TODA SYSTEMS AND EXPONENTS OF SIMPLE LIE GROUPS

Joana M. Nunes da Costa^1 Departamento de Matemática Universidade de Coimbra Apartado 3008, 3000 Coimbra, Portugal Email: jmcosta@mat.uc.pt

Pantelis A. Damianou Department of Mathematics and Statistics University of Cyprus P. O. Box 537, Nicosia, Cyprus Email: damianou@ucy.ac.cy

ABSTRACT

Results on the finite nonperiodic A_n Toda lattice are extended to the Bogoyavlesky Toda systems of type B_n and C_n. The areas investigated, include master symmetries, recursion operators, higher Poisson brackets and invariants. The results are presented both in Flaschka coordinates (a, b) as well as in the natural (q, p) coordinates. A conjecture which relates the degrees of higher Poisson brackets and the exponents of the corresponding Lie group is verified for these systems.

RÉSUMÉ

On étend des résultats sur le système Toda A_n, fini et non-périodique, aux systèmes Toda de Bogoyavlesky de types B_n et C_n. Les sujets traités comprennent les master symmetries, les opérateus de récursion, les crochets de Poisson et les invariants. Les résultats sont présentés en coordonnées (a, b) de Flaschka et aussi en coordonnées naturelles (q, p). Une conjecture qui met en rapport les degrés des crochets de Poisson avec les exponents des groupes de Lie qui leur correspondent est vérifiée pour ces systèmes.

Mathematics Subject Classification: 34A05, 58F05 and 58F07 .

1This work was partially supported by CMUC-FCT and PRAXIS

1 INTRODUCTION

In this paper we study some aspects of the Bogoyavlesky Toda systems of type A_n, B_n and C_n. We mainly compute the hierarchy of Poisson brackets and master symmetries in the natural (q, p) coordinates instead of the more common Flaschka coordinates (a, b). There are some advantages for doing this. Some interesting connections with fundamental invariants of the corresponding Lie group, namely the exponents of the Lie group, become more transparent in these coordinates. To be more specific, the exponents of the Lie group appear through the action of the master symmetries on the Hamiltonian vector fields. The exponents are also realized as the degrees of the polynomial Poisson brackets generated by the recursion operator. This observation was predicted a long time ago (1986) by Hermann Flaschka, but at that time not too many people believed it would be true. The Toda lattice is a system of particles on the line where each particle interacts with its neighbour with an exponential force. The original Toda system with an infinite number of particles was considered by Toda [26] in 1967. The integrability of the system is due to Flaschka [8], Henon [12] and Manakov [17] all in 1974. The explicit solution of the finite lattice is due to Moser [19] in 1975. We restrict our attention to the finite, non-periodic version of the Toda lattice. The Poisson tensors, master symmetries and recursion operators for Toda systems in the Flaschka coordinates (a, b) were computed in [3], [4], [5]. In the case of A_n these results were duplicated in (q, p) coordinates by Das and Okubo [6], and Fernandes [7]. In principle their method is general and may work for other finite dimensional systems as well. The procedure is the following: One defines a second Poisson bracket in the space of canonical variables (q_1, . . . , q_n, p_1, . . . , p_n). This gives rise to a recursion operator. The presence of a conformal symmetry as defined in Oevel [23] allows one, by using the recursion operator, to generate an infinite sequence of master symmetries. These, in turn, project to the space of the new variables (a, b) to produce a sequence of master symmetries in the reduced space. This approach was also used in [21] in the case of the Relativistic Toda lattice. The equations for the Toda systems in consideration will be written in the form

L̇(t) = [B(t), L(t)] . (1)

The pair of matrices L, B is known as a Lax pair. In the case of the finite nonperiodic Toda lattice L is a symmetric tridiagonal matrix and B is the projection onto the skew-symmetric part in the decomposition of L into skew-symmetric plus lower triangular. In the case of B_n and C_n Toda systems the matrix L will lie in the corresponding Lie algebra and B will again be obtained from L by some projection associated with a decomposition of the Lie algebra. The decomposition plays an important role in the solution of the equations by factorization. In the case of Toda lattice the Lax equation is obtained by the use of a transformation due to H. Flaschka [8] which changes the original (q, p) variables to new reduced variables (a, b). The symplectic bracket in the variables (q, p) transforms to a degenerate Poisson bracket in the variables (a, b). This linear bracket is an example of a Lie-Poisson bracket. The functions H_n =^1_n tr L^n are in involution. A Lie algebraic interpretation of this bracket can be found in [14]. We denote this bracket by π_1. A quadratic Toda bracket, which we call π_2 appeared in a paper of Adler [1]. It is a Poisson bracket in which the Hamiltonian vector field generated by H_1 is the same as the Hamiltonian vector field generated by H_2 with respect to the π_1 bracket. This is an example of a bi-Hamiltonian system, an idea introduced by Magri [16]. A cubic bracket was found by Kupershmidt [15] via the infinite Toda lattice. We found the explicit formulas for both the quadratic and cubic brackets in some lecture notes by H.

