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1. Introduction

The relativistic Toda lattice was introduced by S. N. Ruijsenaars [13] and
was investigated in [1], [11], [12], [2] and [9]. In terms of canonical coordinates
the relativistic Toda lattice is defined by the Hamiltonian

N

H(g' o q o) =D P [ =)@ =), (1)
j=1

where f(z) = /1 + g%e* and, by convention, ¢° = —o0, ¢¥*! = co. The
number ¢ is a coupling constant. To see the connection with the non-
relativistic Toda lattice one writes the equation in Newtonian form

el@'=d%) el =)

_ ittt
1 + g?@(@‘*l_qj) q 1 + g2e(q_7‘_qj+l) 5 (2)

i =g¢ | ¢

j=1,2,...,N. Setting ¢/ = Qj+cand letting ¢ — oo and g — 0 in such a
way that gc = 1, one obtains the equations of motion for the classical Toda
lattice

Qj = eQ_i*l*Qj — er*QjH . (3)
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In the classical case one uses a change of variables to prove integrability. We
follow the same technique. Combining the changes of variables from [13], [1],
we set

aj = gt (T — )/ f(d — ¢7H) )
bj = ¢ —a,

In these variables the Hamiltonian is homogeneous quadratic and the equa-
tions of motion become

d; = a;(biy1 — b + air1 — ai-1) (5)
bi = bi(a; — a;—1),
where ¢ = 1,..., N and, by convention, ag = ay = 0.

Following [2] we write these equations in Lax pair form (L, M) where

aq _|_ bl a1 0 e . 0
as + by as + by a2 0 0
L a34:-b3 ag + bs a3.4'—b3 .0'3 0 (6)
an—1 +by_1 - ooan-—1 +byo1 an—
by by by
and
0 a; 0 or oen 0
0 —aq ao :
0o 0 - :
M _ ay as (7)
anN-—1
0 - .- 0 —an_g

This shows that the functions H,_ 1 = 7—1LTr L™ are constants of motion and
therefore the system is integrable.

In the new coordinates aj, b; the symplectic bracket is transformed into a
new quadratic Poisson bracket defined as follows:
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{ai,ai11} = —ajai
{ai7bi} = aibi (8)
{ai, bis1} = —aibiyy .

All other brackets are zero. This bracket has det L = Hf\;l b; as Casimir, and
the eigenvalues of L are in involution. We denote this bracket by 7. We
next define a linear bracket 7o as follows:

{ai,bi} = a;
{ai,big} = —a 9)
{bi,bis1} = ai.

All other brackets are zero. In this bracket Tr L is the Casimir and H; =
%Tr L? is the Hamiltonian. Therefore we have a bi-Hamiltonian system, a sit-
uation similar to the classical case. The bi-Hamiltonian formulation and the
complete integrability of this system were established using different methods
such as the Lax representation [2], master symmetries [11], [2] and recursion
operators [1], [11]. Another approach to obtain the multi-Hamiltonian for-
mulation for the relativistic Toda lattice, using Oevel’s theorem [10] and
based on a method introduced by Das and Okubo [5] and Fernandes [6], was
adopted in [9]. In that work a recursion operator is defined in the (g,p)
space, the resulting sequence of Poisson tensors, master symmetries and in-
variants are then projected in the space of (a,b) variables to construct the
usual multi-Hamiltonian hierarchies. The initial brackets of the hierarchy
are my and m; constructed above.

In this paper we extend to negative values of the index the usual hierar-
chies of Poisson tensors, master symmetries and Hamiltonians, for the finite
nonperiodic relativistic Toda lattice. The extension is obtained in natural
(p,q) coordinates and also in (a,b) Flaschka coordinates. This procedure
was already adopted in [3] for the finite non—periodic Toda lattice and we
mimic the techniques of that paper. As was pointed out in [3] the negative
hierarchy was proven useful, for example, in establishing the bi-Hamiltonian
formulation of the Bogoyavlensky—Toda systems [4].

The paper is divided into 2 parts. In the first part (section 2) we recall
the main results on the finite, nonperiodic relativistic Toda lattice, including
the well-known positive hierarchies of Poisson tensors, master symmetries
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and Hamiltonians. In section 3 we introduce the negative relativistic Toda
hierarchy, in (p, ¢) and (a, b) coordinates, and show that the relations between
master symmetries, Poisson tensors and Hamiltonians, known for the positive
hierarchies, hold for all integers values of the index, in both coordinates. We
close with some additional results and give, for small dimensions, examples
of the rational brackets and master symmetries.

