Regularity in Sobolev Spaces for Doubly Nonlinear Parabolic Equations

Carsten Ebmeyer and José Miguel Urbano^∗

Key words. Degenerate parabolic equation, porous medium equation, p-Laplacian, finite speed of propagation, difference quotient. AMS subject classifications. 35K65, 35R35, 76S05.

Abstract

The doubly nonlinear parabolic equation

u_t = div [ |∇(|u|^{m−1}u)|^{p−2}∇(|u|^{m−1}u) ] (m > 1, m(p − 1) > 1) is considered in several dimensions and regularity results in fractional order Sobolev spaces are obtained. The main tools in the proof are a difference quotient technique and the imbedding theorem of Nikolskii spaces into Sobolev spaces.

1. Introduction.

We will be concerned with the Cauchy problem

u_t = div [ |∇(|u|^{m−1}u)|^{p−2}∇(|u|^{m−1}u) ] in R^n × (0, T ]

u(x, 0) = u_0(x) in R^n

(1.1)

where x ∈ R^n for some n ≥ 2, t ∈ [0, T ] for some T < ∞, u : R^n × [0, T ] → R and m, p are fixed constants such that m > 1 and m(p − 1) > 1.

Equation (1.1) has a double nonlinearity. For p = 2 it is the porous medium equation u_t = Δu^m (m > 1),

and the case m = 1 corresponds to the (degenerate) parabolic p-Laplace equation u_t = div[|∇u|^{p−2}∇u] (p > 2). These two limit cases are prototypes for the main features presented by the solutions of (1.1) and are extensively studied in the literature (see, e.g., [1, 22, 24] for the

∗Research supported by CMUC/FCT. 1 porous medium equation and [9, 20] for the p-Laplacian). Despite this fact, regularity results in Sobolev spaces are in general not available and only recently (see [11]) a first contribution was put forward for the porous medium equation. Results of this type have an interest in their own right but are also very useful for numerical purposes since they provide detailed informations about the singularities of the solutions and this knowledge may be used to develop efficient numerical schemes.

The aim of this paper is to obtain regularity results in fractional order Sobolev spaces for certain powers of the solution of the problem. The main ingredients in the proof are the difference quotient technique as developed in [10, 12] and the smoothing property u_t ≥ − u [(p − 1)m − 1] t , from which follows the crucial estimate

‖u_t‖_L1_{(R}n_) ≤ 1 [(p − 1)m − 1] t

‖u_0‖_L1_{(R}n_) .

This smoothing property is in itself interesting since it generalizes previous similar results for the porous medium equation (see [2]) and the p-Laplacian equation (see [15]); it is proven in [13]. A proof in the one-dimensional case can be found in [14]. Other results concerning the regularity of solutions can be found in [16], where L^p– properties are obtained (see also [4] for the porous medium equation). Moreover, the Hölder continuity of the solution is proven in [18, 23, 25].

Another interesting feature of the problem is the appearance of a free boundary. Assuming that spt u_0 is bounded, this free boundary is the set ∂[spt u(·, t)] and for the porous medium equation it is well known that it has a finite speed of propagation (cf. [7]). In this more general case, this property for m(p − 1) > 1 and the regularity of the free boundary is the object of current research by the authors.

We conclude this introduction by presenting the definition of a weak solution and stating the main results of the paper. We assume that 0 ≤ u_0 ∈ L^∞(R^n ) and spt u_0 is bounded and let m > 1 and m(p − 1) > 1. Introducing the functions b(z) = |z|^{m−1}z for z ∈ R, a_i(s) = |s|^{p−2}s_i for s ∈ R^n , i = 1, . . . , n , we may rewrite equation (1.1) in the form ∂ ∂t u(x, t) = n∑ i=1 ∂_ia_i(∇b(u(x, t))) in R^n × (0, T ], where ∂_i =^∂_{∂xi} .

Definition: We say that u(x, t) is a weak solution of (1.1) if

u ∈ L^∞(0, T ; L^∞(R^n )) ; b(u) ∈ L^p(0, T ; W^{1,p}(R^n )) ; (1.2)

− ∫_T 0 ∫ R^n u ϕ_t dxdt + n∑ i=1 ∫_T 0 ∫ R^n a_i(∇b(u)) ∂_iϕ dxdt = ∫ R^n u_0 ϕ(0) dx , (1.3)

for all ϕ ∈ L^p(0, T ; W^{1,p}(R^n )) ∩ W^{1,1}(0, T ; L^1(R^n )) such that ϕ(T ) ≡ 0.