Flaschka. The Lenard relations are also in these notes. The Lenard relations show that the system is bi-Hamiltonian. In a situation like this, if one of the tensors is invertible one can find a recursion by inverting the symplectic tensor. The recursion operator is then applied to the initial symplectic bracket to produce an infinite sequence. However, in the case of Toda lattice (in Flaschka variables (a, b)) both operators are non-invertible and therefore this method fails. The absence of a recursion operator for the finite Toda lattice is also mentioned in Morosi and Tondo [18] where a Nijenhuis tensor for the infinite Toda lattice is calculated.

In [3], master symmetries were used to generate nonlinear Poisson brackets for the Toda lattice. For the definition and examples of master symmetries see [10], [22], [11]. The Toda lattice has been generalized in several directions. In this paper we consider the generalized Toda systems defined by Bogoyavlensky [2] and studied in Kostant [14] and Olshanetsky and Perelomov [25]. The Toda system is generalized to the tridiagonal coadjoint orbit of the Borel subgroup of an arbitrary simple Lie group. Therefore, for each simple Lie group there is a corresponding mechanical system of Toda type.

In section 2 we present the necessary background on bi-Hamiltonian systems and master symmetries. We also define the exponents of a simple Lie group.

Section 3 is a review of the classical finite nonperiodic Toda lattice. This system was investigated in [8], [9], [12], [13], [19], [20], [26]. We define the quadratic and higher Toda brackets and show that they satisfy certain Lenard-type relations. We briefly describe the construction of master symmetries and the new Poisson brackets as in [3], [4]. We also describe the method of R. Fernandes [7].

In section 4 we define the integrable Toda systems associated with simple Lie groups. We present in detail the systems of type B_n and C_n. We make the computations both in Flaschka coordinates (a, b) and also in (q, p) variables. In each case we compute invariants, Poisson tensors, recursion operators and master symmetries. The invariants H_2, H_4, . . . , are of even degree. Let χ_i denote the Hamiltonian vector field generated by H_i and let Z_i denote a master symmetry. Then we have [Z_i, χ_j] = f(j)χ_{i+j} . The values of f(j) corresponding to independent χ_j generate the exponents. The exponents also appear as the degrees of the Poisson tensors. i.e., for the Toda systems of type A_n, B_n and C_n, the degrees of the higher Poisson brackets coincide with the exponents of the corresponding Lie group.

2 BACKGROUND

Let M be a C^∞ manifold equipped with two Poisson tensors π_0 and π_1. The two tensors are called compatible if π_0 + π_1 is Poisson. If π_0 is symplectic, we call the Poisson pair (π_0, π_1) non-degenerate. In this case, the (1, 1)-tensor R defined by

R = π_1π^{−1}_0 (2)

is called the recursion operator associated with the non-degenerate pair. Recursion operators were introduced by Olver [24].

A bi-Hamiltonian system is defined by specifying two Hamiltonian functions H_0, H_1 satisfying:

X = π_0 ∇H_1 = π_1 ∇H_0 , (3) where π_i, i = 0, 1, denotes the Poisson matrix of the tensor π_i. The theory of bi-Hamiltonian systems was developed by Magri [16]. He established the existence a hierarchy of mutually commuting functions H_0, H_1, . . ., all in involution with respect to both brackets. They generate mutually commuting bi-Hamiltonian flows χ_i satisfying the Lenard recursion relations.

We recall the definition and basic properties of master symmetries following Fuchssteiner [11]. Consider a differential equation on a manifold M, defined by a vector field χ. We are mostly interested in the case where χ is a Hamiltonian vector field. A vector field Z is a symmetry of the equation if [Z, χ] = 0 . A vector field Z will be called a master symmetry if [[Z, χ], χ] = 0 , but [Z, χ] ≠ 0 . Suppose that we have a bi-Hamiltonian system defined by the Poisson tensors π_0, π_1 and the Hamiltonians H_0, H_1. Assume that π_0 is symplectic. We define the recursion operator R = π_1π^{−1}_0 , the higher flows χ_i = R^{i−1}χ_1 , (4) and the higher order Poisson tensors π_i = R^iπ_0 . (5) For a non-degenerate bi-Hamiltonian system, master symmetries can be generated using a method due to W. Oevel [23].

