On the pullback stability of a quotient map with respect to a closure operator

Lurdes Sousa^∗

Abstract

Given a category equipped with a Dikranjan-Giuli closure operator c, the pullback stability of a c-quotient along some special morphisms is established. In particular, it is shown that, under mild conditions, the hereditary c-quotients are just the c-final morphisms; this generalizes a well-known result on topological spaces, since c-final for c the Kuratowski closure operator means pseudo-open. The universal c-quotients, that is, the c-quotients preserved by pullbacks along arbitrary morphisms, are also studied.

Mathematics Subject Classification (1991): 18A32, 18A30, 18A20, 54C10, 54B30.

Key words: closure operator, quotient, pullback, closed morphism, open morphism, final morphism.

0 Introduction

The notion of quotient map has taken the attention of numerous mathematicians, not only in topology but in several other contexts. In the recent paper [6], the authors analysed the notions of c-final morphism and c-quotient morphism, where c is a closure operator, as candidates for a general concept of a quotient map with respect to a closure operator. In particular, they obtained nice properties on the behaviour of c-final morphisms under pullbacks.

In this paper, we pay attention to c-quotients and show that they also enjoy nice properties. In particular, under mild conditions, a c-quotient is hereditary if and only if it is c-final, what generalizes a well-known result in the category of topological spaces. We begin, in Section 2, by presenting a new characterization of c-quotients, which, in some sense, gives a measure of the distance between the concepts of c-quotient and c-final morphism. Let f : X → Y be a c-quotient and let

X Y

U V f^′

f p^′ p (1) be a pullback diagram. In Section 3, we show that the notion of c-quotient ascends along c-closed and c-open monomorphisms, that is, if p^′ is a c-closed or c-open monomorphism then f^′ is a c-quotient. Section 5 is concerned with the characterization of the universal c-quotients, that is, those c-quotients which are preserved by any pullback. The universal quotients in T op, i.e., universal k-quotients, where k is the Kuratowski closure operator, were characterized in [13] and [7] in terms of filters and open sets. Here we present another

∗Partial financial support by Centro de Matemática da Universidade de Coimbra and by Escola Superior de Tecnologia de Viseu is acknowledge.

characterization by means of a condition on the closure operator. Furthermore, we show that the sufficiency of this condition stays valid in a more general setting.

Acknowledgement. I thank Maria Manuel Clementino for valuable discussions on the subject of this paper.

1 Preliminaries

1.1 Throughout this paper, we shall be working in a finitely complete category X with a proper factorization system (E, M) for morphisms (see, for example, [1, 10, 14]). We shall further assume that X is M-complete, that is, M is pullback-stable and the intersection of a (possibly large) family of morphisms in M with common codomain exists in X and belongs to M. By a subobject of an object X we mean an M-morphism with codomain in X. We use subX to indifferently denote the class of all subobjects of X or the usual class of equivalence classes of isomorphic M-morphisms with codomain in X . The Mcompleteness of X implies that, for every object X ∈ X , subX is a complete (pre)ordered class.

1.2 Every morphism f : X → Y gives the image-preimage adjunction

f(−) ⊣ f^{−1}(−) : subY −→ subX .

Thus, we have that:

(a) m ≤ f^{−1}(f(m)) and f(f^{−1}(n)) ≤ n, for all f : X → Y , m ∈ subX and n ∈ subY ;

(b) f^{−1} ( ⋀ i∈I n_i ) ∼= ⋀ i∈I f^{−1}(n_i) and f ( ⋁ i∈I m_i ) ∼= ⋁ i∈I f(m_i).

Moreover, we have the following properties (cf. [11]): (c) m ∼= f^{−1}(f(m)), if f is monic and E is stable under pullbacks;

(d) f(f^{−1}(n)) ∼= n, if and only if every pullback of f along an M-morphism belongs to E.

1.3 Let the diagram (1) in Introduction be a pullback diagram. Then, for every m ∈ subX, by image-preimage adjunction, f^′(p^{′−1}(m)) ≤ p^{−1}(f(m)); we say that (1) satisfies the Beck-Chevalley Property (BCP) if, moreover, we have f^′(p^{′−1}(m)) ∼= p^{−1}(f(m)). We shall make use of the following result (cf. [12, 5]):

Every pullback in X satisfies (BCP) if and only if E is stable under pullback.

1.4 A closure operator c of X with respect to (E, M) is given by a family of functions c_X : subX → subX (X ∈ X ) such that, for m, n ∈ subX, m ≤ c_X (m), c_X (m) ≤ c_X (n) if m ≤ n, and all f : X → Y in X are c-continuous, that is, f(c_X (m)) ≤ c_Y (f(m)). A subobject m ∈ subX is c-closed if m ∼= c_X (m) and the operator c is called idempotent if c_X (m) is c-closed for all m ∈ subX, X ∈ X . A morphism f : X → Y is said to be c-closed if, for each m ∈ subX, f(c_X (m)) ∼= c_Y (f(m)), and it is said to be c-open if, for each n ∈ subY , f^{−1}(c_Y (n)) ∼= c_X (f^{−1}(n)). A morphism f : X → Y is said to be a c-quotient provided that it belongs to E and, for each n ∈ subY , the c-closedness of f^{−1}(n) implies the c-closedness of n. It is said to be c-final if, for each n ∈ subY , c_Y (n) ∼= f(c_X (f^{−1}(n))).