Remark: i) The existence of a solution for the problem in the sense of the previous definition is a well known fact (cf., e.g., [16]). For existence results concerning related equations see [5, 6, 19]. It is also known that the solution is Hölder continuous and (see [16]) ( u^{m+12} ) t ∈ L^2(0, T ; L^2(R^n )) . (1.4)

ii) Applying a comparison theorem (see, e.g., [6, 17]) we find that 0 ≤ u ≤ ‖u_0‖_L∞ . Moreover, spt u(x, T ) is bounded. In fact, let us consider the selfsimilar Barenblatt solutions (cf. [3])

u^∗(x, t; α, τ) = (t + τ)^{− 1μ} [ α − k ( |x|(t + τ)^{− 1nμ} ) p_{p−1} ]^{p−1}_{m(p−1)−1} + ,

where μ = m(p − 1) − 1 +^p_n , k =^{m(p−1)−1}_{mp} (nμ)^{− 1p−1} , and α, τ > 0. Clearly, spt u^∗(x, T ; α, τ) is bounded for each T > 0. Let 0 ≤ u_0 ≤ u^∗_0 and T > 0. From the comparison theorem it follows that u ≤ u^∗ on R^n × [0, T ]. Thus, spt u(x, t) ⊂ spt u^∗(x, T ; α, τ) for all t ∈ [0, T ].

The main results of this paper deal with the question of the regularity in fractional order Sobolev spaces. The first theorem concerns the degenerate case p > 2.

Theorem 1.1: Let p ≥ 2 and u be a weak solution of (1.1) in the sense of the previous definition. Then, for all ε > 0 and q <^{p2}_{p+1} , we have

b(u) ∈ L^q(0, T ; W^{1+ 1p −ε,q}(R^n )) . (1.5)

Remark: i) Recall ∇b(u) ∈ L^p(0, T ; L^p(R^n )); using (1.5) and the Sobolev imbedding theorem we obtain a better space integrability for p > n; in fact,

∇b(u) ∈ L^q(0, T ; L^s(R^n )) for all s < np^2 np + n − p and q < p^2 p + 1 . ii) Assertion (1.5) is proven in [11] in the case p = 2, i.e., for the porous medium equation.

Now let us consider the singular case 1 < p < 2.

Theorem 1.2: Let 1 < p < 2 and u be a weak solution of (1.1) in the sense of the previous definition. Then, for all ε > 0 and q <^2_3 p, we have

b(u) ∈ L^q(0, T ; W^{32 −ε,q}(R^n )). (1.6)

Our last result is valid for all p > 1.

Theorem 1.3: Let p > 1 and^p_2 ≤ α < p −^1_2 . Let u be a weak solution of (1.1) in the sense of the previous definition. Then, for all 1 ≤ q <^{2p}_{2α+1} and ε > 0, we have

|∇b(u)|^α ∈ L^q(0, T ; W^{12 −ε,q}(R^n )) . (1.7)

Remark: Let us note that (1.7) is a regularity result for |∇b(u)|^p2 , if p > 1, and for |∇b(u)|^{p−1}, if p ≥ 2. In the sequel let us write ∑ i,j,k instead of ∑_n i,j,k=1. Moreover, let c be a generic

constant which may vary from line to line.

2. The basic estimates.

We denote the usual Sobolev spaces by W^{s,p}(R^n ) and will consider also the Nikolskii spaces N^{s,p}(R^n ), defined as follows (cf. [21]). Let k be an integer, 0 < σ < 1, s = k + σ, z ∈ R^n , and 1 ≤ p < ∞. The space N^{s,p}(R^n ) consist of all functions f : R^n → R for which the norm

‖f‖_N s,p_{(R}n_) = ‖f‖^p_{Lp(Rn)} + ∑ |α|=k sup_{δ>0} 0<|z|<δ ∫ R^n |∂^αf(x + z) − ∂^αf(x)|^p |z|^{σp} dx 1 p

is finite. The Nikolskii spaces are very close to the Sobolev spaces W^{s,p}(R^n ). Since s is not an integer, there hold the following imbeddings (cf. [21]): W^{s,p}(R^n ) → N^{s,p}(R^n ) and N^{s,p}(R^n ) → W^{s−ε,p}(R^n ) for all ε > 0.

In what follows, let 0 < h < 1 and ζ ∈ R^n be a unit vector, i.e., |ζ| = 1. We set E^h_ζ f(x) = f(x + hζ), E^{−h}_ζ f(x) = f(x − hζ), and define the differences Δ^h_ζ f(x) = f(x + hζ) − f(x), Δ^{−h}_ζ f(x) = f(x − hζ) − f(x). Next, we introduce the function ψ. Let α > 0 be small and set ψ(s) = { 1 − (1 + s)^{−α} if s ≥ 0, −1 + (1 − s)^{−α} if s < 0.