Theorem 1 Suppose that Z_0 is a conformal symmetry for both π_0, π_1 and H_0. i.e., for some scalars λ, μ, and ν we have L_{Z0} π_0 = λπ_0, L_{Z0} π_1 = μπ_1, L_{Z0} H_0 = νH_0 . (6) Then the vector fields Z_i = R^iZ_0 (7) are master symmetries and we have (a) [Z_i, χ_j ] = (μ + ν + (j − 1)(μ − λ))χ_{i+j} (8) (b) [Z_i, Z_j] = (μ − λ)(j − i)Z_{i+j} (9) (c) L_{Zi} π_j = (μ + (j − i − 1)(μ − λ))π_{i+j} (10) (d) L_{Zi} H_j = (ν + (j + i)(μ − λ))H_{i+j}. (11)

Finally, let us recall the definition of exponents for a semi-simple group G. Let G be a connected complex simple Lie Group G. We form the de Rham cohomology groups H^i(G, C) and the corresponding Poincaré polynomial of G:

p_G(t) = ∑ d_it^i where d_i =dim H^i(G, C). A theorem of Hopf shows that the cohomology algebra is a finite product of l =rank of G spheres of odd dimension. This theorem implies that

p_G(t) = ∏ i (1 + t^{2ei+1}) . (12)

The positive integers {e_1, e_2, ...., e_l} are called the exponents of G. One can also extract the exponents from the root space decomposition of G. In this paper we propose another method of obtaining the exponents. The connection with the invariant polynomials is the following: Let H_1, H_2, ..., H_l be algebraically independent homogeneous polynomials of degrees m_1, m_2, .., m_l. Then m_i = e_i + 1. The exponents of a simple Lie algebra of type A_{n−1} are given by 1, 2, 3, ...., n − 1 , while for type B_n or C_n 1, 3, 5, ...., 2n − 1 .

3 FINITE, NON-PERIODIC A_n TODA LATTICE

The Toda lattice is a completely integrable classical mechanical system consisting of n particles on the line and subject to a system of springs which behave exponentially. The Hamiltonian function of the system is H(q_1, . . . , q_n, p_1, . . . , p_n) = n∑ j=1 1 2 p^2_j + n−1∑ j=1 e^{qj −qj+1} , (13) where q_j(t) is the position of the jth particle and p_j(t) is the corresponding momentum. Hamilton’s equations are

q̇_j = p_j ṗ_j = e^{qj−1−qj} − e^{qj −qj+1} . (14) To determine the set of independent functions {H_1, . . . , H_n} which are constants of motion for Hamilton’s equations, one uses Flaschka’s transformation:

a_i = 1 2 e^{12 (qi−qi+1)} , b_i = − 1 2 p_i . (15)

Then,

ȧ_i = a_i (b_{i+1} − b_i) ḃ_i = 2 (a2_i − a2_{i−1}) . (16)

These equations can be written as a Lax pair L̇ = [B, L], where L is the symmetric Jacobi matrix

L = b_1 a_1 0 · · · · · · 0 a_1 b_2 a_2 · · · . . 0 a_2 b_3 ... . . ... ... . . . . ... ... a_{n−1} 0 · · · · · · a_{n−1} b_n

, (17)

and

B =

0 a_1 0 · · · · · · 0 −a_1 0 a_2 · · · . . 0 −a_2 0 .. . . . . .. .. . ... . . . . .. . ... a_{n−1} 0 · · · · · · −a_{n−1} 0

. (18)

Consider R^{2n} with coordinates (q_1, . . . , q_n, p_1, . . . , p_n), the standard symplectic bracket and the mapping F : R^{2n} → R^{2n−1} defined by F : (q_1, . . . , q_n, p_1, . . . , p_n) → (a_1, . . . , a_{n−1}, b_1, . . . , b_n) . (19) The standard symplectic bracket on R^{2n} reduces, under the mapping F , to a linear bracket on R^{2n−1} determined by {a_i, b_i} = −a_i {a_i, b_{i+1}} = a_i ; (20)

all other brackets are zero. We denote this Poisson tensor by π_1. The only Casimir is H_1 = b_1 + b_2 + . . . + b_n. The Hamiltonian turns out to be H_2 =^1_2 tr L^2 and the functions H_j are in involution.

