∇θ|^{p−2}∇θ , 2 < p < ∞ . (1) With such a constitutive relation, the equation of conservation of energy leads to the nonlinear degenerate parabolic (heat) equation

∂_t θ − Δ_pθ = 0 (2)

that is to hold in the solid and liquid regions. The operator Δ_pθ = ∇ · (|∇θ|^{p−2}∇θ) is the p-Laplacian and the equation degenerates since its modulus of ellipticity |∇θ|^{p−2} vanishes

∗Research supported by CMUC/FCT, Praxis XXI and project Praxis/2/2.1/MAT/125/94.

at points where |∇θ| = 0. Moreover, the incorporation of the free boundary conditions into the equation leads to a singularity in the time derivative since ∂_t θ has to be replaced in the weak formulation by ∂_t γ(θ), for an appropriate maximal monotone graph γ.

The question of the existence of a weak solution for this problem was successfully tackled in [9] by means of a regularization method and the use of an extended weak maximum principle. The uniqueness was recently obtained in [5] and the proof employs a technique based in showing that weak solutions are also entropy solutions, for which uniqueness follows from a straightforward adaptation of known results. Concerning the regularity, we have shown in [10] that the weak solution is locally continuous in the interior of the space-time domain, extending the well known results of [1] and [3] to the nonlinear case. Our aim here is to further extend the result showing that it is valid up to the lateral boundary. Results on the continuity of solutions at a given boundary point consist basically in constructing a sequence of nested and shrinking cylinders with vertex at that point, such that the essential oscillation of the function in those cylinders converges to zero when the cylinders shrink to zero. At the basis of the proof is an iteration technique, that is a refinement of the technique by DeGiorgi and Moser (cf. [2], [8] and [7]), based on energy (and logarithmic) estimates for the solution, that in the degenerate case are not homogeneous in the sense that they involve integral norms corresponding to different powers, namely the powers 2 and p. The key idea, due to DiBenedetto (cf. [4]) is to look at the equation in its own geometry, i.e., in a geometry dictated by its degenerate structure. This amounts to rescale the standard parabolic cylinders by a factor like ( ω A )_{p−2} , A = 2^s

where ω is an upper bound for the oscillation of the solution in the rescalled cylinder. This procedure, which can be called accommodation of the degeneracy, allows one to recover the homogeneity in the energy estimates written over these rescalled cylinders and carry on with the proof. We can say heuristically that the equation behaves in its own geometry like the heat equation.

Although we are in presence of a singular-degenerate equation, we are able to obtain an estimate of Hölder type near the boundary, unlike in the result on the interior regularity. The reason is twofold. On the one hand, the fact that we assume a property of positive geometric density on the boundary ∂Ω gives automatically an intermediate lemma in the regularity analysis that in the interior case was only obtained via the analysis of an alternative. On the other hand, we manage to use the energy inequalities (which are the key ingredient in the proof) for truncated functions (θ − k)_±, choosing constants k that avoid the singularity at 0, i.e., for k < 0 in the negative case and k > 0 in the positive case, which results in the absence from the estimates of an integral power of the type ∫ ∫ (θ − k)_±ζ^{p−1}ζ_t . Both facts have the consequence of producing an independence on the oscillation for the various constants involved in the proof and allow the establishment of an explicit modulus of continuity.

2. Statement of the problem and main result

To fix ideas, assume that an incompressible material (say pure water) occupies a bounded domain Ω ⊂ IR^N , with two phases, a solid phase corresponding to the region {θ < 0} and a liquid phase corresponding to the region {θ > 0}, separated by an interface Φ = {θ = 0}, the free boundary. We denote Q = Ω × (0, T ) and Σ = ∂Ω × (0, T ), for some T > 0. The problem in its strong formulation reads

(P)

∂_t θ = Δ_pθ in Q \ Φ = {θ < 0} ∪ {θ > 0} [|∇θ|^{p−2}∇θ]^+_− · n = λ w · n on Φ = {θ = 0}

θ = 0 on Σ

θ(0) = θ_0 in Ω × {0}

where n the unit normal to Φ, pointing to the solid region, w the velocity of the free boundary and λ = [e]^+_− > 0 the latent heat of phase transition (e is the internal energy), with [ . ]^+_− denoting the jump across Φ.