It’s clear that |ψ| ≤ 1 and ψ^′(s) = α(1 + |s|)^{−1−α}, thus, 0 < ψ^′(s) < α, for all s ∈ R. For simplicity we will use the notations ψ_{±h} = ψ(h^{−1}Δ^{±h}_ζ b(u)) and ψ^′_{±h} = ψ^′(h^{−1}Δ^{±h}_ζ b(u)) . (2.1) Finally, for each ϵ > 0, we define in [0, T ] the nonnegative smooth function μ_ε(t) := t^ε (T − t)^ε . (2.2) A crucial ingredient in the sequel is the following smoothing property, that expresses a regularizing effect, and its corollary. We state this property without a proof; for details, see [13].

Lemma 2.1: Let u be a non negative weak solution of (1.1). Then, in the distribution sense, u_t ≥ − u [(p − 1)m − 1] t

. (2.3) Corollary 2.2: Under the assumptions of the previous lemma the following estimate holds ‖u_t‖_L1_{(R}n_) ≤ 1 [(p − 1)m − 1] t

‖u_0‖_L1_{(R}n_) . (2.4)

Proof: We just sketch the proof for smooth u; more details can be found in [13]. Let u_t = (u_t)^+ − (u_t)^−. Thus, |u_t| = (u_t)^+ + (u_t)^−. We can show that ‖u(x, t)‖_L1_{(R}n_) ≤ ‖u_0‖_L1_{(R}n_) , a.e. t > 0 , from which follows that ∂_t ∫ R^n |u| = ∂_t ∫ R^n u = ∫ R^n u_t ≤ 0. Thus, we have ∫ R^n (u_t)^+ ≤ ∫ R^n (u_t)^− and ∫ R^n |u_t| = ∫ R^n (|(u_t)^+| + |(u_t)^−|) ≤ 2 ∫ R^n |(u_t)^−|. Due to (2.3), we get the assertion. □ The aim of this section is to prove the following lemma. It provides a weighted estimate of |h^{− 1}2 Δ^h_ζ ∇b(u(x, t))|^2, if p ≥ 2. Further, we will treat the case p < 2, as well; see Lemma 2.4 below.

Lemma 2.3: Let u be a weak solution of (1.1) and p ≥ 2. For each ε > 0 and each unit vector ζ ∈ R^n , there is a constant c, depending only on ε and the data, such that sup 0<h<1 ∫_T 0 ∫ R^n μ_ε(t) ω(x, t) ψ^′_h(x, t) | | |h^{− 12} Δ^h_ζ ∇b(u(x, t)) | | |^2 dxdt ≤ c, (2.5) where ω(x, t) = ∫_1 0 |τ∇b(u(x + hζ, t)) + (1 − τ)∇b(u(x, t))|^{p−2} dτ and ψ^′_h(x, t) and μ_ε(t) are as in (2.1) and (2.2).

Proof: Let s ∈ R^n , A(s) =^1_p |s|^p, A_i(s) =^∂_{∂si} A(s), and A_{i,k}(s) =^∂_{∂sk} A_i(s). Let us note that A_i(s) = |s|^{p−2}s_i and A_{i,k}(s) = (p − 2)|s|^{p−4}s_is_k + |s|^{p−2}δ_{ik}. Thus, utilizing the Taylor expansion of A(s) we find A(s^′) − A(s) = ∑ i (s^′ − s)_iA_i(s) + ∑ i,k (s^′ − s)_i(s^′ − s)_k

∫_1 0 (1 − τ)A_{i,k}(τs^′ + (1 − τ)s) dτ ≥ ∑ i (s^′ − s)_iA_i(s) +|s^′ − s|^2 ∫_1 0 (1 − τ) |τs^′ + (1 − τ)s|^{p−2} dτ. (2.6)

We set s = ∇b(u), s^′ = E^h_ζ ∇b(u), and define

ω_h =

∫_1 0 (1 − τ) | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{p−2} dτ. Multiplying inequality (2.6) by μ_εh^{−1}ψ^′(h^{−1}Δ^h_ζ b(u)) ≡ μ_εh^{−1}ψ^′_h and integrating over R^n × [0, T ] we get ∫_T 0 ∫ R^n μ_εω_hψ^′_hh^{−1} | |Δ^h_ζ ∇b(u) | |^2 dxdt ≤ ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ A(∇b(u))dxdt − ∑ i ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ ∂_ib(u)A_i(∇b(u))dxdt. (2.7) Next, we take as test function in equation (1.3) ϕ = μ_εψ(h^{−1}Δ^h_ζ b(u)) ≡ μ_εψ_h. Due to (1.4), we have that [ (b(u))_t ]_2 = ( 2m m + 1