There is also a quadratic bracket π_2 which appeared in a paper of Adler [1] in 1979. The defining relations for the new bracket π_2 are:

{a_i, a_{i+1}} =^1_2 a_ia_{i+1} {a_i, b_i} = −a_ib_i {a_i, b_{i+1}} = a_ib_{i+1} {b_i, b_{i+1}} = 2 a^2_i ;

(21)

all other brackets are zero. This bracket has det L as Casimir and H_1 = tr L is the Hamiltonian. The eigenvalues of L are still in involution and

π_2∇ λ_j = λ_j π_1∇ λ_j ∀j . (22)

It follows easily that π_2∇H_l = π_1∇H_{l+1} . (23)

These relations are similar to the Lenard relations for the KdV equation. They show that the Toda lattice is a bi-Hamiltonian system.

Since it is impossible to find a recursion operator for the non-periodic Toda lattice we use a different method to generate invariants. The idea is to define master symmetries, and use Lie derivatives to generate higher invariants.

We describe the construction following refs. [3], [4]. We denote the master symmetries by X_n. These vector fields generate an infinite sequence of contravariant 2-tensors π_n, for n ≥ 1. We summarize the properties of X_n and π_n:

Theorem 2 i) π_n are all Poisson.

ii) The functions H_n =^1_n tr L^n are in involution with respect to all of the π_n. iii) X_n(H_m) = (n + m)H_{n+m}. iv) L_{Xn} π_m = (m − n − 2)π_{n+m}.

v) π_n ∇ H_l = π_{n−1} ∇ H_{l+1}, where π_n denotes the Poisson matrix of the tensor π_n.

To define the vector fields X_n we consider expressions of the form

L̇ = [B, L] + L^n . (24)

This equation is similar to a Lax equation, but in this case the eigenvalues satisfy λ̇ = λ^n instead of λ̇ = 0.

There is another method of finding the master symmetries due to Fernandes [7] which we describe briefly:

The first step is to define a second Poisson bracket on the space of canonical variables (q_1, . . . , q_n, p_1, . . . , p_n). This bracket appears in Das and Okubo [6] and Fernandes [7]. We follow the notation from [7]. Let J_0 be the symplectic bracket on R^{2n} and define J_1 as follows: {q_i, q_j } = 1 {p_i, q_i} = p_i {p_i, p_{i+1}} = e^{qi−qi+1} , (25)

all other brackets are zero. Also define

h_0 = n∑ i=1 p_i h_1 = n∑ i=1 p^2_i 2 + n−1∑ i=1 e^{qi−qi+1} . (26) Since we have a non-degenerate pair (J_0, J_1), there exists a recursion operator defined by R = J_1J^{−1}_0 . It follows easily that the vector field

Z_0 = n∑ i=1 n + 1 − 2i 2 ∂ ∂q_i + n∑ i=1 p_i ∂ ∂p_i (27)

is a conformal symmetry for J_0, J_1 and h_0 and therefore, Oevel’s theorem applies. The constants in Theorem 1 turn out to be λ = −1, μ = 0 and ν = 1. We end up with the following deformation relations:

[Z_i, χ_j] = jχ_{i+j} (28)

L_{Zi} J_j = (j − i − 1)J_{i+j} (29)

[Z_i, Z_j] = (j − i)Z_{i+j} . (30)

Taking into account the way we defined the linear bracket π_1 on R^{2n−1}, the mapping F is a Poisson mapping between J_0 and π_1. But it is also a Poisson mapping between J_1 and π_2. In fact, the Poisson tensor J_1 reduces, under the mapping F , to π_2.The Hamiltonians h_0 and h_1 correspond to the reduced Hamiltonians H_1 and H_2 respectively. The recursion operator R cannot be reduced. Actually, it is easy to see that there exists no recursion operator in the reduced space. The kernels of the two Poisson structures π_1 and π_2 are different and, therefore, it is impossible to find an operator that maps one to the other. The deformation relations 28, 29, 30 also reduce and become precisely the deformation relations of Theorem 2. Of course, one has to replace j by j − 1 in the formulas involving J_k because of the difference in notation between [3] and [7].

Note that 28 gives a procedure for generating the exponents of a simple Lie group of type A_n.

4 ORTHOGONAL TODA SYSTEMS

Definition of the systems

In this section we consider mechanical systems which generalize the finite, nonperiodic Toda lattice. These systems correspond to Dynkin diagrams. It is well known that irreducible root systems classify simple Lie groups. So, in this generalization for each simple Lie algebra there exists a mechanical system of Toda type.

