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Abstract

Using Kneser’s Theorem [7, 8, 13] from Additive Group Theory we obtain a lower
bound for the degree of the minimal polynomial of the Kronecker product of two
linear operators. Using another result from Additive Group Theory (Kemperman’s
Theorem [6]), we also characterize equality cases of that lower bound, when the
spectrum of the Kronecker product is not a periodic set in the multiplicative group
of the algebraic closure of the underlying field.
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1 Introduction

Let F be an arbitrary field and let p be the characteristic of F in non-zero characteristic
and p = 400 otherwise. F denotes the algebraic closure of F. If V is a finite dimension
vector space over IF and f is a linear operator on V' then P is the minimal polynomial of
f and o(f) is the spectrum of f over I, that is, the set of eigenvalues of f over F. For
v € V the f-cyclic subspace of v is

Cr(v) = {f'(v):i€Np) .

If f is of simple structure then deg(Pf) = |o(f)| where, for a polynomial ¢, deg(g) denotes
its degree and |X| denotes the cardinality of the set X.

*This research was done within the activities of “Centro de Matemaética da Universidade de Coimbra”.
Y Tel.: 351-239-791173; E-mail address: caldeira@mat.uc.pt



Let V and W be two finite dimension vector spaces over F and let f and g be two linear
operators on V and W, respectively. The Kronecker product of f and g is the unique linear
operator on V ® W such that

(fRgwew) =f)Rgw), YweV, YweW.

The Kronecker sum of f and ¢ is f ® Iy + Iy ® g. Using the fact that deg (Prsry +1v04)
equals the maximum of the dimensions of (f ® Iy + Iy ® g)-cyclic subspaces, Dias da Silva
and Hamidoune proved [5] that

deg (Prorny +1,0) > min{p, deg(Py) + deg(P,) — 1} . (1)

Considering simple structure linear operators and since

o(foly+Iy®g)=0o(f)+olg),

from (1), Dias da Silva and Hamidoune proved [5] that, for A and B finite non-empty
subsets of I,

|A+ B| > min{p, |A| + |B| — 1}.
When F is the field of integers modulo a prime, p, this result is known as Cauchy-Davenport
Theorem [2, 3, 4].

In order to obtain a lower bound for the degree of the minimal polynomial of the
Kronecker product we use a slightly different method. We use a technique used (when
F = C) by Marcus and Shafgat Ali in [11, 12] to obtain lower bounds for the degrees of
minimal polynomials of additive commutator operators and Jordan operators. A lower
bound for |o(f ® g)| and information about elementary divisors of f ® g will allow us to
obtain a lower bound for deg(Prg,).

The lower bound for |o(f ® g)| is obtained from the fact that

o(f®@g)=o0o(f)o(g)

and from Kneser’s Theorem [7, 8, 13], applied on the multiplicative group of the algebraic
closure of F.
In certain conditions the lower bound we obtain for deg(Pjg,) is

deg(Prgy) > deg(Py) + deg(FPy) — 1. (2)

Using Kemperman’s Theorem [6] we characterize the linear operators f and ¢ for which
equality is attained in (2).

2 Auxiliary results on group theory

Let G be an abelian group with multiplicative notation. A finite geometric progression in
G is a subset of G of the form {ad,ad?,...,ad"}, where k € N, a € G and d € G\ {1}.
Let A and B be two non-empty subsets of G and let ¢ € G. We consider

AB ={ab:a € Aand b € B},
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Al ={a"':a€ A}
and  vy(A,B) = [{(a,b) € Ax B:ab=g}|.

Definition 1 Let A be a non-empty subset of G. The stabilizer of A in G is the subgroup
of G,
H(A)={geG:gA=A}.

Remark 1

(i) We have AH(A) = A and therefore if A is a finite non-empty subset of G then H(A)

is a finite subgroup;

(ii) If H is a subgroup of G, we have AH = A if and only if A is the union of H-cosets.
Therefore A is the union of H(A)-cosets.

Definition 2 Let A be a non-empty subset of G. A is a periodic set if H(A) # {1}.

Remark 2 A non-empty finite subset A of G is periodic if and only if there exists a
subgroup of G, H, such that |H| > 2 and AH = A.

Theorem 1 (Kneser) [7, 8, 13] Let A and B be finite non-empty subsets of the abelian
group G. Let H = H(AB). Then

|AB| > [A] + | B

or
|AB| + |H| = |AH| + |BH|.

From Kneser’s Theorem it is easy to obtain the following results:

Corollary 1 [13, Theorem 4.3] Let A and B be finite non-empty subsets of the abelian
group G. Let H = H(AB). Then

|AB| > |AH| + |BH| — |H]|.
Corollary 2 Let A and B be non-empty finite subsets of G with |B| > |A| > 2. Then
|AB| = |B| if and only if there exists a finite subgroup of G, H, such that |H| > 2, BH = B
and A C aH, for all a € A.