)_2 u^{m−1} [ (u^{m+12} )_t

]_2

belongs to L^1 and so this is an admissible test function. We obtain − ∫_T 0 ∫ R^n u (μ_εψ_h)_t + ∑ i ∫_T 0 ∫ R^n μ_εa_i(∇b(u))∂_iψ_h = 0

and, integrating by parts with respect to t, ∫_T 0 ∫ R^n u_tμ_εψ_h = − ∑ i ∫_T 0 ∫ R^n μ_εa_i(∇b(u))ψ^′_hh^{−1}Δ^h_ζ ∂_ib(u). (2.8)

Let us note that a_i(s) = A_i(s). Thus, due to (2.7) and (2.8), we find ∫_T 0 ∫ R^n μ_εω_hψ^′_h | |h^{− 12} Δ^h_ζ ∇b(u) | |^2 ≤ ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ A(∇b(u)) + ∫_T 0 ∫ R^n u_tμ_εψ_h. (2.9)

Likewise, we may test the equation by ϕ = μ_εψ(h^{−1}Δ^{−h}_ζ b(u)) and choose s = ∇b(u) and s^′ = E^{−h}_ζ ∇b(u) in the Taylor expansion (2.6). This yields ∫_T 0 ∫ R^n μ_εω_{−h}ψ^′_{−h} | | |h^{− 12} Δ^{−h}_ζ ∇b(u) | | |^2 ≤ ∫_T 0 ∫ R^n μ_εψ^′_{−h}h^{−1}Δ^{−h}_ζ A(∇b(u)) + ∫_T 0 ∫ R^n u_tμ_εψ_{−h}, (2.10) where ω_{−h} = ∫_1 0 (1 − τ) | τE^{−h}_ζ ∇b(u) + (1 − τ)∇b(u) |_{p−2} dτ. Now, we add the inequalities (2.9) and (2.10). Below, we will show that ∫_T 0 ∫ R^n μ_εω_hψ^′_h | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2 + ∫_T 0 ∫ R^n μ_εω_{−h}ψ^′_{−h} | | |h^{− 12} Δ^{−h}_ζ ∇b(u) | | |^2 = ∫_T 0 ∫ R^n μ_εωψ^′_h | |h_−^1_2 Δ_{hζ} ∇b(u) | |^2 , (2.11)

where ω =

∫_1 0 |τE^h_ζ ∇b(u) + (1 − τ)∇b(u)|^{p−2}dτ, and ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ A(∇b(u)) + ∫_T 0 ∫ R^n μ_εψ^′_{−h}h^{−1}Δ^{−h}_ζ A(∇b(u)) = 0. (2.12)

Thus, adding (2.9) and (2.10) provides ∫_T 0 ∫ R^n μ_εωψ^′_h | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2 ≤ ∫_T 0 ∫ R^n u_tμ_ε(ψ_h + ψ_{−h}). (2.13)

Let us note that ‖ψ‖_L∞_{(R}n_) ≤ 1 and ‖u_t‖_L1_{(R}n_) ≤ ct^{−1} according to (2.4). Hence, the

right-hand side of (2.13) is bounded by a constant of the type c ϵ^{−1} T^ϵ. This yields

the assertion.

In order to prove (2.11) we consider

J_1 = ∫_T 0 ∫ R^n μ_εω_hψ^′_h | |h_−^1_2 Δ_{hζ} ∇b(u) | |^2 + ∫_T 0 ∫ R^n E^h_ζ ( μ_εω_{−h}ψ^′_{−h} | |h_−^1_2 Δ_{−hζ} ∇b(u) | |^2 ) . Clearly, J_1 is equal to the left-hand side of (2.11). Now, let us remark that

E^h_ζ ω_{−h} =

∫_1 0 (1 − τ) | |τ∇b(u) + (1 − τ)E^h_ζ ∇b(u) | |^{p−2} dτ = ∫_1 0 s | (1 − s)∇b(u) + sE^h_ζ ∇b(u) |_{p−2} ds. Here, we have substituted τ by 1 − s. Thus, it follows that

E^h_ζ ω_{−h} + ω_h =

∫_1 0 (τ + 1 − τ) | τE^h_ζ ∇b(u) + (1 − τ)∇b(u) |_{p−2} dτ = ω. Moreover, it holds that E^h_ζ | |Δ^{−h}_ζ ∇b(u) | | = | |∇b(u) − E^h_ζ ∇b(u) | | = | |Δ^h_ζ ∇b(u) | | and E^h_ζ ψ^′_{−h} = E^h_ζ ψ^′ (| h^{−1}Δ^{−h}_ζ b(u) | |) = ψ^′ ( | |h^{−1}Δ^h_ζ b(u) | |) = ψ^′_h. Thus, we may conclude that