The generalization is obtained from the following simple observation: In terms of the natural basis q_i of weights, the simple roots of A_{n−1} are

q_1 − q_2, q_2 − q_3, . . . , q_{n−1} − q_n .

On the other hand, the potential for the Toda lattice is of the form e^{q1−q2} + e^{q2−q3} + . . . + e^{qn−1−qn} . We note that the angle between q_{i−1} − q_i and q_i − q_{i+1} is^{2π}_3 and the lengths of q_i − q_{i+1} are all equal. The Toda lattice corresponds to a Dynkin diagram of type A_{n−1}. Similarly, the potential e^{q1−q2} + e^{q2−q3} + . . . + e^{qn−1−qn} + e^{jqn} corresponds to B_n for j = 1 and C_n for j = 2.

These systems are interesting not only because they are integrable, but also for their fundamental importance in the theory of semi-simple Lie groups. For example Kostant in [14] shows that the integration of these systems and the theory of the finite dimensional representations of semi-simple Lie groups are equivalent.

A recursion operator for B_n Toda systems in Flaschka coordinates In this section, we show that higher polynomial brackets exist also in the case of B_n Toda systems. Using Flaschka coordinates, we will prove that these systems possess a recursion operator and we will construct an infinite sequence of compatible Poisson brackets in which the constants of motion are in involution. The Hamiltonian for B_n is H = 1 2 n∑ 1 p^2_j + e^{q1−q2} + · · · + e^{qn−1−qn} + e^{qn} . (31)

We make a Flaschka-type transformation, F : R^{2n} → R^{2n} defined by F : (q_1, . . . , q_n, p_1, . . . , p_n) → (a_1, . . . , a_n, b_1, . . . , b_n) with

a_i = 1 2 e^{12 (qi−qi+1)} , a_n = 1 2 e^{12 qn} (32)

b_i = − 1 2 p_i . Then

ȧ_i = a_i (b_{i+1} − b_i) i = 1, . . . , n ḃ_i = 2 (a2_i − a2_{i−1}) i = 1, . . . , n , (33) with the convention that a_0 = b_{n+1} = 0.

These equations can be written as a Lax pair L̇ = [B, L], where L is the symmetric matrix b_1 a_1 a_1 . .. . ..

. .. . .. a_{n−1} a_{n−1} b_n a_n a_n 0 −a_n −a_n −b_n ...

... ... −a_1 −a_1 −b_1

, (34)

and B is the skew-symmetric part of L (In the decomposition, lower Borel plus skewsymmetric).

The mapping F : R^{2n} → R^{2n}, (q_i, p_i) → (a_i, b_i), defined by 32, transforms the standard symplectic bracket J_0 into another symplectic bracket π_1 given by {a_i, b_i} = −a_i i = 1, . . . , n {a_i, b_{i+1}} = a_i i = 1, . . . , n − 1. (35) The invariant polynomials for B_n, which we denote by H_2, H_4, . . . H_{2n} are defined by H_{2i} =^1_{2i} Tr L^{2i}. The degrees of the first n (independent) polynomials are 2, 4, . . . , 2n and the exponents of the corresponding Lie group are 1, 3, . . . , 2n − 1. We look for a bracket π_3 which satisfies

π_3 ∇ H_2 = π_1 ∇ H_4 . (36)

Using trial and error, we end up with the following homogeneous cubic bracket π_3:

{a_i, a_{i+1}} = a_ia_{i+1}b_{i+1} {a_i, b_i} = −a_ib^2_i − a^3_i i = 1, 2, . . . , n − 1 {a_n, b_n} = −a_nb^2_n − 2a^3_n {a_i, b_{i+2}} = a_ia^2_{i+1} {a_i, b_{i+1}} = a_ib^2_{i+1} + a^3_i {a_i, b_{i−1}} = −a^2_{i−1}a_i {b_i, b_{i+1}} = 2a^2_i (b_i + b_{i+1}) .

(37)

We summarize the properties of this new bracket in the following:

Theorem 3 The bracket π_3 satisfies: 1. π_3 is Poisson.

2. π_3 is compatible with π_1. 3. H_{2i} are in involution.

Define R = π_3π^{−1}_1 . Then R is a recursion operator. We obtain a hierarchy

π_1, π_3, π_5, . . .

consisting of compatible Poisson brackets of odd degree in which the constants of motion are in involution.