Corollary 3 Let A and B be two non-empty finite subsets of the abelian group G such
that |A| > 2, B=CUD, C #0, D # 0 and

AC =aC, Ya€e A.

If AD is a periodic set and |AD| = |A| + |D| — 1 then also AB is a periodic set.
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Proof Suppose AD is periodic. Let H = H(AD) # {1}. From Remark 1 we have

.
AD:U@H.
=1

Let d € D. We have dA C AD and hence

.
A Q Ud_ICiH.
i=1

Then there exist k € {1,...,n} and a4, ...,a; € A such that

k
[ ]
i=1

We have also that .
o

AH:U%H.
i=1

From the hypothesis and Kneser’s Theorem we obtain
|A|+|D|—1=|AD| = |AH|+ |DH| — |H|.
Since |DH| > |D| we have |AH| < |A| + |H| — 1. Then
|A| > |[AH| - |H|+1=(k—1)|H|+ 1.

If k=1 then A C a;H. Since |A| > 2 there exists h € H \ {1} such that a;h € A.

If k> 1 then |A| > (k—1)|H|+ 1> 2k — 1 > k. Then in this case we have also that,
for some i € {1,...,k}, there exists h € H \ {1} such that a;h € A.

Next we prove that hAB C AB. Let v € AB = ACUAD. If v € AD then (H =
H(AD)) hx € AD C AB.

Suppose that x € AD. Then x € AC' = a;C and there exists ¢ € C' such that x = a;c.
It follows that

hx = (a;h)c € AC C AB.

Then h € H(AB). Since h # 1 we conclude that AB is periodic. |
Definition 3 [6, definition on page 78 and remark on page 82] Let (A, B) be a pair of finite

non-empty subsets of the abelian group G. The pair (A, B) is said to be an elementary
pair if it satisfies, at least, one of the following conditions:

() 1Al = Lor [B| = 1



(ii) A and B are geometric progressions in G of the same rate, d, where d € G has order
(not necessarily finite) greater than or equal to |A| + |B| — 1;

(iii) A is not periodic and there exist H, finite subgroup of G, ¢ € G and a € A such that
ACaH and B = c¢((AH) \ A)~%;

(iv) There exists H # {1} finite subgroup of G such that each one of the sets A and B
is a subset of an H-coset, |A| + |B| = |H| 4+ 1 and there exists at least one g € AB
such that v,(A4, B) = 1.

Remark 3

(1) If (A, B) satisfies (ii) then AB is a geometric progression with rate d and there exists
g € AB such that v,(A, B) = 1;

(2) If (A, B) satisfies (iii) then AB = (cH) \ {c} [6, Lemma 4.2];

(3) If (A, B) satisfies (iv) then AB is an H-coset [6, Lemma 4.1];

(4) If (A, B) is an elementary pair then |AB| = |A| + |B| — 1;

)
)
)
(5) If (A, B) satisfies (iii) then B is not periodic, B C (ca™)H e A= c¢((BH)\ B)™*. It

follows that if (A, B) is an elementary pair then also (B, A) is elementary and of the
same type.

Let H be a subgroup of G. We denote by I the canonical surjection of G onto G/H,

y: G — G/H
g — gH.

Remark 4 If H is a finite subgroup of G and A is a finite subset of GG then

_ |AH|

g (A)] = TH]

Theorem 2 (Kemperman)|6, teorema 5.1] Let (G, -) be an abelian group with, at least,
two elements. Let A and B be two non-empty finite subsets of G. Then

|AB| = |A] + |B| =1

and
if AB is a periodic set then there exists g € AB such that vy(A,B) =1,

if and only if there exist Ay and By non-empty subsets of A and B, respectively and a
subgroup J of G, with, at least, two elements, satisfying:



(1) The pair (Aq, By) is elementary and each one of the sets Ay, By is contained in a
J-coset;

(i) (A1B1)N((A\ A1)B) =0 and (A1By) N (A(B\ By)) = 0;

(iii) The sets A\ Ay and B\ By are unions of J-cosets;

(iv) [ (A)IL(B)[ = [IL;(A)] + [IL;(B)| — 1.

Remark 5 If A} # A or By # B then, from (iii), it follows that J is finite.

By F' we denote the multiplicative group of the field F. For d € F, (d) denotes the
cyclic subgroup of B, {d' : i € Z}.

We will be interested in applying Kemperman’s Theorem in the group F*, so first we
will characterize the finite periodic subsets and the elementary pairs in this group.

Lemma 1 Let J be a finite subgroup of F", with order n. Then
J:{xEF*:xnzl}:(d>,
for some d € F, with finite order n. Moreover, if p is finite then n #Z0 (mod p).
Proof Let J = {ay,aq,...,a,} with a; # a; if i # j. For all ¢, o' = ayl =1 and so
JQ{xEF*:xnzl}.

From B
erF*;x”=1H <n

it follows that B
J:{:ce]F*::cnzl}.