Following the original ideas of [6] we derive a weak formulation, in which all explicit references to the free boundary are absent, considering the maximal monotone graph H associated with the Heaviside function,

H(s) = 0 if s < 0 [0, 1] if s = 0 1 if s > 0 ,

and introducing a new unknown function, the enthalpy η, such that η ∈ γ(θ) := θ + λH(θ) . A formal integration by parts against appropriate test functions and the replacement of the initial condition for θ by a more adequate initial condition for η, leads to an integral relation that we adopt as definition of weak solution.

Definition 1 We say that (η, θ) is a weak solution of problem (P), if θ ∈ L^p ( 0, T ; W^{1,p}_0 (Ω) ) ∩ L^∞(Q) ;

η ∈ L^∞(Q) and η ∈ γ(θ) , a.e. in Q ; − ∫ Q η ∂_tξ + ∫ Q |∇θ|^{p−2}∇θ · ∇ξ = ∫ Ω η_0 ξ(0) , ∀ξ ∈ T (Q) .

The space of test functions we are considering is T (Q) := { ξ ∈ L^p ( 0, T ; W^{1,p}_0 (Ω) ) : ∂_tξ ∈ L^2(Q) , ξ(T ) = 0 } . We are in presence of a weak form of a singular-degenerate parabolic equation, with principal part in divergence form, ∂_t[γ(θ)] − div(|∇θ|^{p−2}∇θ) ∋ 0 , p > 2, where γ is a maximal monotone graph with a singularity at the origin. The equation is thus degenerate in the space part and singular in the time part since, roughly speaking, γ^′(0) = ∞.

Although the result we have in mind could be obtained working directly with an equivalent formulation for the equation in the definition that makes use of Stekolov averages (assuming in addition that the solution is in C(0, T ; L^2(Ω))) we adopt here a different approach. Namely, we will consider approximate problems and show that the equibounded sequence of approximate solutions is also equicontinuous by deriving for them a boundary modulus of continuity that is independent of the approximation. To be precise, let 0 < ϵ ≪ 1 and consider the function γ_ϵ(s) = s + λH_ϵ(s) , where H_ϵ is a C^∞-approximation of the Heaviside function, such that H_ϵ(s) = 0 if s ≤ 0 , H_ϵ(s) = 1 if s ≥ ϵ , H^′_ϵ ≥ 0 and H_ϵ → h uniformly in the compact subsets of IR \ {0}, as ϵ → 0. The function γ_ϵ is bilipschitz and satisfies 1 ≤ γ^′_ϵ(s) ≤ 1 + λL_ϵ , s ∈ IR , (3) with L_ϵ ≡ O(^1_ϵ ) being the Lipschitz constant of H_ϵ. Taking also a sequence of functions θ_{0ϵ} ∈ W^{1,p}(Ω) such that

θ_{0ϵ} → θ_0 , γ_ϵ(θ_{0ϵ}) → η_0 in L^p(Ω) and |θ_{0ϵ}| ≤ M , a.e. in Ω we define the approximated problem as follows (P_ϵ): For each 0 < ϵ ≪ 1, find a function θ_ϵ ∈ H^1(0, T ; L^2(Ω)) ∩ L^∞(0, T ; W^{1,p}_0 (Ω)) ∩ L^∞(Q) such that − ∫ Q γ_ϵ(θ_ϵ) ∂_tξ + ∫ Q |∇θ_ϵ|^{p−2}∇θ_ϵ · ∇ξ = ∫ Ω γ_ϵ(θ_{0ϵ}) ξ(0) , ∀ξ ∈ T (Q) . (4)