1.5 Recall that a commutative diagram as in (1) in Introduction is said to be a E-weak pullback whenever the canonical morphism e : U → X ×_Y V belongs to E. The (BCP) property is enjoyed by all pullbacks in X iff it is enjoyed by all E-weak pullbacks (see [12, 5, 11]). All results on pullbacks presented in sections 3 and 4 are also true for E-weak pullbacks. This simply follows from the fact that all proofs work if, instead of pullbacks, we have E-weak pullbacks.

2 A characterization of c-quotients

In this section we give a characterization of c-quotient which does not involve the notion of c-closed subobject. Furthermore, it sheds light on the difference between c-quotient morphisms and c-final morphisms.

Given a morphism f : X→Y in X , we have the function

F : subY −→ subY

which assigns to each n ∈ subY the M-subobject f(c_X (f^{−1}(n))).

F is clearly extensive and monotone. Moreover, a morphism f : X→Y is c-final exactly whenever c_Y ≤ F , that is, c_Y (n) ≤ F (n) for each n ∈ subY . We call F the c-final function associated to f. We are going to show that c-quotient morphisms can also be characterized by means of the corresponding c-final function.

We obtain an ascending ordinal chain of functions from subY into subY , (F^α)_{α∈Ord} , by putting F^0 = Idsub_Y , F^α = F F^{α−1}, F^β = ⋁ γ<β F^γ for every successor ordinal α and for every limit ordinal β. We denote by F^∞ the function which, to each n ∈ subY , assigns ⋁ α∈Ord F^α(n).

Theorem 2.1 Let X be M-wellpowered. Then a morphism f : X → Y is a c-quotient if and only if c_Y ≤ F^∞.

Proof. Let us assume that c_Y ≤ F^∞. By definition of F^α, it is clear that, for each ordinal α, F^α(1_Y ) ≤ f(1_X ). Thus, we have that 1_Y ∼= c_Y (1_Y ) ≤ F^∞(1_Y ) ≤ f(1_X ); consequently, f(1_X ) is an isomorphism, so that f ∈ E. Let n ∈ subY be such that f^{−1}(n) is c-closed, that is, c_X (f^{−1}(n)) ∼= f^{−1}(n). Then, we have that F (n) = f(c_X (f^{−1}(n)) ∼= f(f^{−1}(n)) ≤ n. From this, it immediately follows that F^α(n) ≤ n for each α. Thus c_Y (n) ≤ n, that is, n is c-closed.

Conversely, let f : X → Y be a c-quotient. Since X is M-wellpowered, the chain (F^γ )_{γ∈Ord} is stationary, that is, there is some ordinal α such that F^β ∼= F^α for all β ≥ α. Let n ∈ subY ; we are going to prove that c_Y (n) ≤ F^α(n). For that, we show that F^α(n) is c-closed.

In fact, we have that

f^{−1}(F^α(n)) ∼= f^{−1}(F^{α+1}(n)) = f^{−1}(f(c_X (f^{−1}(F^α(n))))) ≥ c_X (f^{−1}(F^α(n))),

from what follows that f^{−1}(F^α(n)) is c-closed. Thus, since f is a c-quotient, F^α(n) is c-closed. Now, using the fact that n ≤ F^α(n), we obtain that c_Y (n) ≤ F^α(n). □

Remark 2.2 Assume that X is M-wellpowered and that E is pullback stable along Mmorphisms. Then, as a consequence of the above theorem, we have that: If the closure operator c is idempotent, then a morphism f : X → Y is c-quotient if and only if c_Y ∼= F^∞, if and only if there is some α ∈ Ord such that c_Y ∼= F^α. In fact, let c be idempotent and let f : X → Y belong to E. Then, for each n ∈ subY and each α ∈ Ord, we have that F (n) = f(c_X (f^{−1}(n)) ≤ f(f^{−1}(c_Y (n)) ∼= c_Y (n) (by (c) of 1.2) and, assuming F^α(n) ≤ c_Y (n), it follows that F^{α+1}(n) ∼= F (F^α(n)) ≤ f(c_X (f^{−1}(c_Y (n)))) ≤ f(f^{−1}(c^2_Y (n)) ∼= c^2_Y (n) ∼= c_Y (n). Thus, it it is clear that F^α(n) ≤ c_Y (n) for all α ∈ Ord.

3 Pullbacks of c-quotients

¿From now on, we assume that E is stable under pullback and so, by 1.3, that every pullback in X satisfies (BCP).

3.1 Let

X Y

U V f^′

f p^′ p (2) be a pullback diagram. In [11] it was proved that:

If f is c-final and p^′ c-initial then f^′ is c-final and p c-initial.

We are going to study the parallel situation corresponding to replacing c-final by cquotient and c-initial by c-closed or c-open monomorphism.

3.2 First, we need the following definition:

By a chain of subobjects of X, we mean a family (n_i)_{i∈I} of subobjects of X such that (I, ≤) is a linear ordered set and n_i ≤ n_j whenever i ≤ j. Given a morphism g : X → Y , we say that M-unions of chains of subobjects of Y are preserved by the inverse image under g provided that, for each chain (n_i)_{i∈I} of subobjects of Y , it holds that

g^{−1}( ⋁ i∈I n_i) ∼= ⋁ i∈I g^{−1}(n_i) .