Suppose p is finite and divides n. Then n = pq for some integer ¢ > 1 and

reJ = 2"=1

= (2P =1
= (-1 =0
= 21—-1=

Hence _
|J|§HIEF*:xq:1H§q<n,

but this is a contradiction. Then p does not divide n and we can take a primitive n-root
of the unity for d. [ |

From this Lemma and Remark 1 we obtain:



Lemma 2 Let A be a finite non-empty subset of F . Then A is periodic if and only if A
15 of the form

. .
A:Uai(d) :U{xEF*:x”:a?},
i=1 i=1

for some s € N, ay,as,...,a, € A and d € F with order n > 2 such that n Z 0 (mod p)

(if p is finite).

Lemma 3 Let (A, B) be a pair of finite non-empty subsets of F'. The pair (A, B) is an
elementary pair in the group F if and only if it satisfies, at least, one of the following
conditions:

(@ [Al=1or|Bl=1;

(I1) A and B are geometric progressions in F of the same rate, d, where d € F~ has order
(not necessarily finite) greater than or equal to |A| + |B| — 1;

(III) A is not periodic and there erist a € A, d € F* with finite order k such that k # 0
(mod p) (if p is finite) and c € F satisfying

A§a<d>

and
B=c(a{d)\A)~";

(IV) There exist a,ay € A, d € F' with finite order k such that k % 0 (mod p) (if p is
finite) and ¢ € T satisfying
A Cald)

and

B=c(a{d)\ A) " U{car'}.

Proof Using Lemma 1 it is easy to prove that (A, B) is elementary of type (iii) if and only
if (A, B) satisfies (III).

Suppose (A, B) is elementary of type (iv) and let us prove that (A, B) satisfies (IV).
Using Lemma 1 and considering d such that H = {1,d,...,d" 1} it is easy to prove that

A= a{d“,di?, . ,d“}
and o '
B =b{d",d”>, ... d"},

wherer+s=k+1,0=91 <2< - <, <k—land0=j < o< ---<js < k—1
Let ¢ € AB be such that v.(A, B) = 1. There exist u € {1,2,...,r} and v € {1,2,...,s}
such that

c= (ad™)(bd™).
€A €B
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For £ =1,2,...,s with ¢ # v we have
bt = cq=tdtmTIv e

Since d~ /it ¢ H there exists t € {0,1,...,k — 1} such that bd’* = ca='d*~t. Suppose
t e {Z.l,l‘g,...,l.r}. Then 4
c=(ad )(bd") .
NN
€A €B
But this contradicts v.(A, B) = 1, because bd’» # bd’¢. Then t & {iy,1s,...,4,}. It follows
that

b{d:0=1,2,...,s,0#v}=ca {d"":t€{0,1,....k—1}\ {ir,...,ir}} .

Let a; = ad™. Since bd’> = ca™'d*~* = ca;' we obtain that B is of the required form.
Now suppose (A, B) satisfies (IV). Consider the subgroup H = (d) = {1,d,...,d*"'}.
Then A C aH, B C ca™'H and

|Al+|B|=|H|+ 1.

In order to prove that (A, B) is elementary of type (iv) it remains to prove that v,(A, B) =
1 for some g. We shall prove that v.(A,B) = 1. Let A = a{d",d™,... d"}, where
O=d <ig<- - <1, <k—1. We have

c= ap (ca;t).

~—~—
€A  ¢B

Suppose

c=(ad )b,

=~
€A

for some t € {iy,...,i,} and b € B\ {ca;'}. Then b = ca~*d*7 for some j € {0,1,..., k—
13\ {#1,...,4,}. Hence

dtJrk*j =1
and t —j = 0 (mod k). Since t —j € [k + 1,k — 1], it must be ¢ = j and this is a
contradiction. Then v.(A, B) = 1. |

Applying Kemperman’s Theorem in the group F" we obtain
Corollary 4 Let A and B be two non-empty finite subsets of F and suppose that AB is

not pertodic. Then
|AB| = |A] +|B| -1

if and only if

the pair (A, B) is elementary of one of the types (1),(I11) or (III) (types considered in
Lemma 3)



or

there exist a positive integer n > 2 such that n Z0 (mod p), d € F' with order n,
ai,as,...,ar € A, and by, by, ..., by € B such that

(i) A=A Uai<d) Ay Coa (d),

B:Blo Obj<d> , By C by {d),

where (A1, By) is elementary;
(i) (abia;'b;") #1 if (i,4) # (1,1);
(iii) {afo} :i=1,2,...,k, j=12,... (}=k+ (-1
Remark 6 If AB is periodic, conditions given in Corollary 4 are sufficient for |AB| =
|A| + |B| — 1.

3 Auxiliary results on elementary divisors

Let V # {0} and W # {0} be two finite dimension vector spaces over F. Let f and g be
two linear operators on V and W, respectively. We consider the elementary divisors of f,
g and f ® g over F.