In the presence of the regularity required, equation (4) can be shown to be equivalent to the two conditions: θ_ϵ(0) = θ_{0ϵ} and, for a.e. t ∈ (0, T ), ∫ Ω×{t} ∂_t[γ_ϵ(θ_ϵ)] φ + ∫ Ω×{t} |∇θ_ϵ|^{p−2}∇θ_ϵ · ∇φ = 0 , ∀φ ∈ W^{1,p}_0 (Ω) . (5) We show in [9] that this approximated problem has a unique solution and derive enough a priori estimates to pass to the limit and obtain a solution of the original problem with the regularity required in Definition 1, that in addition satisfies an extended weak maximum principle: ‖θ‖_L∞_{(Q)} ≤ M . We will show here that there is a uniform, i.e. independent of ϵ, boundary modulus of continuity for θ_ϵ and this will allow us to obtain a continuous temperature at the boundary as a solution to the original problem as a consequence of Ascoli’s theorem. The main assumption concerning the boundary of Ω is that it satisfies a property of positive geometric density, i.e.,

(PGD)

∃ ν^∗ ∈ (0, 1), ∃ ρ_0 > 0 : ∀ x_0 ∈ ∂Ω, ∀ ρ ≤ ρ_0, | | |Ω ∩ K_ρ(x_0) | | | ≤ (1 − ν^∗) |K_ρ(x_0)|

; (6)

given a point x_0 ∈ IR^N , K_ρ(x_0) denotes the N-dimensional cube with centre at x_0 and wedge 2ρ: K_ρ(x_0) := { x ∈ IR^N : max_{1≤i≤N} |x_i − x_{0i}| < ρ } . Under this assumption, we will prove that

Theorem 1 The sequence (θ_ϵ)_ϵ is equicontinuous at the lateral boundary, i.e., there is an independent of ϵ boundary modulus of continuity for θ_ϵ. As a consequence, the solution of problem (P) is continuous up to the boundary. Moreover, there exist α ∈ (0, 1) and C > 0, depending only on the data and independent of ϵ, such that |θ_ϵ(x, t)| ≤ C ( dist { (x, t), ∂Ω })α , for t > t_0 > 0.

3. The energy estimates near the boundary

In this section we derive certain uniform energy estimates near the boundary that will be the main tool in the proof of the continuity up to the boundary. Given a point (x_0, t_0) ∈ IR^{N+1}, the cylinder of radius ρ and height τ > 0 is

(x_0, t_0) + Q(τ, ρ) := K_ρ(x_0) × (t_0 − τ, t_0) .

Fix a point (x_0, t_0) ∈ Σ and consider the cylinder (x_0, t_0) + Q(τ, ρ) ⊂ Q, where τ is small enough so that t_0 − τ > 0. Let 0 ≤ ζ ≤ 1 be a piecewise smooth cutoff function in (x_0, t_0) + Q(τ, ρ) such that |∇ζ| < ∞ and ζ(x, t) = 0 , x ∉ K_ρ(x_0) . (7) The estimates will follow after taking, in the weak formulation (5), the test functions φ^± = ±(θ_ϵ − k)_±ζ^p , which are an admissible choice provided (θ_ϵ − k)_±ζ^p ∈ W^{1,p}_0 ( Ω ∩ K_ρ(x_0) ) . (8) But ζ(·, t) does not vanish on the boundary of Ω ∩ K_ρ(x_0), so in order to satisfy (8) we must restrict the choice of the levels k to (−k)_± = 0 .

For these choices of k we obtain the following energy inequalities near Σ, that, for the sake of simplicity and without loss of generality, will be stated for cylinders that are centered at the origin (0, 0), the changes being obvious in the case the centre is a point (x_0, t_0) ∈ Σ. Proposition 1 Let θ_ϵ be a solution of (P_ϵ) and k > ϵ. There exists a constant C > 0, that is independent of ϵ, such that for every cylinder Q(τ, ρ) ⊂ Q, such that −τ > 0, sup −τ <t<0 ∫ [K_ρ∩Ω]×{t} (θ_ϵ − k)^2_+ζ^p +