We point out that the preservation by inverse images under monomorphisms of M-unions of chains is fulfield by numerous categories; for instance, all monotopological categories over Set for M the class of embeddings, the categories of vector spaces, groups and rings, for M the injective homomorphisms.

Let us consider the pullback diagram (2), where p^′ and p are monomorphisms. Then, we prove the following two assertions:

Theorem 3.3 If f is a c-quotient and p^′ c-closed, then f^′ is a c-quotient; furthermore, p is c-closed if c is idempotent.

Proof. Let n ∈ subV be such that f^{′−1}(n) is a c-closed subobject of U. We show that n is c-closed, thus f^′ is a c-quotient. Since p^′ is a c-closed morphism, we obtain that p^′(f^{′−1}(n)) ∼= p^′(c_U (f^{′−1}(n)) ∼= c_X (p^′(f^{′−1}(n))) , that is, p^′(f^{′−1}(n)) is c-closed.

Thus, since, by (BCP), p^′(f^{′−1}(n)) ∼= f^{−1}(p(n)), we conclude that f^{−1}(p(n)) is cclosed. As f is a c-quotient, it follows that p(n) is c-closed, i.e.,

c_Y (p(n)) ∼= p(n) . (3)

Then, c_V (n) ≤ p^{−1}(p(c_V (n))), by 1.2(a)

≤ p^{−1}(c_Y (p(n))), by c-continuity ∼= p−1(p(n)), from (3) ∼= n, by 1.2(c)

Therefore, n is c-closed.

Now, if c is idempotent, in order to show that p is c-closed, it suffices to show that p maps c-closed subobjects to c-closed subobjects (see [11]). Let n be a c-closed subobject of V . The idempotency of c implies that, then, f^{′−1}(n) is also c-closed, since

c_U (f^{′−1}(n)) ∼= c_U (f^{′−1}(c_V (n))) ≤ f^{′−1}(c^2_V ((n))) ∼= f^{′−1}(c_V (n)) ∼= f^{′−1}(n) .

Consequently, p^′(f^{′−1}(n)) is c-closed and, from the (BCP) property, the same happens to f^{−1}(p(n)). So, the fact that f is c-quotient implies that p(n) is c-closed. □

Theorem 3.4 Let X be M-wellpowered and let M-unions of chains of subobjects of Y be preserved by inverse images under monomorphisms. If f is a c-quotient and p^′ is c-open, then f^′ is a c-quotient; furthermore, p is c-open if c is idempotent.

Proof. We are going to make use of the characterization of c-quotients given in Section 2. Let F^′ be the c-final function associated to f^′. First we show that, for each n ∈ subY and each ordinal β, we have that

p^{−1}(F^β(n)) ∼= F^{′β}(p^{−1}(n)) . (4)

For β = 0, it is clear. Assuming the property for all ordinals less then β, we have: For β = α + 1,

p^{−1}(F^β(n)) = p^{−1}(f(c_X (f^{−1}(F^α(n))))) ∼= f ′(p′^{−1}(c_X (f −1(F α(n))))), by (BCP) ∼= f ′(c_U (p′^{−1}(f −1(F α(n))))), since p′ is c-open ∼= f ′(c_U (f ′^{−1}(p−1(F α(n))))), by (BCP) ∼= f ′(c_U (f ′^{−1}(F ′^α(p−1(n))))), by inductive hypothesis = F^{′β} (p^{−1}(n))

For β a limit ordinal,

p^{−1}(F^β (n)) = p^{−1}( ⋁ γ<β F^γ (n)) ∼= ⋁_{γ<β} p−1(F γ (n)), by the preservation of M-unions of chains by inverse image ∼= ⋁_{γ<β} F ′^β(p−1(n)), by inductive hypothesis

Let now m ∈ subV ; we want to prove that, for some α ∈ Ord, c_V (m) ≤ F^{′α}(m). We have that

c_V (m) ≤ p^{−1}(p(c_V (m))), by 1.2(a) ≤ p^{−1}(c_Y (p(m))), by c-continuity ≤ p^{−1}(F^α(p(m))), for some α ∈ Ord, since f is cquotient and X is M-wellpowered, ∼= F ′^α(p−1(p(m))), by (4) ∼= F ′^α(m), by 1.2(c).

Therefore, F^′ is a c-quotient.