2. The Relativistic Toda Lattice

We recall a theorem due to Oevel [10] that gives a method of generating
master symmetries for non-degenerate bi-Hamiltonian systems.

Let (M, Ay, A1) be a non-degenerate bi-Hamiltonian manifold with a recur-
sion operator R = 1\1/\51 and let Y7 = AgVH; = A{V H, be a bi-Hamiltonian
vector field on M, where A; denotes also the matrix of the Poisson tensor A;.
We denote by Y; the Hamiltonian vector field A;V H.

Theorem 2.1. Suppose that the vector field X is a conformal symmetry for
both Ay, A1 and Hy. i.e., for some scalars o, 3, and v we have

»CXUAO = OZA(), £X0A1 = ﬂAl, XU(H()) = ’}/HU . (10)

Then the vector fields X; = R' Xy are master symmetries, the tensors \; =
R'Ay are Poisson and we have, fori,j =0,1,2,...

(a) [Xi, Xj] = (B = ) (§ = 1) Xisj;

(b) [Xi, Y] = (B+7+ (B —a)(j —1)Yij;
(c) LxAj=(B+(B—a)(j—i—1))Niy;
(d) Xi(Hj) = (A + (6= a)(j +14))Hi;-

Let us now briefly recall some results on the relativistic Toda lattice follow-
ing [2], [9], [12]. We consider IR* with coordinates (¢*,...,q",p1,...,pn).
Let Ay be the Poisson tensor given by

N N N-1
0 0 0 i it 0 0
— E —Pi E E 9 =9 ~—Pit+1
Ao ¢ g 4 <8p¢ +, an'> T2 <<5pi * 8q”1>

=1 j=i+1 i=1

0 S 9 Nooo
A + ol A — |, 11
(8;0,-“ j;g o/ ) Opit Z 0q7> (11)

j=i+2
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and Ay be the canonical Poisson tensor,

N
o 0
A= ;a_qi A oo (12)

In [9] it was proved that these Poisson tensors are compatible and also that
X = A VH, = A\VHj is a bi-Hamiltonian vector field, with

HO = Z (eqi_qz‘+1+Pi + em) , (13)

and

N
1 i i 2 i— i i i
H, = Z (5 <e‘1 —¢ e ePi) T e ! (eq —¢ s e”i)> . (14)

i=1

By convention, ¢° = —oo and ¢! = 4-00.
Consider the Flaschka-type transformation F : R*Y — R*V™! [12], [9],

F: (ql,...,qN,pl,...,pN) — (ar,...,an-1,b1,...,by), (15)

i__ i+l . . . . _
where a; = ¢7 7" and b; = ePi. These are new coordinates in IRV~
The Poisson tensors Ay and A; project by F onto bivectors on IR*V !,

N-1
" ;a <aai : <ab,- 8bi+1> o " 5bi+1> (16)
and
N-1
™ = 2 aia—ai A <_ai+1—0ai+1 + bza_bL — le—@le) ) (17)

These are the Poisson tensors that we defined earlier and they provide a
bi-Hamiltonian structure for the relativistic Toda lattice, with Hamiltonians
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N N
Hy = Z(ai +b;) and  Hy = Z(ai—l(ai +b;) + %(ai +0:)%), (18)
i=1 =1
where, by convention, ag = ay = 0. For i > 0, H; = H%M‘L"“ are constants
of motion. The Poisson bracket associated with 7y, which is linear, is the
one given by (9), while the Poisson bracket corresponding to 7 is quadratic
and is given by (8).

Coming back to the natural (p,q) coordinates, since Ay (and also Ap) is
non-degenerate, we can define a recursion operator R = Aj(Ag)~t. Once
we have a recursion operator R, an infinite sequence of pairwise compatible
Poisson tensors on IR?Y, A; = RiA¢, and an infinite sequence of Hamiltonians
H;, given by dH; = "R(dH;_1) are obtained.

We take

Y9
Xo=§ o (19)
i=1

and compute

,C(XU)A() = —A(), ,C(X())Al =0 and XU(H()) = H().
So Oevel’s theorem can be applied with « = —1, § =0 and v = 1 [9].
We quote the results for RTL, in natural (p,q) coordinates, in the following
theorem.