∫_0 −τ ∫ K_ρ∩Ω |∇(θ_ϵ − k)_+ζ|^p

≤ C ∫_0 −τ ∫ K_ρ∩Ω (θ_ϵ − k)^p_+|∇ζ|^p + C ∫ [K_ρ∩Ω]×{−τ } (θ_ϵ − k)^2_+ζ^p +C ∫_0 −τ ∫ K_ρ∩Ω (θ_ϵ − k)^2_+ζ^{p−1}∂_tζ . (9)

Proof. Let φ = (θ_ϵ − k)_+ζ^p in (5) and integrate in time over (−τ, t) for t ∈ (−τ, 0). Due to the choice of k, we are above the singularity so γ^′_ϵ ≡ 1 and the first term gives ∫_t −τ ∫ K_ρ ∂_t[γ_ϵ(θ_ϵ)] ( (θ_ϵ − k)_+ζ^p ) = 1 2 ∫ K_ρ ∫_t −τ ∂_t(θ_ϵ − k)^2_+ζ^p

= 1 2 ∫ [K_ρ∩Ω]×{t} (θ_ϵ − k)^2_+ζ^p − 1 2 ∫ [K_ρ∩Ω]×{−τ } (θ_ϵ − k)^2_+ζ^p − p 2 ∫_t −τ ∫ K_ρ∩Ω (θ_ϵ − k)^2_+ζ^{p−1}∂_tζ . (10)

Concerning the other term, we have ∫_t −τ ∫ K_ρ∩Ω |∇θ_ϵ|^{p−2}∇θ_ϵ · ∇[(θ_ϵ − k)_+ζ^p] = ∫_t −τ ∫ K_ρ∩Ω | |∇(θ_ϵ − k)_+ ζ | |^p

+p ∫_t −τ ∫ K_ρ∩Ω |∇θ_ϵ|^{p−2}∇θ_ϵ · ∇ζ [ ζ^{p−1}(θ_ϵ − k)_+ ]

≥ 1 2 ∫_t −τ ∫ K_ρ∩Ω | | |∇(θ_ϵ − k)_+ ζ | | |^p − C(p) ∫_t −τ ∫ K_ρ∩Ω (θ_ϵ − k)^p_+ |∇ζ|^p , (11)

using the inequality of Young ab ≤ ε^p p a^p + 1 p^′ε^{p′} b^{p′} , (12)

valid for a, b ≥ 0 and ε > 0, with the choices a = (θ_ϵ − k)_+|∇ζ| , b = | |∇(θ_ϵ − k)_+ ζ | |^{p−1} and ε appropriate. Since t ∈ (−τ, 0) is arbitrary, we can combine estimates (10) and (11) to obtain (9).

Remark 1 An entirely analogous estimate holds for (θ_ϵ − k)_−, with k < −ϵ.

4. The intrinsic rescaling

The proof of the equicontinuity will follow from these estimates, by adapting the technique introduced by DiDenedetto (cf. [4]). It consists essentially in showing that for every point (x_0, t_0) ∈ Σ we can find a sequence of nested and shrinking cylinders (x_0, t_0) + Q(τ_n, ρ_n), such that the essential oscillation of each function θ_ϵ in the intersection of these cylinders with Q goes to zero as n → ∞ in a way that is quantitatively independent of ϵ. This can be achieved, roughly speaking, by considering the equation in a geometry dictated by its own structure. This means that, instead of the usual cylinders, we have to work in cylinders whose dimensions take the degeneracy of the equation into account. Let’s make this idea precise. From now on we will drop the ϵ in θ_ϵ.

Consider a point (x_0, t_0) ∈ Σ and a cylinder (x_0, t_0) + Q(R^{p−1}, 2R), where R > 0 is so small that t_0 − R^{p−1} > 0. To simplify, change variables and assume (x_0, t_0) = (0, 0). Set

μ_− := ess inf Q(R^{p−1},2R)∩Q θ ; μ_+ := ess sup Q(R^{p−1},2R)∩Q θ ; ω := ess osc Q(R^{p−1},2R)∩Q θ = μ_+ − μ_−

and construct the cylinder Q(dR^p, R) , with d = ( ω 2^{s∗} )_{2−p} , where s^∗ is to be chosen later. Note that for p = 2, i.e. in the non degenerate case, d = 1 and these are the standard parabolic cylinders. We will assume, without loss of generality, that ω < 1 and also that 1 d = ( ω 2^{s∗} )_{p−2} > R . (13)

