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ABSTRACT: We characterize the (effective) E-descent morphisms in the category
Cat of small categories, when E is the class of discrete fibrations or the one of
discrete cofibrations, and prove that every effective global-descent morphism is an
effective E-descent morphism while its converse fails.

KEYWORDS: Descent data, (effective) descent morphisms, (co)fibrations, discrete
(co)fibrations, lax epimorphisms.
AMS SUBJECT CLASSIFICATION (2000): 18A25, 18D30, 18A20, 18D05.

0. Introduction

Let E be the class of discrete cofibrations in Cat and P : £ — B a
functor between small categories. Denoting by E(B) the category of discrete
cofibrations over B and by P* : E(B) — E(FE) the pullback functor along P,
we have the diagram, commutative up to isomorphism,

E(B) =

Desg(P) (1)

E(E)

where Desg(P) is the category of E-descent data for P, with U and K the
forgetful and the comparison functor, respectively.

Now the question is to know if discrete cofibrations over the small cate-
gory E equipped with E-descent data and the morphisms compatible with
it essentially describe the category E(B), i.e. if K is an equivalence. In this
case we say that P is an effective E-descent morphism. When K is full and
faithful, i.e. E(B) is in one-to-one correspondence with its image by K, then
P is called an E-descent morphism. We refer the reader to the papers [6] and
[7] for a comprehensive introduction to descent theory.

Using the standard equivalence

E(B) ~ Set?
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we describe a factorization of P = ® - ¥ and reduce the above question
to the one of knowing when the functor Set®, which sends each functor
F: B — Set to F'- @, is an equivalence or full and faithful, respectively.
This gives a complete characterization of E-descent morphisms and of effec-
tive E-descent morphisms — see Theorem 1 and Theorem 2 with its corollaries,
respectively.
We remark that

e dually, for the class E of discrete fibrations, we have E(B) ~ Set?”,
and the same characterization theorems hold;
e Corollary 4 below naturally extends the similar result on preorders
proved in [4].
Finally, we prove that the class of effective descent morphisms (i.e. of effective
global-descent morphisms in the terminology of [6]) is strictly contained in
the one of effective E-descent morphisms.

1. The factorization of P through Z(Eq(P))

For discrete cofibrations E(B) ~ Set? is an equivalence of Cat-indexed
categories and, up to equivalence, we can identify P* : E(B) — E(E) with
the functor Set” : Set” — Set” which assigns to each functor B — Set its
composite with P.

Accordingly, in diagram (1) the category Desg(P) is replaced by Desr(P)
for the Cat-indexed category

I': Cat®” — CAT
B — Set?

(E R B) — (Set”:Set” — Set”)
where the natural isomorphisms I'(Q - P) = I'(P) - I'(Q) and I'(1p) = 1pp)
are equalities.
In Cat let Eq(P) be the internal category

o3 T2
_— _
ExpE xgFE ms—= K xp B <—A E
T2 US|

induced by the kernel pair of P. By Ey, E; we denote the discrete categories
of the objects and of the morphisms of the category E, respectively, and the
same for By and B; with respect to the category B.
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The category Desr(P) can be described as the category of all pairs (X §)
such that X : E — Set is a functor and & = (£) is a family of maps
Eeor t X(e) — X (€') defined for (e, e') € Ey x g, Ey and such that

56,6 = 1X(e) and ge’,e” : fe,e’ = 56,6”
for all e, ¢’ and ¢” with P(e) = P(¢’) = P(e”) and the diagram

X(er) 7 X(e1)

€ep.e)

commutes for all (f,g) € Ey xp, Ey. (See [3] for such a description when E

is the class of étale morphisms in the category of finite topological spaces.)
Therefore, (X,¢) is a double functor from the double category Eq(P) to

the double category S(Set) of commutative squares in Set. Indeed, it sends

e the horizontal arrows e — ¢/, i.e. the elements of Ey x g, Ey which we
will denote by [e, €], to the maps & : X (e) — X (€');
e the vertical arrows, i.e. the morphisms of F,

e X(e)
lueEl to X(u)l
€1 X(el)

e and the squares

€*>e/

~
-
@

€1 —= ¢}

to the commutative squares
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preserving horizontal and vertical composition as well as all types of identi-

ties.