Theorem 2.2. i) A; = RAg are Poisson tensors, i > 0;
ii) the functions H;, i > 0, are in involution with respect to all A;;
i) X;(Hy) = (L+i+j)Hiy, 4,5>0;

Vl) AJVHL = AJ',1VHH,1 y 1 Z 0,] Z 1.

The infinite sequence (A;),i € Ny, of higher order Poisson tensors on IR*Y
reduce, by F, to an infinite sequence (m;),7 € INy, of pairwise compatible
Poisson tensors on IR?¥~!. Moreover, the master symmetries X; = R'Xj,
i € IN, are projectable vector fields [9]. We denote by X; the projected
vector fields. A new version of theorem 2.2 in (a,b) coordinates holds:
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Theorem 2.3. i) m; are Poisson tensors, i > 0;
ii) the functions H;, i > 0, are in involution with respect to all m;;
) Xi(Hj) = (L+i+j)Hiy, 4,5 20;
iV) ,CXiﬂ'j: (j—i—l)ﬂi+j, Z,] ZO,
)
)

v) [Xi, Xl = (=) Xivj, 4,5 20;

vi) T VH; =1 VHiyy, 20,5 > 1.
We call the hierarchies of Poisson tensors, master symmetries and Hamil-
tonians given by theorems 2.2 and 2.3, in (p, ¢) and (a, b) coordinates respec-
tively, the positive relativistic Toda hierarchies.

3. The Negative RTL Hierarchy

Our aim is to show that the relations of theorems 2.2 and 2.3 hold for any
integer value of the index. For this purpose we define the negative relativistic
Toda hierarchy. When the tensors are projected into the (a,b) space we
obtain rational Poisson brackets. We imitate the techniques of [3].

Let NV be the inverse of the positive recursion operator R,

N=R"T=N(A)",
S . . A B T
which is given in matrix form by N' = o AT | where A" stands for the
B =

transpose of A and the matrices A = (a;5), (bij) and C = (¢;j), with

1 <14,7 < N, are defined by
a;; = 0, <z

m. i—1__ i
a‘ii :epz_|_6q q —pi
i1 _gi_
a’i+1,i = e4 q —Pi
i—1__ i . _gitl_
a’i+2,i = ai+3,i:"‘:aN,i:€q T—Pi _ 974 pz+1’
b = —byi
. i—1_ i .
bi+1,i :bi+2,i:“‘:bN,i:€ P1+eq q Pz’

i i+1l_
R — — —Pi+1
Ciitl = Cip1y = et 4 TP

and all the others entries ¢;; are zero.
Let us denote by K the conformal symmetry Xj,
N
0
Ky = = X
0 Z O 0

i=1 v
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and by K; the vector fields K; = N"Ky, i = 0,1,2,.... These vector fields
are master symmetries.

We next apply Oevel’s theorem to the RTL, using the negative recursion
operator A/ and the conformal symmetry K. Since

L, A1 =0, L, Ao = —Ao, Ko(Hy) = 2H;,
the constants are, in this case,

ay=0, pfyv=-1, w=2
We remark that, obviously, ay = 3 and By = a.
Using the convention X_; = K, for ¢+ > 0, we compute

[(X_i, Xj] = [Ki, K] = (By — an)( — ) Kigj = (i — )Xy,
and letting m = —i and n = —j, we obtain

(X, Xn) = (0 —m) Xyqn, m,n €z, (20)

The same relation holds in (a, b)-coordinates:

[Xma Xn] - (n - m)X77L+'m m,n € /A (21)

Consider the following equalities (see [10]) which involve the recursion op-
erator R and its inverse N/,

‘CXUR = ‘CXO(AlAal) = (ﬁ - OZ)R, (22)

‘CXUN = ’CXURil = (Oé - B)Ril = (a - ﬁ)N (23)

Using these relations we obtain, for 7 € N,

Lx, R =j—-a)R and  Lx N =j(a— BN (24)

Also, taking into account that R and A are torsionless tensors, we have, for
any vector field X,

LyixR) = N'(LxRY), i,5 € N. (25)
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Relations (22)-(25) allow us to compute the bracket of two master symmetries
K; = X_; and X}, one in the negative hierarchy and the second in the positive
one [3]. The result is

(X0, Xj] = W' X0, R7Xo] = (j +0)(F — @) X (26)
In the case of the RTL, with o =1 and § = 0, (26) turns to

(X, Xl = +9)X;- (27)

This relation also holds in (a, b)-coordinates and we conclude that (20) and
(21) hold for any integer value of the index.
We can establish the following theorem.