If the field F is a field of zero characteristic there is a well-known result [1, 15][10, chapter
7,Theorem 1.4] that characterizes the elementary divisors of the Kronecker product f ® g
in terms of the elementary divisors of f and g. That result is no longer valid over a field
of finite characteristic.

The following Lemma is easily proved by induction on /.

Lemma 4 Let k and q be positive integers and let C' and D be square matrices, over F,
of order q that commute. Let F' be the square matrixz of order kq defined by

[C D 0 --- 0]
C D
F = 0
0 D
- O_




For? e N,

_Fff) 9 Fk(f)

Y Ry :

F' = :
0 2%

Y

where, for 7 =1,2,... )k,

o _ [ ()OI 1< <t
T 0 if  j>L0+2

Lemma 5 If f and g are cyclic linear operators on V and W, respectively, with Py =
(X —a)k and P, = (X —b)? (k,q > 1), then

(a) Ifab#0, p>k and p > q,

Pf®g _ (X i ab)min{p,k-‘rq—l} ’

(b) Ifab# 0 and p < max{k,q}, Prgy = (X — ab)’, where

14

t = min{fe[max{k,q},k+q—1]ﬂN:(. .
j—

)50 (mod p),

Vje{ﬁ—q+2,...,k}}>p;

(c) Ifa=b=0, Py, = Xminiha},
(d) ]fCL?éO eb:O, Pf@g:Xq;'
(€) Ifa=0eb+#0, Prg, = X*.

Proof Since o(f ® g) = {ab}, the minimal polynomial Pjg, has the form (X — ab)’, where
t € N. For n € N let U,, denote the square matrix of order n with ones in (7,7 + 1) entries
and zeros elsewhere.

There exist basis of V' and W in respect which f and g have matricial representations
A = al;+ Uy and B = bl,+U,, respectively. Then there exists a basis of V ® W in respect
which f ® ¢g has matricial representation

A® B = ablyy +bUy @ I+ aly @ Uy + Uy @ U, .

Suppose ab # 0.
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Let C = A® B — (ab) Iy, = aly @ U, + Uy, ® B. Then

[aU, B 0 -+ 0 ]
aU, B
C= : 0
0 . B
i aUq |

Since B and aU, commute, using the previous Lemma, we know that for £ € N, C* is
of the form

[ Ci@ clo Cg) |
o o) :
Cf = ' Sl (3)
0 oY
oy’

where, for j =1,...,k,

o0 _ (jfl)af_j""lU(f_j"HBj_l if 1
) 0 if j>042
Let £ e N. If ¢ < q—1, U} # 0 and (a # 0)

C’y) = aZUf #0.
0<k—1,

CO =B #0 (b#0).

Hence we have proved that, for £ € {1,... max{k —1,¢q—1}}, C* # 0.
Next we prove that C*t4=1 = 0. For j = 1,...,k,

Cj(kJrq*l) _ (k + q- 1) aFta—iprk+a—i gi—1
j—1 !

and this block is zero because k + ¢ — j > ¢ and therefore Ué‘”q_j = 0. From (3) we have
Ck-‘rq—l = 0.

(a) Suppose p >k and p > q.

For max{k,q} < ¢ <min{p — 1,k + q — 2},

@ _ l l—k+1710—k+1 pk—1
Cy _(k—l)a Hu, B

The (1,¢ — k + 2)-entry of this matrix is a*~*+1(,*)6¥"! # 0. Then C* # 0.
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Next we prove that C? =0. For j =1,... k,

(» _ p 17 rp—j+1 pj—1
p - (7 N

For j =2,...,kwehave 1 < j —1 < p — 1 and therefore (jfl) =0 (mod p). For

j =1 we have C’l(p) = aPU} and this matrix is zero because p > ¢. Since C” is of the
form (3) we conclude that C? = 0.

(b) Suppose p < max{k,q}. We have already proved that
C'#0, (=1,...,max{k—1,q—1},

and that
Ck‘H]*l — 0 .
Then max{k,q} <t <k+q—1.
For ¢ = max{k,q},...,k +q— 2, C*is of the form (3), where

oY — ' ¢ GLitit-itl gi-l =1k
j ji—1 q y ) ’
Since U(f*j“ #£0& j >0 —q+ 2 we have

d@_{(‘)dﬁﬂqﬁHBflife—q+2gjgk
(0

j—1
0 if 1<j<l—q+1

For {—q+2 < j < k, the (1, {—j+1)-entry of matrix a7t U B~ is a7 H1p~1 £
0. Then, for j € {{ —q+2,...,k},

14
0 _ —
C; —O@(j_l)_O (mod p).

Hence /
C'=0eVje[l—q+2,klNN, (j—l)EO (mod p)
and
) 14
t = mm{ﬁe max{k,q},k+q— 1 NN: (j— 1) =0 (mod p),
W] €{€—q+2,...,k}} .
Proofs of other cases are similar. [ |
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Lemma 6 Let f and g be two linear operators on 'V and W respectively.