Let us now show that, assuming that c is idempotent, p is c-open. Since X is Mwellpowered, and f and f^′ are c-quotients, there is some ordinal α such that c_Y ∼= F^α and c_V ∼= F^{′α} (see Remark 2.2). Thus, it follows that:

p^{−1}(c_Y (n)) ∼= p^{−1}(F^α(n)) ∼= F ′^α(p−1(n)), by (4) ∼= c_V (p−1(n)) . □ Remark 3.5 The idempotency of c is necessary for p to be c-closed in Theorem 3.3. The same happens to the c-openess of p in Theorem 3.4. To show that, let us consider the topological category SGph of spatial graphs, that is, the category of graphs (X, E) such that the relation E is reflexive, and maps which preserve the edges. Let M be the class of embeddings of subgraphs and let c be the up-closure, that is, c =↑ with ↑_X (M) = {x ∈ X | (∃a ∈ M)a → x}, for each M ⊆ X. It is well-known that the up-closure is not idempotent in SGph (cf. [8]). In the diagram (2), let U = V = X be the spatial graph 0 → 1 → 2 and let Y be the spatial graph obtained from X by joining the edge 0 → 2. Let the underlying map of each one of the morphisms f, f^′, p and p^′ be the identity. This way, the diagram (2) is a pullback, f is ↑-quotient, p^′ is simultaneously ↑-closed and ↑-open, but p is not ↑-closed since p(↑_V ({0}) = {0, 1} ≠ {0, 1, 2} =↑_Y (p({0, 1})); and p is not ↑-open because p^{−1}(↑_Y ({0}) = {0, 1, 2} ≠ {0, 1} =↑_V (p^{−1}({0})).

4 Hereditary c-quotients

From now on, we assume that the closure operator c is hereditary, i.e., for all m : M → Y , y : Y → X in M, it holds that y ∧ c_X (y · m) ∼= y · c_Y (m), or, equivalently, c_Y (m) ∼= y^{−1}(c_X (y · m)).

4.1 It is clear that the heredity of c is equivalent to every morphism in M being c-initial (cf. [11]).

4.2 A hereditary c-quotient is a morphism whose pullback along any M-morphism is a c-quotient. Clearly any hereditary c-quotient is a c-quotient. It is well-known that in T op, for the Kuratowski closure operato k, the hereditary k-quotients coincide with the k-final morphisms. In this section, we are going to show that this is a particular example of a general property. Indeed, next we prove that, under convenient conditions, the hereditary c-quotients actually coincide with c-final morphisms.

Theorem 4.2 Let subY be a Boolean algebra. Then a morphism with codomain in Y is a hereditary c-quotient if and only if it is c-final.

Proof. From 3.1 and 4.1, it immediately follows that every c-final morphism is a hereditary c-quotient.

Conversely, let f : X→Y be a hereditary c-quotient and let n : N→Y be a subobject of Y . We want to prove that c_Y (n) ∼= f(c_X (f^{−1}(n))). Let m : M→Y be the complement of f(c_X (f^{−1}(n))) and put r = m ∨ n : R→Y . Let n_r : N→R be the M-morphism for which r · n_r = n and consider the pullback

X Y f^{−1}(R) R g

f f^{−1}(r) r . By hypothesis, g is a c-quotient; we show that g^{−1}(n_r) is c-closed, so that n_r is c-closed. To this end, since c is hereditary, it suffices to show that f^{−1}(r) ∧ c_X (f^{−1}(r) · g^{−1}(n_r)) ∼= f^{−1}(r) · g^{−1}(n_r)), that is, that f^{−1}(r) ∧ c_X (f^{−1}(n)) ∼= f^{−1}(n). In fact, this isomorphism occurs since, on the one hand, it is clear that f^{−1}(n) ≤ f^{−1}(r) ∧ c_X (f^{−1}(n)); and, on the other hand, we have that

f^{−1}(r) ∧ c_X (f^{−1}(n)) ≤ f^{−1}(r) ∧ f^{−1}(f(c_X (f^{−1}(n)))), by 1.2(a) ∼= f −1(r ∧ f(c_X (f −1(n)))), by 1.2(b) ∼= f −1((m ∨ n) ∧ f(c_X (f −1(n)))) ∼= f −1(m ∧ f(c_X (f −1(n))) ∨ (n ∧ f(c_X (f −1(n))))) ∼= f −1(0_X ∨ n), by 1.2(d) ∼= f −1(n) . Therefore, c_R(n_r) ∼= n_r and so, r·c_R(n_r) ∼= n. Thus, since the heredity of c assures that r ∧ c_Y (n) ∼= r · c_R(n_r), we have that r ∧ c_Y (n) ∼= n and, consequently, that m ∧ c_Y (n) ≤ n. Then, we obtain that

c_Y (n) ∧ m ≤ n ∧ m ≤ f(c_X (f^{−1}(n))) ∧ m ∼= 0_Y , (5)

and that c_Y (n) ∨ m ∼= f(f^{−1}(c_Y (n))) ∨ m ≥ f(c_X (f^{−1}(n))) ∨ m ∼= 1_Y . (6)

Since m is the complement of f(c_X (f^{−1}(n))), it follows from (5) and (6) that c_Y (n) ∼= f(c_X (f^{−1}(n))). □

5 On universal c-quotients

A morphism f : X→Y is said to be a universal c-quotient provided that every pullback of f along an arbitrary morphism is a c-quotient.

5.1 A quotient map in the category of topological spaces is just a k-quotient, with k the Kuratowski closure operator. The universal quotienst in T op were characterized in [13] and [7] as being just those continuous maps f : X→Y which fulfil one of the following equivalent conditions:

(a) For each y ∈ Y and each open coverage (G_I )_{i∈I} of f^{−1}(y), there is some finite subset J of I such that y ∈ int( ⋃ j∈J f(G_j)).

(b) For each filter base B in Y , if y ∈ Y adheres to B, then some x ∈ f^{−1}(y) adheres to f^{−1}(B).