J_1 = ∫_T 0 ∫ R^n μ_εωψ^′_h | |h^{12} Δ^h_ζ ∇b(u) | |^2

and (2.11) is proven. Finally, due to ∫_T 0 ∫ R^n E^h_ζ ( μ_εψ^′_{−h}h^{−1}Δ^{−h}_ζ A(∇b(u)) )

= ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1} [ A(∇b(u)) − E^h_ζ A(∇b(u)) ]

= − ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ A(∇b(u)), we obtain ∫_T 0 ∫ R^n μ_εψ^′_hh^{−1}Δ^h_ζ A(∇b(u)) + ∫_T 0 ∫ R^n E^h_ζ ( μ_εψ^′_{−h}h^{−1}Δ^{−h}_ζ A(∇b(u)) ) = 0 which implies equality (2.12). □

Next, we consider the case that p < 2. Let us define

ω = 1 if E^h_ζ ∇b(u) = ∇b(u), ∫_1 0 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{p−2} dτ if not. (2.14)

Now we may proceed as in the proof of Lemma 2.3. Modifying also the definitions of the weights ω_h and ω_{−h}, we obtain the following analogue of Lemma 2.3.

Lemma 2.4: Let u be a weak solution of (1.1) and 1 < p < 2. For each ε > 0 and each unit vector ζ ∈ R^n there is a constant c, depending only on ε and the data, such that sup 0<h<1 ∫_T 0 ∫ R^n μ_ε(t) ω(x, t) ψ^′_h(x, t) | | |h^{− 12} Δ^h_ζ ∇b(u(x, t)) | | |^2 dxdt ≤ c, (2.15) where ω(x, t) is as in (2.14).

3. Proofs of the main results.

Proof of Theorem 1.1: Applying Taylor’s expansion we find

J_1 := ∑ i ( A_i(E^h_ζ ∇b(u)) − A_i(∇b(u)) ) ( E^h_ζ ∂_ib(u) − ∂_ib(u) )

= ∑ i,k Δ^h_ζ ∂_ib(u)

∫_1 0 A_{i,k} ( τE^h_ζ ∇b(u) + (1 − τ)∇b(u) ) Δ^h_ζ ∂_kb(u) dτ ≤ c ω | |Δ^h_ζ ∇b(u) | |^2 , (3.1)

where ω =

∫_1 0 |τE^h_ζ ∇b(u) + (1 − τ)∇b(u)|^{p−2}dτ, since |A_{i,k}(s)| ≤ C(n, p)|s|^{p−2}. From the well-known inequality, valid for p > 2 (cf. [8]), ∃c > 0 : ( |x|^{p−2}x − |y|^{p−2}y ) (x − y) ≥ c|x − y|^p , ∀x, y ∈ R^n it follows that

J_1 ≥ c | |E^h_ζ ∇b(u) − ∇b(u) | |^p ≡ c | |Δ^h_ζ ∇b(u) | |^p . (3.2)

Using (3.1) and (3.2) we get | | |h^{− 1p} Δ^h_ζ ∇b(u) | | |^p ≤ c ω | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2 .

Thus, in view of (2.5) we have sup 0<h<1 ∫_T 0 ∫ R^n μ_εψ^′_h | | |h^{− 1p} Δ^h_ζ ∇b(u) | | |^p ≤ c sup_{0<h<1} ∫_T 0 ∫ R^n μ_εωψ^′_h | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2

≤ c. (3.3)

Let^1_{q1} +^1_{q2} +^1_{q3} = 1. The Hölder inequality yields

J_2 := ∫_T 0 ∫ R^n | |h−^1_p Δ_{hζ} ∇b(u) | |^pq3

= ∫_T 0 ∫ B (μ_εψ^′_h)^{− 1q}3 ( μ_εψ^′_h | |h−^1_p Δ_{hζ} ∇b(u) | |^p)^1q3 (3.4)

≤ [∫_T 0 ∫ B (tT − t^2)^{− εq1q}3 ]^1_{q1} [∫_T 0 ∫ B ψ^′_h^{− q2q}3 ]^1_{q2} [∫_T 0 ∫ B μ_εψ^′_h | |h^{− 1p} Δ^h_ζ ∇b(u) | |^p ]^1_{q3} , where B ⊂ R^n is a ball such that ( spt u(x, T ) ∪ spt E^h_ζ u(x, T ) ) ⊂ B. Now, we estimate the integrals on the right-hand side of (3.4). We set q_1 =^{p+1+δ}_{2εp} , q_2 =^{p+1+δ}_{1+ε} , q_3 =^{p+1+δ}_p , and δ = (2p + 1)ε. Notice that q_1 =^{q3}_{2ε} and so the first integral on the right-hand side of (3.4) is bounded. Next, let us note that