(a) Let (X —a)* and (X — b)? be elementary divisors,over F, of f and g respectively.

If p >k, p>q and ab # 0 then
(X — ab)min{p’k+q_1}is an elementary divisor, over F, of f ® g
If p < max{k,q} and ab # 0 then f @ g has an elementary divisor, over F,of the
form (X — ab), where
14

j_1> =0 (mod p),

t = min{€€[max{k:,q},k’—i—q—l]ﬂN:(
VjE{K—q—l—Q,...,k}} >p;

If a =b=0 then X™{ka} s an elementary divisor, over F, of f ® g;
Ifa#0 and b= 0 then X9 is an elementary divisor, over F, of f ® g;
Ifa=0 and b# 0 then X* is an elementary divisor, over F, of f ® g;

(b) Ifc #0, (X —c)'is an elementary divisor, over F, of f ® g and (X — ¢)'™' does not
divide Pygg (in F[X]), then there exist (X — a)* and (X — b)? elementary divisors,
over F, of f and g respectively, with ab = ¢ and such that either
p>k, p>qandt=min{p k+q—1}
or
p < max{k,q} and

t = min{fe max{k,q},k+q— 1] NN: (j ¢

Proof This Lemma follows from the previous one since, if A and B are similar, over F, to

s S

P (@l +U,,) and P (bjlm, + Un,) .

i=1 j=1
respectively, then A ® B is similar, over F, to
@ @(ai[m + Um) ® (bj[mj + Umg) )
i=1 j=1

and the elementary divisors, over F, of A ® B are obtained considering the elementary
divisors of all matrices

(ailp, +Up,) @ (bjly, + Up,), i=1,...,1, j=1,...,s.
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Lemma 7 Let f and g be two linear operators on V. and W respectively. Then Prgg =
Pg@f'

Proof It is easy to prove that if ¢(X) is an annihilating polynomial of f ® g then ¢(X) is
an annihilating polynomial of g ® f. [ |

4 Lower bound for the degree of the minimal polyno-
mial of the Kronecker product

Assuming that none of the spectra of the linear operators f or g is {0}, we have

Theorem 3 Suppose |o(f) \ {0} > 1 and |o(g) \ {0} > 1. Let ki, ko be nonnegative
integers such that X* is the power of X with maximal degree that divides Py and X*2 is the
power of X with mazimal degree that divides P,. Let H be the stabilizer of o(f @ g)\ {0}in
the group F'. Then

deg(Prog) = min{p + max{ky, ka}, deg(Py) + deg(Fy) + |o(f) H| +[o(g) H| -
lo(F)| = lo(g)l — |H| — min{ky, ka}} .

Proof Let aj,as,...,a, € F and by, by, ... ,bs €F (where r, s > 1) be the nonzero distinct
eigenvalues of f and g, respectively. For ¢« = 1,2,...,r, let n; be the maximal degree of
the powers of X — a; in the list of elementary divisors, over F, of f. For j = 1,2,...,s,
let m; be the maximal degree of the powers of X — b; in the list of elementary divisors,
over F, of g. Suppose that a1, as,...,a, and by, bs,..., b, are ordered in such way that
ny>mng > - 2n, and my > my > -+ > ms.

From Lemma 6, part (a), we conclude that X™@{kik2} divides Pjg,.

If p < ny or p<my then (Lemma 6, part (a)) f ® g has an elementary divisor of the
form (X — a1by)", where t > p. Since a1b; # 0, it follows that

deg(Prgy) > max{ky, ko} +t > max{ky, k2} +p,

which proves the result.
Suppose
p=m2ng > 2n

r

and
pPZMmy =My > 2> M.

If p < ny+my —1, then from Lemma 6, part (a), we have deg(Prg,) > max{k;, k2} +p.
Suppose p > n; +m; — 1. Then

p>ni+mj_17 i:17"'7rv jzlv"‘78‘

14



Over the field F the minimal polynomials of f and g factorize as

T S

Pp= XM J[(X —a)™ and P, = X* [ (X —b))™ .

i=1 Jj=1

Without loss of generality assume that s > r.
The elements of F |

aiby, arby, ..., aybs

are s distinct eigenvalues of f®g and, for j =1,2,...,s, (X —ayb;)™*tmi~1 is an elementary
divisor of f ® g over F. Since X™{k1k2} divides Pty we have

Prag = X"k} TT(X — arby) ™ (X)),

j=1

where ¢(X) is a polynomial with coefficients in F.
From Corollary 1 of Kneser’s Theorem, applied to o(f) \ {0} and o(g) \ {0} we obtain

lo(f ©@g) \ {0} = [(a(/) \{0})(e(g) \ {0})] = [(e(f) \ {0}) H| + [(a(g) \ {0}) H| - |H],

where H is the stabilizer of o(f ® g) \ {0} in F . Therefore ¢(X) has, at least, |(o(f) \
{0}) H| +|(c(g) \ {0}) H| — |H| — s distinct roots in F and

deg(PftX)g)