These two conditions do not give clear information about the behaviour of f with respect to the closure operator. However several properties on the category of topological spaces are particular cases of properties in a much general setting, namely a category equipped with a closure operator. So, one natural question is: how to characterize universal quotients in T op by means of the closure operator? The answer is given by the following

Theorem 5.1 In T op, a morphism f : X→Y is a universal c-quotient, for c the Kuratowski closure operator, if and only if, for each family (n_i)_{i∈I} of subobjects of Y , the condition (GF) ⋀ J⊆I Jfinite

c_Y ( ⋀ j∈J n_j) ≤ f( ⋀ i∈I c_X (f^{−1}(n_i)))

holds.

Proof. Along the proof, we denote the Kuratowski closure of a subset F of a space by F . The condition (b) stated in 5.1 is clearly equivalent to the following condition:

(c) For each filter F in Y , ∩_{F ∈F} F ⊆ f(∩_{F ∈F} f^{−1}(F )).

We show that it is equivalent to (GF). Assume (GF) and let F be a filter in Y . Putting F = {F_i : i ∈ I} and denoting by J the set of all finite subsets of I, we have that ∩_{J∈J} ∩_{j∈J} F_i ⊆ f(∩_{i∈I} f^{−1}(F_i)) . (7) But, for all finite subsets J of I, ∩_{j∈J} F_i ∈ F; then {∩_{j∈J} F_i, J ∈ J } = {F_i, i ∈ I} and (c) follows.

Conversely, assume (c). Let (N_i)_{i∈I} be a family of subsets of Y . If, for some finite subset J of I, ∩_{j∈J} N_i = ∅, then (GF) is trivially verified. Otherwise, let F be the filter generated by (N_i)_{i∈I} . From (c), we have that ∩_{F ∈F} F ⊆ f(∩_{F ∈F} f^{−1}(F )) . (8) But ∩_{F ∈F} F = ∩_{J∈J} ∩_{j∈J} N_i (9) and f(∩_{F ∈F} f^{−1}(F )) = f(∩_{J∈J} f^{−1}(∩_{j∈J} N_j ) = f(∩_{J∈J} ∩_{j∈J} f^{−1}(N_j )) . (10) Since {∩_{j∈J} f^{−1}(N_j ), J ∈ J } ⊇ {f^{−1}(N_i), i ∈ I}, we have that

∩_{J∈J} ∩_{j∈J} f^{−1}(N_j) ⊆ ∩_{i∈I} f^{−1}(N_i) . (11)

Then, from (8), (9) (10) and (11), we conclude that ∩_{J∈J} ∩_{j∈J} N_i ⊆ f(∩_{i∈I} f^{−1}(N_i)). □ Remark 5.2

1. It is clear that in a category with a closure operator, any morphism f fulfilling the condition (GF) is, in particular, c-final.

2. For the up-closure ↑ in the category of spatial graphs SGph, we have that:

The universal ↑-quotients coincide with the ↑-final morphisms.

To show this, first we recall that, in SGph, the ↑-final morphisms are just those surjections f : X→Y which fulfil the following condition: y_1 → y_2 ⇔ ∃x_1, x_2 ∈ X (x_1 → x_2 and f(x_i) = y_i, i = 1, 2) (cf. [6]). Let

X Y

W Z g

f r s be a pullback diagram, where f : X→Y is ↑-final and s is an arbitrary morphism. We show that g is also ↑-final. Given (x_1, z_1) and (x_2, z_2) in W , (x_1, z_1)→(x_2, z_2) is an edge in W iff x_1 → x_2 is an edge in X and z_1 → z_2 is an edge in Z. So, let z_1→z_2 be an edge in Z; then s(z_1)→s(z_2) belongs to Y , from what follows that there is some edge x_1→x_2 in X such that f(x_i) = s(z_i), i = 1, 2. Consequently, (x_1, z_1)→(x_2, z_2) belongs to W with g(x_1, z_1) = z_1 and g(x_2, z_2) = z_2.

3. The condition (GF) does not give the desired characterization in the general setting.

In fact, it fails to be a necessary condition in the category SGph equipped with the up-closure. To show that, consider the following example: Let X be the spatial graph with underlying set ⋃ i∈IN {x_i, w_i} and with non loop edges x_i→w_i, i ∈ IN, and let Y be

the spatial graph with underlying set ⋃ i∈IN {y_i} ∪ {y} and with non loop edges y_i→y,

i ∈ IN; let f : X→Y be defined by f(x_i) = y_i and f(w_i) = y. Then, f is clearly ↑-final, so, from 2., a universal ↑-quotient. But it does not satisfy condition (GF). To see that, consider the family of all subobjects of Y of the form N_i = {y_k | k ≥ i}; then y ∈ ⋀ J⊆I Jfinite

↑_Y ( ⋀ j∈J N_j) but y /∈ f( ⋀ i∈I ↑_X (f^{−1}(N_i))).

5.3 In this subsection, we show that in a suitable setting, which generalizes the one of the category of topological spaces, the condition (GF) is sufficient. For this purpose, we need to use the notion of point.