If this doesn’t hold, we have ( ω 2^{s∗} )_{p−2} ≤ R so ω ≤ 2^{s∗} R^{1p−2} and there is nothing to prove because the oscillation goes to zero with the radius. Now, (13) implies that Q(dR^p, R) ⊂ Q(R^{p−1}, 2R) and the relation

ess osc Q(dR^p,R) θ ≤ ω (14)

which will be the starting point of an iteration process that leads to our main results. Note that we had to consider the cylinder Q(R^{p−1}, 2R) and assume (13), so that (14) would hold for the rescalled cylinder Q(dR^p, R). This is in general not true for a given cylinder since its dimensions would have to be intrinsically defined in terms of the essential oscillation of the function within it. The proof of our main result follows from showing that starting from Q(dR^p, R) and going down to a smaller cylinder the oscillation decreases by a small factor that we can exhibit.

We conclude this section recalling a well known lemma due to DeGiorgi that will be essential in the sequel. Given a continuous function v : Ω → IR and a pair of real numbers k < l, we define [v > l] ≡ {x ∈ Ω : v(x) > l} , [v < k] ≡ {x ∈ Ω : v(x) < k} , (15) [k < v < l] ≡ {x ∈ Ω : k < v(x) < l} . Lemma 1 (DeGiorgi, [2]) Let v ∈ W^{1,1}(B_ρ(x_0)) ∩ C(B_ρ(x_0)), with ρ > 0 and x_0 ∈ IR^N and k and l real numbers such that k < l. There exists a constant C, depending only on N and p and independent of ρ, x_0, v, k and l, such that (l − k) | | |[v > l] | | | ≤ C ρ^{N+1} |[v < k]| ∫ [k<v<l] |∇v| . The conclusion of the lemma remains valid for functions v ∈ W^{1,1}(Ω)∩C(Ω), provided Ω is convex. We will use it in the case of a cube. We also remark that the continuity is not essential. For a function merely in W^{1,1}(Ω) we define (15) through any representative in the equivalence class. It can be shown that the conclusion is independent of that choice.

5. The continuity up to the boundary

From now on, we’ll assume, without loss of generality that

μ_+ − ω 4 > 0 . (16)

If both inequalities μ_+ − ω 4 ≤ 0 and μ_− + ω 4 ≥ 0 (17)

were true, then by subtraction we would get ω 2 = μ_+ − ω 4 − μ_− − ω 4 ≤ 0 and there would be nothing to prove. If it is the second of (17) that is violated, the reasoning is similar. We start the proof of the boundary regularity with the following proposition, which has a double scope. It will determine the height of our rescaled cylinder Q(dR^p, R), by fixing the number s^∗, and at the same time provide a level such that the measure of the set where θ is above such a level in a comparable cylinder can be controlled.

Proposition 2 Given ν_0 ∈ (0, 1), there exists s^∗ > 2, depending only on the data, such that | | | (x, t) ∈ Q ( d 2 R^p, R ) : θ(x, t) > μ_+ − ω 2^{s∗} | | | ≤ ν_0 | | Q ( d 2 R^p, R ) | | .

Proof. We write the energy inequality (9) for the function (θ − k)_+ in the cylinder Q(dR^p, 2R), with k = μ_+ − ω 2^s , where 2 ≤ s ≤ s^∗ and s^∗ is to be chosen later. Observe that, due to (16), we have

k = μ_+ − ω 2^s

≥ μ_+ − ω 4 > 0 so k > ϵ, for ϵ sufficiently small. We take a piecewise smooth cutoff function 0 < ζ ≤ 1, defined in the cylinder and satisfying the assumptions

ζ = 1 in Q(^d_2 R^p, R) ζ = 0 on ∂_pQ(dR^p, 2R) |∇ζ| ≤^1_R 0 ≤ ∂_tζ ≤^2_{dRp} . Observe that, since (θ − k)_+ vanishes on Q(dR^p, 2R) ∩ Σ, because the same happens with θ and k > 0, we can extend it by zero to the whole cylinder Q(dR^p, 2R). With this in mind, the inequalities read, for the indicated choices,