Since

v

v

v

max{ky, ks } + Z(m +mj — 1) + deg(q(X))

max{ky, ko} — ko + sny + deg(P,) — 25+ |(o(f) \ {0}) H| +
[(o(9) \ {0}) H| - |H|
max{ky, ko} — ko + rny +deg(P,) + [(o(f) \ {0}) H| +
[(a(g) \ {0}) H| — [H| =7 — s+ (s —r)(n1 — 1)
max{ki, ko} — k1 — ko + deg(Py) + deg(P,) + [(a(f) \ {0}) H| +

(0(9) \{0}) H| = [o(f)\ {0} = |o(g) \ {0} — |H].

[(@(HNA0}) H| = |o(£)\ {0} = lo(f) H| = lo ()],
(0(9) \ {0}) H| = |o(g) \ {0} = lo(9) H] —[o(9)|

and max{ky, ko} — k1 — ko = — min{ky, ko }, the result follows.

In case that 0 ¢ o(f), 0 € o(g) and o(f ® g) = o(f)o(g) is not a periodic set in the
group IF*, the lower bound obtained from Theorem 3 is equal to the lower bound established
in [5] for the Kronecker sum f ® Iy + Iy ® g:

Corollary 5 Suppose 0 ¢ o(f), 0 & o(g) and o(f @ g) = o(f)a(g) is not a periodic set in
the group F . Then

deg(Prgy) > min{p, deg(Ps) + deg(F,) — 1}.
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If one of the minimal polynomials Py or P, is a power of X then the minimal polynomial
of f ® g can be easily evaluated. Suppose both P; and P, are powers of X. If P; = X*
and P, = X7 then (Lemma 6) X™™* divides Pjg,. But

(f @ g)mintha} (y @ w) = frinikad () @ gt () =0, Yo eV, YweW.

Therefore P, = X™min{ka},
Suppose now that Py is a power of X and P, is not. Then (Lemma 6) Py divides Pjg,.
Since

(f @ ¢)%eP) (v @ w) = fI8F) (1) @ g4BPD () =0, YweV, YweW,

we have Prg, = P.

5 Equality cases

Next we use Kemperman’s Theorem to characterize equality cases in Corollary 5.

In next Theorem we assume that 0 ¢ o(f) and 0 & o(g). By ay,as,...,a, € F
and by, by, ..., by € F (where r;s > 1) we denote the distinct eigenvalues of f and g,
respectively. For ¢ = 1,2,...,r, n; is the maximal degree of the powers of X — a; in the
list of elementary divisors, over F, of f. For j = 1,2,...,s, m; is the maximal degree
of the powers of X — b; in the list of elementary divisors, over F, of g. We suppose that
ai,as,...,a, and by, by, ..., b, are ordered in such way that ny > ny > --- > n, and
my > ms > -+ > m,. Over F we can factorize P; and P, as

Pf = ﬁ(X — ai)”" and Pg = f[(X — bj)mj

i=1 j=1

Theorem 4 Suppose o(f ® g) = o(f)o(g) is not a periodic set in the group F and s =
lo(g)| > |o(f)| =r. Then

deg(Prg,) = min{p, deg(Py) + deg(P,) — 1} (4)

if and only if all the elementary divisors, over F, of f and g have degrees less than or equal
to p, and one of the following conditions holds:

(@) lo(f)l =lo(g)l = 1;
(b) p > deg(P,) and f is a scalar linear operator;

(c) p > deg(Ps)+deg(P,)—1, f and g are linear operators of simple structure over F and

16



the pair (o(f),0(g)) is elementary, in T, of one of the types (I), (II) or (III)
(described in Lemma 3)

or

there exist a positive integer n > 2, such that n 20 (mod p), d € F with order
n, A, Ao, .., A\ € o(f), and py, po, .., e € 0(g) such that

(i) U(f):Alu U)\i<d> ;A C A (d),

L

al9) =B _qu (d) |, B1 € {d),

where (Ay, By) is elementary;
(i) (M )" #1 4 (6,5) # (1, 1);
(i) [{Nopmi=1,2 .k, j=1,2,. . .0} =k+(—1

(d) p > deg(Ps) + deg(P,) — 1, f is a linear operator of simple structure over F, r =
lo(f)| < lo(g)l = s and there exist t € {r,r +1,...,s — 1}, an integer m > 2, such
that m #0 (mod p), d; € F with order m, satisfying

My =My = o =My 2 My 20 2 My > L =Mypy = =00 =M,

(d1) § o(f) Cald) ,Ya€a(f),
{b1,bs, ..., b} is the union of (dy) -cosets
and
(d2) the pair (o(f), {bis1,...,bs}) is elementary, in F, of one of the types (1), (1I)
or (111)

or

there exist a positive integer n > 2, such that n 20, d € F with order n,
My Ag, .o A\ € a(f), and py, pay - .y pig € {bys1, ..., bs} such that
k

(i) U(f):Alu U)\z’<d> ;AL C A (d),

¢

° [
{bt—‘rl)"':bs}:BIU UM] <d> ) Bl gﬂl <d>7

j=2

where (Ay, By) is elementary;
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(i) (A ' 71) #1 if (i,5) # (1, 1);
) [N i = 1,2,k = 1,2, 0} = k+(—1.