Let X have a terminal object 1; then, since E ⊆ Epi(X ), each morphism with domain 1, being a split monomorphism, belongs to M. The subobjects of an X -object X with domain 1 are said to be points of X. The class of all points of X is denoted by ptX. The notion of point, in a sense which generalizes the one used here, was studied in detail in [3] (see also [4]). Let m : M → X be a subobject of X and let x ∈ ptX. By pt(m) we denote the set of all points of X of the form mz, with z ∈ptM. We say that the category X has enough points provided that, for each X ∈ X , 1_X ∼= ⋁ ptX. This is equivalent to say that, for each X -object X and each m ∈ subX, m ∼= ∨pt(m). In fact, it is clear that the last assumption implies that X has enough points; conversely, we have that ⋁ pt(m) ∼= ⋁ z∈ptM (mz) ∼= m( ⋁ z∈ptM z) ∼= m(1M ) ∼= m. The following three lemmas will be useful to prove Theorem 5.3 below.

Lemma 5.3.1 In a category with enough points, let m, m_i and n belong to subX and let f : X → Y be a morphism. Then:

(a) m ≤ n ⇔ pt(m) ⊆ pt(n); and, thus, m ∼= n ⇔ pt(m) = pt(n). (b) pt( ⋀ i∈I m_i) = ⋂ i∈I pt(m_i). (c) pt(m) = ∅ ⇒ m ∼= o_X ; furthermore, we have that pt(m) = ∅ ⇔ m ∼= o_X whenever o_X ≁= 1_X .

(d) x ∈ pt(m) ⇒ f(x) ∈ pt(f(m)).

Proof. (a) and (b) are immediate.

(c) pt(m) = ∅ ⇒ ⋁ pt(m) ∼= o_X ⇔ m ∼= o_X . To show that o_X ≁= 1_X ensures that pt(o_X ) = ∅, let z ∈ pt(o_X ). Then z ≤ o_X , and so, z ∼= o_X . But then, O_X ∼= 1 and, consequently, for each x ∈ ptX, it holds that x ∼= o_X , from what follows that 1_X ∼= ⋁ ptX ∼= o_X .

(d) Let m : M→X be a subobject of X and let z ∈ ptM and x ∈ ptX be such that x = mz. Let f(m) · e be the (E, M)-factorization of the morphism fm. Then, we have that f(x) ∼= fx = fmz = f(m)ez; this means that f(x) ∈ pt(f(m)). □

In the following, if subX is a Boolean algebra and m ∈ subX, we write m^c to denote the complement of m.

Lemma 5.3.2 In a category with enough points, let subX and subY be Boolean algebras such that o_Y ≁= 1_Y , and let f : X → Y be a morphism. Then, for m ∈ subX and n, n_i ∈ subY , we have that:

(a) y ∈ pt(n) ⇔ y ∧ n^c ∼= o_Y ⇔ y ∉ pt(n^c). (b) pt( ⋁ i∈I n_i) = ⋃ i∈I pt(n_i), for any finite set I.

(c) If complements are preserved under the inverse image by f, then:

(i) m ∧ f^{−1}(n) ∼= o_X ⇔ f(m) ∧ n ∼= o_Y . (ii) pt(f(m)) = {f(x) : x ∈ pt(m)}.

Proof. (a) Let y ∈ ptY . Then y ∈ pt(n) ⇔ y ≤ n ⇔ y ∧ n^c ∼= o_Y ⇔ pt(y ∧ n^c) = ∅ ⇔ pt(y) ∧ pt(n^c) = ∅ ⇔ y ∉ pt(n^c), the last but two equivalence being a consequence of 5.3.1 (c).

(b) Using (a) above and (b) and (c) of 5.3.1, we conclude that y ∈ pt(n_1 ∨ n_2) iff y ∉ pt(n^c_1)∩pt(n^c_2). Again by (a), we get that the last condition is equivalent to y ∈ pt(n_1) or y ∈ pt(n_2).

(c) (i) If m ∧ f^{−1}(n) ∼= o_X , then m ≤ (f^{−1}(n))^c ∼= f^{−1}(n^c). Consequently, f(m) ≤ n^c and, then, f(m) ∧ n ∼= o_Y . Conversely, if m ∧ f^{−1}(n) ≁= o_X , then, by 5.3.1(c), there is some x ∈ pt(m ∧ f^{−1}(n)). Using Lemma 5.3.1, one concludes that f(x) ∈ pt(f(m)) ∩ pt(n) and, then, since o_Y ≁= 1_Y , that f(m) ∧ n ≁= o_Y .

(c) (ii) The inclusion {f(x) : x ∈ pt(m)} ⊆ pt(f(m)) is clear, from 5.3.1 (d). On the other hand, for y ∈ ptY , if y ∈ pt(f(m)) then y ∧ f(m) ≁= o_Y and, from (i), f^{−1}(y) ∧ m ≁= o_X . Thus pt(f^{−1}(y)) ∩ pt(m) ≠ ∅. This means that, for some x ∈ ptX, x ∈ pt(f^{−1}(y)) ∩ pt(m) and, thus, y ∈ {f(x) : x ∈ pt(m)}. □

Lemma 5.3.3 For a subobject m : M → X of X, the following two first assertions are equivalent and they are equivalent to (c) in a category with enough points.

(a) m : M → X is c-closed. (b) m ∼= ⋀ {n ∈ subX : n c-closed and m ≤ n}.