The functor S : CAT — DoubleCAT, which sends each category C to the
double category of commutative squares in C, has a left adjoint Z (see e.g.
[4]). So, in particular, double functors from Eq(P) to S(Set) are the same
as functors from Z(Eq(P)) to Set.

The category Z(Eq(P)) can be described as the quotient category E/.,

where E is the free category generated by the disjoint union E; U Ey xp, Ey
and ~ is the smallest equivalence relation which contains

e all pairs ((a,b),ab) if a,b € E; or a,b € Ey X, Ep;

e and (a'[er, €], [ea, e5]a)

e — ¢}

€9 —— 8/2
if [61', 6;] € Ey X By Ey and P(a) = P(a’).

That is, the objects in Z(Eq(P)) are the same as in £. A morphism in
Z(Eq(P)) is the equivalence class of a morphism in F of the form

ey — €
lfl
e — ¢}
lfQ
€2

/
€n—1

lfn

€p —— 6;1

with [e;, €}] € Ey xp, Eo and f; € Ey, which, like in [4], we will call a n-zigzag
in Z(Eq(P)) from eq to €.



DESCENT FOR DISCRETE (CO)FIBRATIONS 5

The functor P : E — B has a factorization
E r B
S A
Z(Eq(P))

with W(f) = [f], the equivalence class of f € F; in E, ®(e) = P(e) and
®([z]) is the composite P(f,) - P(fu-1) - P(f2) - P(f1) : P(eg) — P(el,) for

the zig-zag z given above.

2. Characterization of (effective) E-descent morphisms
The diagram (1) can be identified, up to equivalence, with

L]

Set? Set?(Ea(P) (2)
SetXA 4

Set?

if E is the class of discrete cofibrations and with

Set®™

Set?” SetZ(Ea(P)*” (3)
Setk* o A@’
Set””

when E is the class of discrete fibrations.

Then P is an (effective) E-descent morphism for the class of discrete cofi-
brations if and only if Set?® is full and faithful (an equivalence, respectively).
A similar result holds for (effective) descent morphisms relative to discrete
fibrations and associated functors Set®”.

A functor ® : A — B in Cat is called a lax epimorphism if the functor
C? . 0P — C4 is full and faithful, for every small category C (see [1] and
references there).

A category C' is called connected if it is non-empty and there exists a
finite sequence of C-morphisms, in either directions, between each pair of its
objects.

For a morphism h : b — b’ in a small category B we consider the category
h//® with objects the triples (a, m,q) where a is an object of A and m, ¢ are
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morphisms in B for which the diagram

h

oA
®(a)

b b

commutes.
The morphisms of h//® from (a,m,q) to (a’,m’,q") are the morphisms
u:a — a of A for which the diagram

b d y
®(a)
m’ q
l@(u
d(d)

is commutative.
The following conditions are equivalent (cf. [1], Theorem 1.1):
(1) @ is a lax epimorphism;
(2) Set® is full and faithful;
(3) For every morphism h : b — b’ in B the category h//® is connected.

Theorem 1. The functor P : E — B is an E-descent morphism, when E is
the class of discrete fibrations or of discrete cofibrations, if and only ® is a
lax epimorphism.

Proof: Let E be the class of discrete cofibrations. Since P is an E-descent
morphism if and only if Set® is full and faithful, by the equivalence (1) < (2)
we conclude that this means that ® is a lax epimorphism.

But condition (3) is “self-dual”. Hence, ® : Z(Eq(P)) — B is a lax
epimorphism if and only if & : Z(Eq(P))®® — B is a lax epimorphism
and the latter is equivalent to P being a descent morphism with respect to
discrete fibrations. ]

Theorem 2. The functor P : E — B is an effective E-descent morphism,
when E is the class of discrete fibrations or of discrete cofibrations, if and
only if ® is a full and faithful lax epimorphism.
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Proof: Let E be the class of discrete cofibrations. The functor Set® has a
left adjoint L (as well as a right adjoint) given by left Kan extension (right
Kan extension, resp.) along .