Remark 7 From Lemma 7 we have Prgy, = Pygr. Then in case s = |o(g)| < |o(f)] =7

we have a similar result, obtained from Theorem 4 by exchanging the roles of f and g.

Proof
Sufficient condition

(a) Pr=(X—ay)" and P, = (X —by)™. There exists t € N such that Pyg, = (X —a1by)".

From Lemma 6, part (b), there exist (X — a1)* and (X — ;)¢ elementary divisors
of f and g, respectively, such that ¢ = min{p,k + ¢ — 1}. But (X — a1)™ and
(X — by)™ are elementary divisors of f and g, respectively. Then (Lemma 6, part
(a)) (X — apby)™indpm+mi=i} is an elementary divisor of f ® g. Since k < n; and

q < myq, then t = min{p,ny + m; — 1} and (4) holds.
(b) Suppose f = aily.
Then Pr =X — a1, o(f ® g) = {a1b; : 5 =1,...,s} and (Lemma 6, part (a))

S S

H(X — albj)min{p,mj} = H(X — albj)mf

J=1 J=1

divides Pjgy. For j =1,..., s let ¢; be the maximal degree of the powers of X —a1b,
that divide Pjgg. From Lemma 6, part (b), it follows that, for j = 1,...,s, there
exists ¢; < m; such that (X —b;)% is an elementary divisor of g and ¢; = min{p, ¢;} <

m;. Then t; = m; for all j and

deg(Prey) = deg(Fy) = min{p, deg(Fy) + deg(Fy) — 1} .

(c) The result follows directly from Corollary 4 since if f and g are of simple structure

over F then f ® ¢ is also of simple structure.

(d) From (d2), Corollary 4 and Remark 6 we have that
()b, b = o (O + b, b} =1 =r+s—t—1.
From (d1) we have {by,...,b:} (dy) = {b1,...,b;} and therefore
t<|o(f){b1,. ., b} <lai{br,..., 0} ()| =¢t, i=1,...,m

Then o(f){b1,...,b} = ai{by,.... b}, fori=1,... r

Suppose o(f){b1,...,b} No(f){bit1,...,bs} # 0. Then, for some i € {1,2,...

and some j € {t+1,...,s}
CLZ'bj € O'(f){bl,...,bt} :ai{bl,...,bt}.

18

T}



It follows that b; € {by,...,b;} and this is a contradiction.
Then o(f){b1,..., b} No(f){bes1,...,bs} =0 and

U<f>0(g) = J(f){blv RN bt}UO-(f){btJrla s 7b8} = al{bh s 7bt}UO<f){bt+17 SR bS} :
(5)

From (d1) we have that n,+m; —1=1,fori=1,...,rand j=t+1,...,s.

Then ((5) and Lemma 6, part (b))

t

Prog = | [(X — arby)™ q(X),

J=1

where deg(q(X)) = |o(f){bi+1,...,bs}| =r+s—t—1. Then deg(Prgy) = Z;Zl m;+
s—t+r—1=deg(F,) + deg(P) — 1.

Necessary condition
Since deg(Pfgy) < p, from Lemma 6 we conclude that p > ny > --- > n,, p > my >
->mgandp>n;+m;—1,fori=1,...,r,5=1,...,s.

e Suppose |o(f)| =r =1 and (4) holds. In this case P = (X —ay)™ and o(f ® g) =
{a1b; : 7 =1,...,s}. From Lemma 6 it follows that

[I(X = aypy)mmtemtmi=tt divides Prg, . (6)

j=1

If ny+m;—1=p, for some j € {1,...,s}, from (4) it follows that Psg, = (X —a1b;)?
and (a) holds.

If ny +m; —1<pforj=1,...,s then, from (6), we have
p > min{p, deg(Py) + deg(P,) — 1} > > "(ny +m; — 1), (7)
j=1

and p > s(ny; — 1) + deg(FP,) > deg(Py) + deg(P,;) — 1. From (7) we have also that

deg(Py) + deg(P,) — 1 > sny + deg(P,) — s
= (s—1)(n—1)<0
= s=1V ny = 1.