(c) If x ∈ pt(X) is such that m ≤ n ⇒ x ∈ pt(n) for all c-closed subobjects n of X, then x ∈ pt(m).

Proof. (a)⇔ (b): It is straightforward.

(b)⇔ (c): It follows from (a) and (b) of Lemma 5.3.1. □

5.3.4 Given a pullback

X Y

Z W g f r s (12)

let N be the family of all subobjects of Z of the form n = r^{−1}(n_1) ∨ g^{−1}(n_2) for some c-closed subobjects n_1 ∈ subX and n_2 ∈ subW . We say that the pullback (12) is c-initial, provided that the c-closed subobjects of Z are just those m : M → Z in subZ such that m ∼= ⋀ {n ∈ subX : n ∈ N and m ≤ n}. If X has enough points, this is equivalent to say that m fulfils the following property: for any z ∈ ptZ, if z ∈ pt(n), for all n ∈ N such that m ≤ n, then z ∈ pt(m).

We point out that for X = T op, M the class of embeddings and c the Kuratowski closure operator, the c-initiality for pullbacks coincides with the usual initiality of pullbacks in T op. Theorem 5.3 Let X have enough points and let c be an idempotent closure operator in X such that any finite union of c-closed subobjects is a c-closed subobject. Moreover, let the diagram (12) be a c-initial pullback, let subX, subY , subZ and subW be Boolean algebras, with o_Y ≁= 1_Y , and let all morphisms in (12) preserve complements under the inverse image. Then, if f : X → Y fulfils condition (GF), it is a universal c-quotient.

Proof. If o_X ∼= 1_X or o_W ∼= 1_W , it is trivially concluded that g is a c-quotient. Thus, besides the assumption of that o_Y ≁= 1_Y , we also assume, without loss of generality, that o_X ≁= 1_X and o_W ≁= 1_W . If f : X → Y fulfils condition (GF), then it is clearly a c-quotient; in particular, it belongs to E and so g ∈ E. Let n : N → W be a subobject of W such that g^{−1}(n) is c-closed. In order to show that n is c-closed, we are going to use (c) of Lemma 5.3.3: we show that, for w ∈ ptW , if w ∉ pt(n), then there exists a c-closed subobject u of W such that n ≤ u and w ∉ pt(u).

Suppose that w ∉ pt(n). Then, by (d) of Lemma 5.3.1, for each z ∈ pt(g^{−1}(w)), we have that z ∉ pt(g^{−1}(n)). Consequently, using the c-initiality of the pullback (12), we obtain that, for each z ∈ pt(g^{−1}(w)), there are c-closed subobjects n_{1z} and n_{2z} of X and W , respectively, such that

g^{−1}(n) ≤ r^{−1}(n_{1z}) ∨ g^{−1}(n_{2z}) and z ∉ pt(r^{−1}(n_{1z}) ∨ g^{−1}(n_{2z})) . (13)

Put I = pt(g^{−1}(w)) and denote by J the class of all finite subsets of I. For each z ∈ pt(g^{−1}(w)), let m_z = (f(n^c_{1z}))^c .

Then, by (GF), ⋀ J∈J c_Y ( ⋀ z∈J m_z) ≤ f( ⋀ z∈I c_X (f^{−1}(m_z)) . (14)

First, we show that, for each z ∈ I, it holds that f^{−1}(m_z) ≤ n_{1z}. Indeed,

m_z = (f(n^c_{1z}))^c ⇒ m_z ∧ f(n^c_{1z}) ∼= o_Y ⇔ f^{−1}(m_z) ∧ n^c_{1z} ∼= o_X , by 5.3.2(c)(i) ⇒ f^{−1}(m_z) ≤ n_{1z}

Consequently, since n_{1z} is c-closed, we have that c_X (f^{−1}(m_z)) ≤ n_{1z}.