ψ^′_h = α ( 1 + | |h^{−1}Δ^h_ζ b(u) | |)^{−1−α} . Let us put α = ε. Noting that q_2 =^{pq3}_{1+ε} we get ∫_T 0 ∫ B ψ^′_h^{− q2q}3 = ε^{− p1+ε} ∫_T 0 ∫ B ( 1 + | |h^{−1}Δ^h_ζ b(u) | |)^p ≤ c_ε. Further, utilizing (3.3) it follows that the third integral on the right-hand side of (3.4) is bounded. Altogether, we have shown that J_2 is bounded. We may conclude that sup_{ζ∈Rn} |ζ|=1 sup 0<h<1 ∫_T 0 ∫ R^n | |h−^1_p Δ_{hζ} ∇b(u) | |^{p2}p+1+δ ≤ c.

This implies that

b(u) ∈ L^{p2p+1+δ} (0, T ; N^{1+ 1p , p2p+1+δ} (R^n )).

The imbedding theorem of Nikolskii spaces into Sobolev spaces (cf. [21])

N^{s,q}(R^n ) → W^{s−ε,q}(R^n ) for all ε > 0

provides b(u) ∈ L^q (0, T ; W^{s,q}(R^n ))

for all s < 1 +^1_p and q <^{p2}_{p+1} This yields the assertion. □

Proof of Theorem 1.2: Let δ > 0. Applying the Hölder inequality (with q =^{3+δ}_{3−p+δ} and q̂ =^{3+δ}_p ) we get ∫_T 0 ∫ R^n | | |h^{− 12} Δ^h_ζ ∇b(u) | | | 2p 3+δ = ∫_T 0 ∫ B | | |h^{− 12} Δ^h_ζ ∇b(u) | | | 2p 3+δ

= ∫_T 0 ∫ B (μ_εψ^′_hω)^{− p3+δ} [ μ_εψ^′_hω | |h_−^1_2 Δ_{hζ} ∇b(u) | |^2 ] p_{3+δ}

≤ [∫_T 0 ∫ B (μ_εψ^′_hω)^{− p3−p+δ} ]^{3−p+δ}_{3+δ} [∫_T 0 ∫ B μ_εψ^′_hω | |h^{− 12} Δ^h_ζ ∇b(u) | |^2

]^p_{3+δ} , where B ⊂ R^n is a ball such that ( spt u(x, T ) ∪ spt E^h_ζ u(x, T ) ) ⊂ B. Due to (2.15), the second integral on the right-hand side is bounded. Now let us consider the first integral. Let^1_{q1} +^1_{q2} +^1_{q3} = 1. The Hölder inequality entails

J_1 := ∫_T 0 ∫ B (μ_εψ^′_hω)^{− p3−p+δ} ≤ [∫_T 0 ∫ B (tT − t^2)^{− εp3−p+δ q1} ]^1_{q1} [∫_T 0 ∫ B |ψ^′_h|^{− p3−p+δ q2} ]^1_{q2} [∫_T 0 ∫ B |ω|^{− p3−p+δ q3} ]^1_{q3} . We put q_1 =^{3−p+δ}_{2εp} , q_2 =^{3−p+δ}_{1+ε} , q_3 =^{3−p+δ}_{2−p} , and δ = (1+2p)ε. Clearly, the first integral on the right-hand side is bounded. Moreover, let us take α = ε in the definition of ψ^′_h, i.e., ψ^′_h = ε ( 1 + | |h^{−1}Δ^h_ζ b(u) | |)^{−1−ε}. Then we have ∫_T 0 ∫ B |ψ^′_h|^{− p1+ε} = ε^{− p1+ε} ∫_T 0 ∫ B ( 1 + | h^{−1}Δ^h_ζ b(u) |)_p ≤ c_ε. Next, let us note that p < 2, thus, ω ≥ ( |E^h_ζ ∇b(u)| + |∇b(u)| )_{p−2} . This yields ∫_T 0 ∫ B |ω|^{− p2−p} ≤ ∫_T 0 ∫ B ( |E^h_ζ ∇b(u)| + |∇b(u)| )_p ≤ c. Collecting results it follows that J_1 is bounded. We may conclude that sup_{ζ∈Rn} |ζ|=1 sup 0<h<1 ∫_T 0 ∫ R^n | |h_−^1_2 Δ_{hζ} ∇b(u) | |^{2p}3+δ ≤ c,

thus, b(u) ∈ L^{2p3+δ} (0, T ; N^{32 , 2p3+δ} (R^n )).