4. π_{j+2} grad H_{2i} = π_j grad H_{2i+2} ∀ i, j .

The proof of this result is in [4], [5].

A bi-Hamiltonian formulation for B_n Toda systems in natural (q, p) coordinates

Now we will define a bi-Hamiltonian formulation for B_n Toda systems in natural (q_i, p_i) coordinates. Consider the following bracket in (q_i, p_i) coordinates:

{q_i, q_{i−1}} = {q_i, q_{i−2}} = . . . = {q_i, q_1} = 2p_i i = 2, . . . , n {p_i, q_{i−2}} = {p_i, q_{i−3}} = . . . = {p_i, q_1} = 2(e^{qi−1−qi} − e^{qi−qi+1} ) i = 3, . . . , n − 1 {p_n, q_{n−2}} = {p_n, q_{n−3}} = . . . = {p_n, q_1} = 2(e^{qn−1−qn} − e^{qn} ) (38) {q_i, p_i} = p^2_i + 2e^{qi−qi+1} i = 1, . . . , n − 1 {q_n, p_n} = p^2_n + 2e^{qn} {q_{i+1}, p_i} = e^{qi−qi+1} {q_i, p_{i+1}} = 2e^{qi+1−qi+2} − e^{qi−qi+1} i = 1, . . . , n − 2 {q_{n−1}, p_n} = 2e^{qn} − e^{qn−1−qn} {p_i, p_{i+1}} = −e^{qi−qi+1} (p_i + p_{i+1}) Denote this Poisson tensor by J_1. A simple computation leads to the following:

Theorem 4 The bracket J_1 satisfies: 1. J_1 is Poisson.

2. J_1 is compatible with J_0.

3. The mapping F given by 32 is a Poisson morphism between J_1 and the cubic bracket π_3. Thus, in (q, p) coordinates we also have a non-degenerate pair (J_0, J_1) for B_n Toda and so we may define a recursion operator N = J_1J^{−1}_0 . We have then a hierarchy of mutually compatible Poisson tensors defined by J_i = N^iJ_0. The vector field

Z_0 = n∑ i=1 2(n − i + 1) ∂ ∂q_i + n∑ i=1 p_i ∂ ∂p_i (39) is a conformal symmetry for the Poisson tensors J_0 and J_1 and for the Hamiltonian

h_0 = 1 2 n∑ 1 p^2_j + e^{q1−q2} + · · · + e^{qn−1−qn} + e^{qn} . (40) We compute:

L_{Z0} J_0 = −J_0, L_{Z0} J_1 = J_1, L_{Z0} h_0 = 2h_0.

So Oevel’s theorem applies. With Z_i = N^iZ_0 one calculates easily that [Z_i, χ_j] = (2j + 1)χ_{i+j} (41)

[Z_i, Z_j] = 2(j − i)Z_{i+j} (42)

L_{Zi} J_j = (2(j − i) − 1)J_{i+j} (43)

L_{Zi} h_j = 2(i + j + 1)h_{i+j}. (44) Note that 41 gives a procedure for generating the exponents of a simple Lie group of type B_n.

A recursion operator for C_n Toda systems in Flaschka coordinates We now consider C_n Toda systems. Using Flaschka coordinates, we will prove that these systems also possess a recursion operator and we will construct an infinite sequence of compatible Poisson brackets as in the B_n case. The Hamiltonian for C_n is H = 1 2 n∑ 1 p^2_j + e^{q1−q2} + · · · + e^{qn−1−qn} + e^{2qn} . (45) We make a Flaschka-type transformation, F : R^{2n} → R^{2n}, (q_1, . . . , q_n, p_1, . . . , p_n) → (a_1, . . . , a_n, b_1, . . . , b_n) with a_i = 1 2 e^{12 (qi−qi+1)} , a_n = 1 √ 2 e^{qn} (46)

b_i = − 1 2 p_i . The equations in (a, b) coordinates are:

ȧ_i = a_i (b_{i+1} − b_i) i = 1, . . . , n − 1 ȧ_n = −2a_nb_n ḃ_i = 2 (a2_i − a2_{i−1}) i = 1, . . . , n ,

(47)

with the convention that a_0 = 0.

These equations can be written as a Lax pair L̇ = [B, L], where L is the matrix b_1 a_1 a_1 .. . .. .

.. . .. . a_{n−1} a_{n−1} b_n a_n a_n −b_n −a_{n−1} −a_{n−1} .. . ...