If s=1 (a) holds. If ny =1 (b) holds.

e Suppose r > 2. From Corollary 1 it follows that |o(f ® g)| > r+s—1. From Lemma
6 (part (a)) and from deg(Pjg,) < p we have that

p>ni—|—mj—1, i:lj___’r,jzl,...,s.
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Then

S

Preg = [ [(X —arb)™ i~ gy (X)), (8)

j=1

where ¢ (X) is a polynomial with coefficients in F with, at least, » — 1 distinct roots
in F'. Therefore deg(qy(X)) > r — 1 and from (8) we have

deg(Prgg) > sny +deg(P,) —s+r—1.
From the hypothesis it follows that
rny+deg(Py)—1 > deg(Py)+deg(Fy)—1 > deg(Pr®g) > sni+deg(P,)—s+r—1. (9)

Then (s —7)(ny —1) <0 and, from s > r, we conclude that ny =1 or s = r. In both
cases, from (9), we have

deg(Preg) = deg(Py) + deg(Fy) — 1

and hence, from (4),
p = deg(FPy) + deg(F,) — 1.

From (8) we have also that
deg(Pr) 4+ deg(P,) — 1 = sny — s + deg(F,) +deg(q:(x)) > deg(P,) +sn; —s+r—1.
Then (in both cases s = r or n; = 1) we have

ny=ng=---=n, (10)

and deg(q1(X)) = r — 1. Therefore, from (8), it follows that

lo(flo@)l = lo(f @g)l = lo(S) +]o(g)] - 1. (11)

Suppose s = r. From

T

Pf®g — H(X - aibl)ni+m1flq(X) ’

i=1
where deg(¢(X)) > |o(f ® g)| — |o(f)| = s — 1, it follows that
deg(Py) + deg(Fy) — 1 = deg(Prgy) > deg(Py) +rm1 — 1.

Then (s =) deg(P,;) = smy and
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Since we assumed that r > 2, from (11), we have

lo(flo(g)\ao(g)l = lo(f) —1=r—-1=>1. (13)

Let a;b; € o(f)o(g) \ aio(g). From p > n; +m; — 1, and Lemma 6 we conclude
that (X — a;b;)"*t™~! divides Pjgy. Then (X — a;0;)™ ™~ divides ¢;(X). Since
deg(q1(X)) = r — 1, from (8) and (13), it follows that all the roots of ¢;(X) are
simple and therefore n; +m; —1 = 1. Then n; = m; = 1 and from (10) and (12) we
conclude that f and g are of simple structure over F.

Then ((11) and Corollary 4) (c) holds.

Suppose s > r. Then ny = ny = --- =n, = 1. If m; = 1 case (c) holds. Suppose
my > 1. Let i € {1,2,...,r}. Then

S

Preg = H(X —a;b))™ q;(X), (14)

=1

where ¢;(X) is a polynomial with coefficients in F with, at least, r — 1 distinct roots
in F". From (14) it follows that deg(¢;(X)) = deg(P;)+deg(P,) —1—deg(P,) = r—1.
Hence all the roots of ¢;(X) are simple.

For ¢ =1,2,...,r, (X —asby)™ divides Pjg,. Since m; > 1, there exists one and only
one jo € {1,2,..., s} such that asb; = a;b;, and (X — aby)™ divides (X — a;b;,)™e.
Since j, = ji if and only if ¢ = k, it must be m; = my = --- = m, > 1. We have also

proved that
o(f)by C ao(g), foralli e {1,2,... ,r}. (15)

From (14) and since r > 2 the polynomial Pyg, has, at least, one simple root. Then
ms = 1. Let t € {r,..., s — 1} be such that

mi=mo=-=m.>--->my>1=my 1 =-=mg. (16)

Let ¢ € {2,...,r} and j € {1,...,t}. The polynomial (X — asb;)™ divides Pjg,.
Since m; > 1, from (14) with ¢ = 1, we have that asb; € a;{by,...,b;}. Then

o(f){br,..., b} =ar{bs,... . b}. (17)

From (17) we conclude that

o(F){br, .. b = ailby,.. . bY, i=1,...r. (18)

From Corollary 2 and Remark 1, there exist a positive integer m > 2 and d; € F
with order m, such that (d1) holds.

Suppose that
o(){b1,. ., b} o (f){bis1,. .. b} #0.
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Then, for some j € {1,2,...,t},i € {1,2,...,r} and k € {t +1,...,s}, we have
arb; = a;by. From (17) it follows that a;ta; € H({by,...,b}). Then b, = a;lalbj €
{b1,...,b;} and this is a contradiction. Then

o(){bs, ..., b} No(f){bis1,...,bs} =0

and

|U(f>{bt+1v"‘7bs}| = |O(f)0(g)|_|O-(f){b1""7bt}|
= r+s—1-t

= [o(N)I+ {besr, .- b} — 1. (19)
Equalities (18) and (19) allow us to apply Corollary 3 with A = o(f), B = o(g),

C = {by,...,b;} and D = {byy1,...,bs}. Since o(f)o(g) is not periodic then also
a(f){b1,...,b:} is not periodic and (Corollary 4) (d) holds.
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