Applying the imbedding theorem of Nikolskii spaces into Sobolev spaces we get the assertion. □

Proof of Theorem 1.3: Let^p_2 ≤ α < p −^1_2 . For s ∈ R^n we define F (s) = |s|^α and F_i(s) =^∂_{∂si} F (s) = α|s|^{α−2}s_i. The Taylor expansion provides |F (s^′) − F (s)| = | | | | ∑ i (s^′ − s)_i ∫_1 0 F_i(τs^′ + (1 − τ)s) dτ | | | | ≤ c|s^′ − s| ∫_1 0 |τs^′ + (1 − τ)s|^{α−1}dτ.

Let E^h_ζ ∇b(u) ≠ ∇b(u). Putting s = ∇b(u) and s^′ = E^h_ζ ∇b(u) we get | | |h^{− 12} Δ^h_ζ |∇b(u)|^α | | | p α ≤ c | | |h^{− 12} Δ^h_ζ ∇b(u) | | | p α [∫_1 0 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{α−1} dτ ]^p_α . Recalling the definition of w, the Hölder inequality entails [∫_1 0 | τE^h_ζ ∇b(u) + (1 − τ)∇b(u) |_{α−1}]^{pα}

= [∫_1 0 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{p−2}2 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{2α−p}2 ]^p_α

≤ [∫_1 0 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{p−2} ]^p_{2α} × × [∫_1 0 | |τE^h_ζ ∇b(u) + (1 − τ)∇b(u) | |^{2α−p} ]^p_{2α}

≤ ω^{p2α} [ |∇b(u)| + |E^h_ζ ∇b(u)| ] p_{2α (2α−p)} . Altogether, we may conclude that

J_0 := ∫_T 0 ∫ R^n (μ_εψ^′_h)^{p2α} | | |h^{− 12} Δ^h_ζ |∇b(u)|^α | | | p α

≤ c ∫_T 0 ∫ R^n [ μ_εψ^′_hω | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2 ] p_{2α} [ |∇b(u)| + |E^h_ζ ∇b(u)| ] p_{2α (2α−p)} . Applying the Hölder inequality (with q_1 =^{2α}_p and q_2 =^{2α}_{2α−p} ) we obtain

J_0 ≤ c [∫_T 0 ∫ R^n μ_εψ^′_hω | | |h^{− 12} Δ^h_ζ ∇b(u) | | |^2 ]^p_{2α} [∫_T 0 ∫ R^n [ |∇b(u)| + |E^h_ζ ∇b(u)| ]_p ]^{2α−p}_{2α} . Due to (2.5), (2.15), and the fact that ∇b(u) ∈ L^p(R^n × (0, T )) the integrals on the

right-hand side are bounded. Thus, we have shown

J_0 ≡ ∫_T 0 ∫ R^n (μ_εψ^′_h)^{p2α} | | |h^{− 12} Δ^h_ζ |∇b(u)|^α | | | p α ≤ c. (3.5)

Now, we proceed as above, cf. (3.4). Let^1_{q1} +^1_{q2} +^1_{q3} = 1. Utilizing again the Hölder

inequality it follows that

J_1 := ∫_T 0 ∫ B (μ_εψ^′_h)^{− p2αq}3 (μ_εψ^′_h)^{p2αq}3 | | |h^{− 12} Δ^h_ζ |∇b(u)|^α | | | p αq3

≤ [∫_T 0 ∫ B (tT − t^2)^{−ε pq12αq}3 ]^1_{q1} [∫_T 0 ∫ B ψ^′_h^{− pq22αq}3 ]^1_{q2} × × [∫_T 0 ∫ B (μ_εψ^′_h)^{p2α} | |h_−^1_2 Δ_{hζ} |∇b(u)|_α | |^pα ]^1_{q3} , where B ⊂ R^n is a ball such that ( spt u(x, T ) ∪ spt E^h_ζ u(x, T ) ) ⊂ B. Let us choose q_1 =^{2α+1+δ}_{2εp} , q_2 =^{2α+1+δ}_{1+ε} , q_3 =^{2α+1+δ}_{2α} , and δ = (2p + 1)ε. In view of (3.5) and the definition of ψ^′_h the integral J_1 is bounded. This implies that sup_{ζ∈Rn} |ζ|=1 sup 0<h<1 ∫_T 0 ∫ R^n | | |h^{− 12} Δ^h_ζ |∇b(u)|^α | | | 2p 2α+1+δ ≤ c. We may conclude that

|∇b(u)|^α ∈ L^q(0, T ; N^{12 ,q}(R^n )) for all q < 2p 2α + 1 . The imbedding theorem of Nikolskii spaces into Sobolev spaces entails |∇b(u)|^α ∈ L^q(0, T ; W^{12 −ε,q}(R^n )) for all ε > 0 and q <^{2p}_{2α+1} . This yields the assertion. □

References

[1] D. G. Aronson, The porous medium equation, in Nonlinear Diffusion Problems, (Montecatini Terme 1985), Lecture Notes in Math. 1224, Springer, New York- Berlin (1986), pp. 1-46.