∫_0

−^d_2 R^p ∫ K_R |∇(θ − k)_+|^p ≤ C R^p ∫_0 −dR^p ∫ K_{2R} (θ − k)^p_+ + C dR^p ∫_0 −dR^p ∫ K_{2R} (θ − k)^2_+ . (18)

neglecting the first term on the left hand side of (9) and using the assumptions on ζ. We estimate the two terms on the right hand side with C R^p ∫_0 −dR^p ∫ K_{2R} (θ − k)^p_+ ≤ C R^p ( ω 2^s )_p| |Q ( d 2 R^p, R )| |

and, due to the definition of d and the fact that s ≤ s^∗, C dR^p ∫_0 −dR^p ∫ K_{2R} (θ − k)^2_+ ≤ C R^p ( ω 2^{s∗} )_{p−2}( ω 2^s )_2| |Q(dR^p, 2R) | |

≤ C R^p ( ω 2^s )_p | |Q ( d 2 R^p, R )| | , and obtain from (18) ∫ ∫ A_s |∇θ|^p ≤ C R^p ( ω 2^s )_p | |Q ( d 2 R^p, R )| | , (19)

where A_s = { (x, t) ∈ Q ( d 2 R^p, R ) : θ(x, t) > μ_+ − ω 2^s } . We next apply lemma 1 to the function θ(·, t), for −^d_2 R^p ≤ t ≤ 0, and with

k = μ_+ − ω 2^s

, l = μ_+ − ω 2^{s+1} , l − k = ω 2^{s+1} . Putting A_s(t) = { x ∈ K_R : θ(x, t) > μ_+ − ω 2^s } we automatically have | | |A_s(t) | | | ≤ (1 − ν^∗) | | |K_R | | | , ∀t ∈ Q ( d 2 R^p, R )

since ( θ − μ_+ +^ω_{2s} ) + vanishes outside of K_R ∩ Ω and ∂Ω satisfies the property of positive geometric density (6). As a consequence | | | | { x ∈ K_R : θ(x, t) ≤ μ_+ − ω 2^s }| | | ≡ |K_R| − | | |A_s(t) | | | ≥ ν^∗ |K_R| , and we get from the lemma ω 2^{s+1} |A_{s+1}(t)| ≤ C R^{N+1} ν^∗ |K_R| ∫ A_s(t)\A_{s+1} (t) |∇θ| , for t ∈ ( −^d_2 R^p, 0). Integrating over this interval, we conclude that ω 2^{s+1} |A_{s+1}| ≤ C ν^∗ R ∫ ∫ A_s\A_{s+1} |∇θ| ≤ C ν^∗ R ( ∫ ∫ A_s |∇θ|^p ) 1_p |A_s \ A_{s+1}|^{p−1p}

≤ C ν^∗ ( ω 2^s )| |Q ( d 2 R^p, R )| | 1 p |A_s \ A_{s+1}|^{p−1p} , using also (19). Raising both members to the power^p_{p−1} and dividing by (^ω_{2s+1} )^{pp−1} , we get |A_{s+1}|^{pp−1} ≤ C (ν^∗)^{− pp−1} | | |Q ( d 2 R^p, R )| | 1 p−1 |A_s \ A_{s+1}| . Being this inequalities valid for 2 ≤ s ≤ s^∗, we add them for s = 2, 3, . . . , s^∗ − 1 , and since the sum on the right hand side can be bounded by | |Q (_d 2 R^p, R )| |, we get (s^∗ − 2) |A_s∗ |^{pp−1} ≤ C (ν^∗)^{− pp−1} | | |Q (d 2 R^p, R )| | p p−1 , i.e., |A_s∗ | ≤ C ν^∗(s^∗ − 2)^{p−1p} | |Q (d 2 R^p, R )| | . The conclusion of the proposition is reached by choosing s^∗ sufficiently large such that C ν^∗(s^∗ − 2)^{p−1p}

≤ ν_0 .