.. . ... −a_1

−a_1 −b_1

, (48)

and B is the skew-symmetric part of L.

The mapping F : R^{2n} → R^{2n} defined by 46 transforms the standard symplectic bracket J_0 into another symplectic bracket π_1 given by {a_i, b_i} = −a_i i = 1, 2, . . . , n − 1 {a_i, b_{i+1}} = a_i i = 1, 2, . . . , n − 1 {a_n, b_n} = −2a_n . (49)

The invariant polynomials for C_n, which we denote by H_2, H_4, . . . H_{2n} are defined by H_{2i} =^1_{2i} Tr L^{2i}. We look for a bracket π_3 which satisfies

π_3 ∇ H_2 = π_1 ∇ H_4 . (50)

We obtain the following homogeneous cubic bracket π_3:

{a_i, a_{i+1}} = a_ia_{i+1}b_{i+1} i = 1, 2, . . . , n − 2 {a_{n−1}, a_n} = 2a_{n−1}a_nb_n {a_i, b_i} = −a_ib^2_i − a^3_i i = 1, 2, . . . , n − 1 {a_n, b_n} = −2a_nb^2_n − 2a^3_n {a_i, b_{i+2}} = a_ia^2_{i+1} {a_i, b_{i+1}} = a_ib^2_{i+1} + a^3_i i = 1, 2, . . . , n − 2 {a_{n−1}, b_n} = a^3_{n−1} + a_{n−1}b^2_n − a_{n−1}a^2_n {a_i, b_{i−1}} = −a^2_{i−1}a_i i = 2, 3, . . . n − 1 {a_n, b_{n−1}} = −2a^2_{n−1}a_n {b_i, b_{i+1}} = 2a^2_i (b_i + b_{i+1}) .

(51)

We summarize the properties of this bracket in the following:

Theorem 5 The bracket π_3 satisfies: 1. π_3 is Poisson.

2. π_3 is compatible with π_1. 3. H_{2i} are in involution.

Define R = π_3π^{−1}_1 . Then R is a recursion operator. We obtain a hierarchy

π_1, π_3, π_5, . . .

consisting of compatible Poisson brackets of odd degree in which the constants of motion are in involution.

4. π_{j+2} grad H_{2i} = π_j grad H_{2i+2} ∀ i, j .

The proofs are precisely the same as in the case of B_n.

A bi-Hamiltonian formulation for C_n Toda systems in natural (q, p) coordinates As in the case of B_n we will define a bi-Hamiltonian formulation for C_n Toda systems in (q_i, p_i) coordinates.

Consider the following bracket in (q, p) coordinates:

{q_i, q_{i−1}} = {q_i, q_{i−2}} = . . . = {q_i, q_1} = 2p_i i = 2, . . . , n {p_i, q_{i−2}} = {p_i, q_{i−3}} = . . . = {p_i, q_1} = 2(e^{qi−1−qi} − e^{qi−qi+1} ) i = 3, . . . , n − 1 {p_n, q_{n−2}} = {p_n, q_{n−3}} = . . . = {p_n, q_1} = 2e^{qn−1−qn} − 4e^{2qn} (52) {q_i, p_i} = p^2_i + 2e^{qi−qi+1} i = 1, . . . , n − 1 {q_n, p_n} = p^2_n + 2e^{2qn} {q_{i+1}, p_i} = e^{qi−qi+1} {q_i, p_{i+1}} = 2e^{qi+1−qi+2} − e^{qi−qi+1} i = 1, . . . , n − 2 {q_{n−1}, p_n} = 4e^{2qn} − e^{qn−1−qn} {p_i, p_{i+1}} = −e^{qi−qi+1} (p_i + p_{i+1}) Denote this Poisson tensor by J_1. As in the case of the B_n Toda systems, we have the following:

Theorem 6 The bracket J_1 satisfies: 1. J_1 is Poisson.

2. J_1 is compatible with J_0.

3. The mapping F given by 46 is a Poisson morphism between J_1 and the cubic bracket π_3.

As in the case of the B_n Toda, we also have a non-degenerate pair (J_0, J_1) and we may define a recursion operator in (q, p) coordinates, N = J_1J^{−1}_0 . So there exists a hierarchy of pairing compatible Poisson tensors, defined by J_i = N^iJ_0. For C_n, the conformal symmetry is the vector field

Z_0 = n∑ i=1 (2n − 2i + 1) ∂ ∂q_i + n∑ i=1 p_i ∂ ∂p_i , (53)

and we have the same constants as in the case of B_n:

L_{Z0} J_0 = −J_0, L_{Z0} J_1 = J_1, L_{Z0} H_0 = 2H_0.