Theorem 3.1. The conclusions of Theorems 2.2 and 2.3 hold for any integer
value of the index.

Proof: The conditions 7) and i) of theorem 2.2 are a direct consequence of
Oevel’s theorem and the properties of the recursion operators R and N [8].
The map F being a Poisson morphism, i) of theorem 2.3 follows from i) of
theorem 2.2. The proof of i7) of theorem 2.3 is the same as the corresponding
in the case of Toda system [3].

Regarding condition iii) of theorem 2.2, the only case we have to verify is
X_;(H;), with 4,7 > 0. Consider i > j (the other case is similar),

X_j(H;) = (R'(dHy), N7 Xo) = (dHy, R™)
= Xij(Ho) = (1 +i—j)H ;.
~To prove condition 7ii) of theorem 2.3, involving the master symmetries
X, the arguments used in [3] in the case of the (classical) Toda lattice, can
be applied for the RTL to prove that if A is an eigenvalue of the matrix L, the
equation X,(A\) = A\"*! holds for n € Z. With H; = j%trLjH, we obtain,
forn<0,j>0and j# —1—mn,

Xll) = =300
k 1
= ( ])H7L+j7

N

.
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we conclude that

Xo(Hy) =0 4+m+n)H,m (28)

holds for any n,m € 7.

Let us now show that conditions iv) of theorems 2.2 and 2.3 hold for
negative indices. We set W; = Ai_; and for ¢,7 > 0, we compute, using
Oevel’s theorem,

Lx Aj=LxgWij= By + By —an)(i — ) Wisjsi

which gives,

Lx Aj=(=1+i—j)Ai

Letting m = —i and n = —j, we obtain

Lx, Ny=mn—m—1)Ayin, mneZl. (29)

Finally, using the same technique as before, we can compute Lx A;j, i,7 >
0, and we conclude that (29) holds for all m,n € Z.
Switching to (a, b)-coordinates, we obtain

EXmT(n = (TL —m — 1)ﬂ—m+n; m,n € /A (30)

The condition v) of both theorems was already proved. Finally, the proofs
of vi) of theorems 2.2 and 2.3 are similar to those in the case of the Toda
system, see [3]. ]

Remark 3.2. As it was remarked in [3], H, = —trL™*" is undefined for
n = —1. We have X _(H,) = N and, more generally, X ,,(H, 1) = N. If we
define

Xm(Hfl) = lim (Xm(Hn))a

n——1

then
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Xm(Hfl) = lim ((]— +m+ n) 7n+m)

n——1

= mHm_l.

Let us now show that the master symmetries X,,, n € Z, can be obtained
once the hierarchy of Poisson tensors is known. In other words, we will show
that all X,, are Hamiltonian vector fields associated with the same function
f, w.r.t. the Poisson tensors of the hierarchy.

N
Consider the function f = Z ¢'. Then X,,(f) =0, for all n € Z. In fact,

i=1

N
0
X =Y 50 =0
i=1 "

and since X; = RX is given by [9]

N o N o o
X, = Z ((1_1') (eq’—q'+1+pi+€pi> + Z (eqa_qa+1+pj +€pj)) —

1
=1 j=it1 q
al )
" . T i1y . i—1_ i o
+ § <6pz + el 4 +pi 4 (2 _ Z)eq q +p171> ,
— Ip;
i=1
where, by convention, ¢° = —oco and ¢"*! = +o0, we compute

(=3 (=) (er=e™mpen) + z (v v g o)) =0,

= J=i+

Similarly, one proves that Xs(f) = 0. By induction we prove that X,,(f) = 0,
for all n € IN: if X,,_1(f) =0, then

X”(f) = ni2[X17anl](f)
= XX () = Xea (X))

n—2
= 0.




12 J. M. NUNES DA COSTA AND P.A. DAMIANOU

For the negative hierarchy of master symmetries, the proof is similar, with
X _, = K,,. The vector field X_; = K is given by

N i—1 | | 5
=2 (Z e el ) 4 (i — N)(e P +eq11qim)> By
g’
=1 J:]
T Z (6 o + N +1- Z) ¢ + (1 41— N)eq'*qu*PiJrl) ap;’
i=1 ;
(31)

and we compute

—1

Xa(f) = Z (Z(e_pf + equl‘q"—l’j) + (i — N)(e™P + eq“—qi—pi)>

i=1 \j=1
N
Now, we remark that X, = Z is the Hamiltonian vector field of f with
Pi
respect to Aq, i.e. Xy = [Ah f] where [,] stands for the Schouten bracket

[7]. Next, we show that every master symmetry X, is an Hamiltonian vector
field of f.