From this proposition we can show that in fact θ is strictly below its supremum μ^+ in a smaller cylinder coaxial with Q (_d 2 R^p, R ) . The proof of this fact is similar to lemma 9.1 in [4, Ch.3] and we omit it here. The precise statement is

Proposition 3 The number ν_0 (and consequently s^∗ > 2) can be chosen, depending only on the data, such that θ(x, t) ≤ μ_+ − ω 2^{s∗+1} a.e. (x, t) ∈ Q ( d 2 ( R 2 )_p , R 2 ) . (20)

Now, as a simple consequence, we have the following

Corollary 1 There exists a constant σ ∈ (0, 1), depending only on the data, such that

ess osc Q(^d_2 (^R_2 )^p,^R_2 ) θ ≤ σ ω .

Proof. From Proposition 3 we obtain s^∗ > 2 such that

ess sup Q(^d_2 (^R_2 )^p,^R_2 ) θ ≤ μ^+ − ω 2^{s∗+1} and consequently

ess osc Q(^d_2 (^R_2 )^p,^R_2 ) θ = ess sup Q(^d_2 (^R_2 )^p,^R_2 ) θ− ess inf Q(^d_2 (^R_2 )^p,^R_2 ) θ ≤ μ^+ − μ^− − ω 2^{s∗+1} = ( 1 − 1 2^{s∗+1} ) ω .

The corollary follows with σ = (1 −^1_{2s}∗_{+1} ).

Using a reasoning similar to the one applied in [3], [4] and [10], we can now construct decreasing sequences (ω_n)_n and (R_n)_n, converging to zero, such that, for all n = 0, 1, 2, . . .,

Q_{n+1} ⊂ Q_n and ess osc_{Qn} θ ≤ ω_n , (21)

where Q_n = Q(d_nR^p_n, R_n). From here the proof of Theorem 1 easily follows (see [3], [4] and [10]) as a consequence of lemma 5.8 of [7, pp. 96-97].

Remark 2 The results can be further extended. In fact, we can obtain a continuous solution at t = 0 and at the boundary Σ also for Neumann data.

Acknowledgments. I would like to thank E. DiBenedetto for several helpful discussions on the subject.

References

[1] L.A. Caffarelli - L.C. Evans, Continuity of the temperature in the two phase Stefan problem, Arch. Ration. Mech. Anal., 81 (1983), pp. 199-220.

[2] E. DeGiorgi, Sulla differenziabilitá e l’analiticitá delle estremali degli integrali multipli regolari, Mem. Accad. Sci. Torino, Cl. Sci. Fis. Mat. Nat., Ser. 3, 3 (1957), pp. 25-43.

[3] E. DiBenedetto, Continuity of weak solutions to certain singular parabolic equations, Ann. Mat. Pura Appl. (IV), 130 (1982), pp. 131-176.

[4] E. DiBenedetto, Degenerate Parabolic Equations, Springer-Verlag, New York, 1993.

[5] N. Igbida - J.M. Urbano, Uniqueness for nonlinear degenerate problems, preprint.

[6] S. Kamenomostkaya, On the Stefan problem (in Russian), Naučnye Dokl. Vysšei Školy, 1 (1958), pp. 60-62; Mat. Sb., 53 (95) (1961), pp. 489-514.

[7] O. Ladyzenskaja - V. Solonnikov - N. Ural’ceva, Linear and Quasi-linear Equations of Parabolic Type, A.M.S. Transl. Monog. 23, Providence, R.I., 1968.

[8] J. Moser, A new proof of DeGiorgi’s theorem concerning the regularity problem for elliptic differential equations, Comm. Pure Appl. Math., 13 (1960), pp. 457-468.

[9] J.M. Urbano, A free boundary problem with convection for the p-Laplacian, Rend. Mat.

Appl. (VII), 17 (1997), pp. 1-19.

[10] J.M. Urbano, Continuous solutions for a degenerate free boundary problem, Ann. Mat.

Pura Appl., to appear.