The relations of Oevel’s theorem are the same of the B_n Toda [Z_i, χ_j] = (2j + 1)χ_{i+j} (54)

[Z_i, Z_j] = 2(j − i)Z_{i+j} (55)

L_{Zi} J_j = (2(j − i) − 1)J_{i+j}. (56)

L_{Zi} h_j = 2(i + j + 1)h_{i+j}. (57) Note that 54 gives a procedure for generating the exponents of a simple Lie group of type C_n.

References

[1] Adler, M., On a trace functional for formal pseudo-differential operators and the symplectic structure of the Korteweg-de-Vries type equations, Invent. Math. 50, 219-248 (1979) [2] O. I. Bogoyavlensky, On perturbations of the periodic Toda lattices, Comm. Math.

Phys. 51, 201-209 (1976) [3] P. A. Damianou, Master symmetries and R-matrices for the Toda Lattice, Letters in Mathematical Physics 20, 101-112 (1990) [4] P. A. Damianou, Multiple Hamiltonian structures for Toda-type systems, J. Math.

Phys. 35, 5511-5541 (1994) [5] P. A. Damianou, Multiple Hamiltonian structures for Toda systems of type A-B-C, Regular and Chaotic dynamics 5, No 1, (2000) [6] A. Das, and S. Okubo, A systematic study of the Toda lattice, Ann. Phys. 190, 215-232 (1989) [7] R. L. Fernandes, On the mastersymmetries and bi-Hamiltonian structure of the Toda lattice, J. of Phys. A 26, 3797-3803 (1993) [8] H. Flaschka, The Toda lattice I. Existence of integrals, Phys. Rev. 9, 1924-1925 (1974) [9] H. Flaschka, On the Toda lattice II. Inverse-scattering solution, Progr. Theor. Phys. 51, 703-716 (1974)

[10] A. S. Fokas, and B. Fuchssteiner, The hierarchy of the Benjamin-Ono equation, Phys.

Lett. 86A, 341-345 (1981) [11] B. Fuchssteiner, Mastersymmetries, higher order time-dependent symmetries and conserved densities of non-linear evolution equations, Progr. Theor. Phys. 70, 1508-1522 (1983) [12] M.Henon, Integrals of the Toda lattice, Phys. Rev. B9, 1921-1923 (1974) [13] Kac M. and van Moerbeke P., On an explicitly soluble system of nonlinear differential equations related to certain Toda lattices, Adv. Math. 16, 160-169 (1975) [14] B. Kostant, The solution to a generalized Toda lattice and representation theory, Adv.

Math. 34, 195-338 (1979) [15] B. Kupershmidt, Discrete Lax equations and differential-difference calculus, Asterisque 123, 1-222 (1985) [16] F. Magri, A simple model of the integrable Hamiltonian equations, J. Math. Phys. 19, 1156-1162 (1978) [17] S. Manakov, Complete integrability and stochastization of discrete dynamical systems, Zh. Exp. Teor. Fiz. 67, 543-555 (1974) [18] C. Morosi and G. Tondo, Some remarks on the bi-Hamiltonian structure of integral and discrete evolution equations, Inv. Probl. 6, 557-566 (1990) [19] J. Moser, Finitely many mass points on the line under the influence of an exponential potential- an integrable system, Lecture Notes in Physics 38, 97-101 (1976) [20] J. Moser, Three integrable Hamiltonian systems connected with isospectral deformations, Adv. Math. 16, 197-220 (1975) [21] J. M. Nunes da Costa, and C-M. Marle, Master symmetries and bi-Hamiltonian structures for the relativistic Toda lattice, J. Phys. A 30, 7551-7556 (1997) [22] W. Oevel and B. Fuchssteiner, Explicit formulas for symmetries and conservation laws of the Kadomtsev-Petviashvili equation, Phys. Lett. 88A, 323-327 (1982) [23] W.Oevel, Topics in Soliton Theory and Exactly Solvable non-linear Equations, World Scientific Publ., (1987) [24] P. J. Olver, Evolution equations possessing infinitely many symmetries, J. Math. Phys.

18, 1212-1215 (1977) [25] M. A. Olshanetsky, and A. M. Perelomov, Explicit solutions of classical generalized Toda models, Invent. Math. 54, 261-269 (1979) [26] M. Toda, One-dimensional dual transformation, J. Phys. Soc. Japan 22, 431-436 (1967)