[2] D. G. Aronson and Ph. Bénilan, Régularité des solutions de l’équation des milieux poreux dans R^n , C.R. Acad. Sci. Paris Sér.A-B 288 (1979), A103-A105.

[3] G. I. Barenblatt, On self-similar motions of compressible fluids in porous media, Prik. Math Mech. 16 (1952), pp. 679-698. (Russian) [4] Ph. Bénilan, A strong regularity L^p for solutions of the porous media equation, in Contributions to Nonlinear Partial Differential Equations (Madrid 1981), Res. Notes in Math. 89, Pitman, Boston, Mass.-London (1983), pp. 39-58.

[5] F. Bernis, Existence results for doubly nonlinear higher order parabolic equations on unbounded domains, Math. Ann. 279 (1988), pp.373-394.

[6] D. Blanchard and G. Francfort, Study of a doubly nonlinear heat equation with no growth assumption on the parabolic term, SIAM J. Math. Anal 19 (1988), pp. 1032-1056.

[7] L. A. Caffarelli and A. Friedman, Regularity of the free boundary of a gas flow in an n-dimensional porous medium, Indiana Univ. Math. J. 29 (1980), pp. 361-391.

[8] Y. Z. Chen and E. DiBenedetto, Boundary estimates for solutions of nonlinear degenarte parabolic systems, J. Reine Angew. Math. 395 (1985), pp. 102-131.

[9] E. DiBenedetto, Degenerate Parabolic Equations, Springer, New York-Berlin 1993.

[10] C. Ebmeyer, Mixed boundary value problems for nonlinear elliptic systems in ndimensional Lipschitzian domains, Zeit. Anal. Anwend. 18 (1999), pp. 539-555.

[11] C. Ebmeyer, On the smoothness of solutions of porous medium-type equations in several dimensions, in preparation.

[12] C. Ebmeyer and J. Frehse, Mixed boundary value problems for nonlinear elliptic equations in multidimensional non-smooth domains, Math. Nachr. 203 (1999), pp. 47-74.

[13] C. Ebmeyer and J. M. Urbano, The smoothing property for a class of doubly nonlinear parabolic equations, in preparation.

[14] J. R. Esteban and L. Vazquez, Homogeneous diffusion in R with power-like nonlinear diffusivity, Arch. Rat. Mech. Anal 103 (1988), pp. 39-88.

[15] J. R. Esteban and J. L. Vazquez, Régularité des solutions positives de l’équation parabolique p-laplacienne, C.R. Acad. Sci. Paris Sér.A-B 310 (1990), pp. 105-110.

[16] J. Filo, Local existence and L^∞–estimate of weak solutions to a nonlinear degenerate parabolic equation with nonlinear boundary data, Panam. Math. J. 4, No. 3 (1994), pp. 1-31.

[17] A. V. Ivanov, Existence and uniqueness of a regular solution of the Cauchy- Dirichlet problem for doubly nonlinear parabolic equations, Zeit. Anal. Anwend. 14 (1995), pp. 751-777.

[18] A. V. Ivanov, Regularity for doubly nonlinear parabolic equations, J. Math. Sci.

83, No. 1 (1997), pp. 22-37.

[19] J. L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Paris, Dunod 1969.

[20] A. S. Kalashnikov, Some problems of the qualitative theory of non-linear degenerate second-order parabolic equations, Russian Math. Surveys 42 (1987), pp. 169-222.

[21] A. Kufner, O. John and S. Fučik, Function Spaces, Academia, Prague 1977. [22] L. A. Peletier, The porous media equation, in Applications of Nonlinear Analysis in the Physical Scienes (eds: H. Amann, N. Bazley, K. Kirchgassner), Pitman, London, (1981), pp. 229-241.

[23] M. M. Porzio and V. Vespri, Hölder estimates for local solutions of some doubly nonlinear degenerate parabolic equations, J. Differ. Equations 103 (1993), pp. 146-178.

[24] J. L. Vazquez, An introduction to the mathematical theory of the porous medium equation, in Shape Optimization and Free Boundaries (eds: M. C. Delfour, G. Sabidussi), Kluwer Academic Publishers (1992), pp. 347-389.

[25] V. Vespri, On the local behaviour of solutions of a certain class of doubly nonlinear parabolic equations, Man. Math. 76 (1992), pp. 65-80.

Carsten Ebmeyer Mathematisches Seminar Universität Bonn, Nussallee 15 D-53115 Bonn, Germany e-mail: ebmeyer@uni-bonn.de

José Miguel Urbano Departamento de Matemática Universidade de Coimbra, Apartado 3008 3001-454 Coimbra, Portugal e-mail: jmurb@mat.uc.pt