Now, we are going to show that s(w) ∉ pt(c_Y ( ⋀ z∈J m_z)) for some J ∈ J . For each z ∈ pt(g^{−1}(w)), since z ∉ pt(r^{−1}(n_{1z})), we have that z∧r^{−1}(n_{1z}) ∼= o_Z ; then, by 5.3.2(c)(i), r(z) ∧ n_{1z} ∼= o_X . Since c_X (f^{−1}(m_z)) ≤ n_{1z}, we obtain that r(z) ∧ c_X (f^{−1}(m_z)) ∼= o_X . Consequently, for all z ∈ pt(g^{−1}(w)), we have that r(z) ∧ (⋀ z∈I c_X (f^{−1}(m_z)) ) ∼ = oX . Then, by Lemma 5.3.2(c)(ii), we conclude that r(g^{−1}(w)) ∧ (⋀ z∈I c_X (f^{−1}(m_z)) ) ∼ = oX , that is, by (BCP), that f^{−1}(s(w)) ∧ (⋀ z∈I c_X (f^{−1}(m_z)) ) ∼ = oX . By 5.3.2(c)(i), it follows that s(w) ∧ f (⋀ z∈I c_X (f^{−1}(m_z)) ) ∼ = oY and, consequently, using (14), that s(w) ∧ (⋀ J∈J (c_Y ( ⋀ z∈J m_z)) ) ∼ = oY . This implies that s(w) ∉ pt (cY ( ⋀ z∈J m_z)), for some J ∈ J , and, thus, for this J, w ∉ pt ( s^{−1}(c_Y ( ⋀ z∈J m_z)) ) . On the other hand, for each z ∈ J, since z ∉ pt(g^{−1}(n_{2z})), we have, by 5.3.1(c), that z ∧ g^{−1}(n_{2z}) ∼= o_Z , what, combined with 5.3.2(c)(i) and the fact that g(z) ∼= w, assures that w∧n_{2z} ∼= o_W , that is, that w ∉ pt(n_{2z}). Now, using 5.3.2(b), we get that w ∉ pt ( s^{−1}(c_Y ( ⋀ z∈J m_z)) ⋁ ( ⋁ z∈J n_{2z}) ) . The subobject s^{−1}(c_Y ( ⋀ z∈J m_z)) is c-closed, since c is idempotent. Then, the subobject s^{−1}(c_Y ( ⋀ z∈J m_z)) ⋁ ( ⋁ z∈J n_{2z}), being the finite union of c-closed subobjects of W , is, by assumption, c-closed. We are going to show that it has n as its subobject, what completes the proof. Let t ∈ pt(n). By (13) and using (BCP), we have that, for each z ∈ J, t ≤ s^{−1}(f(n_{1z})) ∨ n_{2z}. If t ≤ n_{2z} for some z ∈ J, then it is clear that t ∈ pt ( s^{−1}(c_Y ( ⋀ z∈J m_z)) ⋁ ( ⋁ z∈J n_{2z} ) . Otherwise, since t is a point, for each z ∈ J, we get that t∧n_{2z} ∼= o_W , and, by 5.3.1(d), that g^{−1}(t)∧g^{−1}(n_{2z}) ∼= o_X . Consequently, as g^{−1}(t) ≤ r^{−1}(n_{1z}) ∨ g^{−1}(n_{2z}), and we are working in a Boolean algebra, it follows that g^{−1}(t) ≤ r^{−1}(n_{1z}). Thus, we have that r(g^{−1}(t)) ≤ n_{1z}, that is, f^{−1}(s(t)) ≤ n_{1z}. This implies that f^{−1}(s(t)) ∧ n^c_{1z} ∼= o_X . Then, using Lemma 5.3.2(c)(i) twice, we obtain in succession, that s(t) ∧ f(n^c_{1z}) ∼= o_Y and t ∧ s^{−1} (f(n^c_{1z})) ∼= o_W . Hence, t ≤ ( s^{−1} (f(n^c_{1z})) )_c , and thus, t ≤ s^{−1}(m_z). Consequently, one concludes that t ≤ ⋀ z∈J s^{−1}(m_z) ≤ s^{−1}(c_Y ( ⋀ z∈J m_z)). Therefore, we have that t ∈ pt ( s^{−1}(c_Y ( ⋀ z∈J m_z)) ⋁ ( ⋁ z∈J n_{2z} ) . □ References

[1] J. Adámek, H. Herrlich and G. E. Strecker, Abstract and Concrete Categories, John Wiley and Sons, New York, 1990.

[2] A. Arhangel’skii, Bicompact sets and the topology of spaces, Dokl. Akad. Nauk SSSR, 150 (1963), 9-12. English translation: Soviet Math. Dokl. 4 (1963) 561-564.

[3] M. M. Clementino, Separação e Compacidade em Categorias, Ph.D.Thesis, Universidade de Coimbra, 1992.

[4] M. M. Clementino, Hausdorff separation in categories, Appl. Categorical Structures, 1: 285-295, 1993.

[5] M. M. Clementino, E. Giuli, W. Tholen, Topology in a category: compactness. Portugal. Math., 53 (1996), 397-433.

[6] M. M. Clementino, E. Giuli, W. Tholen, What is a quotient map with respect to a closure operator?, Appl. Categorical Structures (to appear).

[7] B. J. Day and G. M. Kelly, On topological quotient maps preserved by pullbacks and products, Proc. Cambridge Phil. Soc. 67 (1970), 553-558.

[8] D. Dikranjan and W. Tholen, Categorical Structure of Closure Operators, with Applications to Topology, Algebra and Discrete Mathematics, Kluwer Academic Publishers, Dordrecht, 1995.

[9] R. Engelking, General Topology, revised and completed edition, Heldermann Verlag, Berlin, 1989.

[10] P. J. Freyd and G. M. Kelly, Categories of continuous functors I, J. Pure Appl. Algebra 2 (1972), 169-191.

[11] E. Giuli, W. Tholen, Openess with respect to a closure operator, Appl. Categorical Structures (to appear).

[12] G. Janelidze and W. Tholen, Facets of descent I. Appl. Categorical Structures, 2 (1994), 245-281.

[13] E. Michael, Bi-quotient maps and cartesian products of quotient maps, Ann. Inst.

Fourier (Grenoble), 18 (1968), 287-302.

[14] W. Tholen, Factorizations, localizations and the orthogonal subcategory problem, Math. Nachr., 114 (1983), 63-85.

Departamento de Matemtica Escola Superior de Tecnologia Instituto Politcnico de Viseu Repeses 3500 Viseu, Portugal sousa@mat.estv.ipv.pt