Proposition 3.3. For any n € Z, X, = —[Ay11, f].

Proof: We proceed by induction, starting with the positive hierarchy (n €
INg). For n = 0, we compute

N

0 8 »
If anl = _[Anaf]v then
1
Xn = _Q[XI;X ]
1
= 2[X17[An7f]]

Using the generalized Jacobi idcntlty for the Schouten bracket [7], we obtain
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1

Xn = - [f7 [XlaAnH

n—2
1
== _m[ﬁXlAm (ﬂ
= _[An+17 .ﬂ

If n < 0, the proof is similar.

13

Remark 3.4. In a similar way, it is easy to prove that the Hamiltonians H;
are also determined from the knowledge of the Poisson brackets associated
with (A;), n € Z and the function f.

Next we exhibit, in (a,b)-coordinates, some rational Poisson brackets and
master symmetries of the negative relativistic Toda hierarchy. We present
the case N = 3, in order to simplify the notation. The bracket corresponding
to the Poisson tensor m_; on IR*¥ ™! which is the projection of A_; (by F),

is the following:

{ar, a2}
{a1,b1} 1
{a1,b2} 1
{a1,bs} 1
{ag,b1} 1
{ag, by} 1
{ag,b3} 1
{b1,b2} 1

{b27 b3}71

blb—lgbg ajas(by — by + b3)

blb_zbg a1 (babs + arbs)

EI£;5§ (a1az(ba — by) — arbz(ar + by))

blblgbg (—aiazbs)

blb—lgbg ajasby

@ (asbi (az + bs) + aras(bs — bz))

blb—lgbg agby (—ag — by)

blb—lgbg (a1by(ag + b3) + arbs(as + b))
1

—— (agbi(az + bs) + ajasbs + asbiby).

b1babs
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The denominator bybybs is equal to det L, where L is the matrix (6) of the
Lax pair (L, M). So the Poisson tensor m_; is defined on the open dense set
det L # 0.

The vector field X_; in (p, ¢)-coordinates is given by (31). The expression
of X 5 in the same coordinates is quite complicated. The projections of X _;
and X_5 in (a,b) coordinates, for N = 3, are the following:

2@1 ay 8 a9 8 ay 8 2&1 8 a9 8
Xi1=(—+=)———— —— )+ (14+—)—+(1+—=)—
! ( bl +bg 8&1 b28a2+( bg)ab1+( + bl )8bg+( +b2)8bg
and
2 3
0 0
X o= i i A
with
B 201 ay 2aq 2a21’ a% a;  aias., 1 1
= v +b§ b1by b%b2+b1b§+(b3 + bobs " “by by
a2 a2 ai a2 a2 a2 a1
= =+ —(1-—)——2+—=)——(1+—=
2 2 TR T R Tk T
1 o a2 ax a1as
v = _——_——_————_———— — — — —
b bbby b3bs
2 2 2 1
0 L e L L L B S

bibsbs ' bibs  biby | bobs  b2by B2 by by

a9 a1a9 a9 1 az. o
3 = ——+—+ 5+ —(14+ =)~
s A R Y
The function det L = b1bobs3 is a Casimir of 7. On the other hand, trL =
Hj is a Casimir of my. More generally, we can prove:

Proposition 3.5. The function tr L' is a Casimir of m,, for alln € Z\{1}.

Proof: For n = 2, the technique of [2] (p. 5525) can be applied word for
word to show that trL~! is a Casimir of o, i.e. mV(irL™') = 0. But
trL=' = —H_5. So we get mVH_5 = 0.

By theorem 2.3,
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0= WQVH,Q = 7T3VH,3 = ...
and the result is proved for all n > 1. For n = 0, as we already remarked,
trL = Hy is a Casimir of my. So, myVHy = 0 and using again the Lenard
relations of theorem 2.3, we obtain

0= 7T(JVHO = 7T,1VH1 = W,QVHQ e
and the result is proved for n < 1. ]
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