The functor P is E-descent if and only the counit € : L - Set® — Id is a
pointwise isomorphism. Furthermore, the fact that the unit n : I7d — Set®-L
is an isomorphism if and only if ® : A = Set?®a”) _, B is full and faithful
also follows from well-known facts:

e The unit 7 is pointwise an isomorphism if and only if 74, ) is an
isomorphism for all object e of A, because each functor from A to Set
is a colimit of hom-functors and Set® - L preserves colimits;

e The left Kan extension of A(e,—) along ® is B(®(e), —);

® Na(e—) : Ale, =) — B(®(e), ®—) is defined by f — ®(f).

Now, since ®°? is a full and faithful lax epimorphism if and only if the same
holds for @, we conclude that the effective descent morphisms in Cat with
respect to each one of these two classes of morphisms are the same. [

From now on E will denote either of the classes considered in the previous
theorems.

Corollary 3. The functor P: E — B is an effective E-descent morphism if
and only if

(i) For each morphism h : P(e) — P(e') in B there exists a zigzag in
Z(Eq(P))

z = [en, e'ln]fn T f2[€1; ell]fl [80, 66],

with h = P(f,) - P(f2) - P(f1), and such a zigzag is unique up to
equivalence.
(i) Every object b € B is a retract of an object in P(E).

Proof: (i) < @ is full and faithful.

If ® is a lax epimorphism then 1;//® is non-empty, for each b € B, and so
b is a retract of P(e) = ®(e) for an object e in E.

Conversely, if 1, = ¢ - m then, for each h : b — V/, h//® is non-empty
because h = hq - m. Furthermore, for (¢/,m’,q') € h//®, the morphism
t = m' - q is the image of a zigzag z, unique up to the equivalence ~ ,for
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which the diagram
h

b v
N
®(e)
m’ ql
d(e)
commutes. [ |

The following corollary is a generalization of Theorem 1.2 in [4].

Corollary 4. If B is a preordered set considered as a category, a functor P :
E — B is effective E-descent if and only if the functor ® : Z(Eq(P)) — B
1S a category equivalence.

Proof: The non-trivial implication follows from the fact that if b is a retract
of P(e) for e € E then P and so ® are essentially surjective on objects. m

Examples 5. Every fibration, as well as every cofibration, P : £ — B
satisfying condition (ii) of Corollary 3 is an effective E-descent morphism. If
P : E — B is a fibration, h : P(e) — P(¢’) and u : € — € is the cartesian
lift for A and e’ then

h = @([ule,el]) = P(u)

for a 1-zigzag z = ule,e] in Z(Eq(P)). Since each n-zigzag is a composite
of n 1-zigzags, the proof that such a zigzag is unique, up to the equivalence
~, follows from the following facts (which are essentially Proposition 2.1 and
Corollary 2.2 in [4]):

e Two 1-zigzags in Z(Eq(P)) with the same image by ® are equivalent:
if P(f1) = P(f2), for f1: ey — €1, fo:eq — €] and P(e;) = P(e)) =
P(e!) for i = 0,1, then

le1, 1] fileo, €] ~ [e7, et]ler, Y] fileo, ep] ~ [e1, €1] f2[eo, €g].
e Every 2-zigzag is equivalent to a 1-zigzag:
[e2, €3] f2[ex, €1] fileo, ep] ~ [e2, €b] fovlep, eg][en, o] ~ [e2, €5] fovleo, €]

where v is the cartesian lift for P(f;) and €.
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Fibrations which satisfy the prescribed condition are exactly those that
are surjective on objects. In fact, for b and m : b — P(e) in B, there is a
cartesian lift u : ¢/ — e for m and e, and so b = P(¢').

Hence, fibrations (and similarly cofibrations) are effective E-descent mor-
phisms if and only if they are surjective on objects.

3. Effective descent versus effective E-descent

Under Beck-Chevalley condition effective descent reduces to monadicity, a
result first published in [2]. In particular, P is an effective descent morphism
with respect to the basic Cat-indexed category if and only if P* : Cat |
B — Cat | F is monadic.

The left adjoint to the restriction P*g : E(B) — E(E) of P* (denoted in
diagram (1) also by P*) exists but it is not defined by composition with P
on the left, like the left adjoint P! to P*. In this case, the Eilenberg-Moore
category with respect to the induced monad is not equivalent to the category
Desg(P) of E-descent data for P (see Remark 7).

A functor P is an effective descent morphism in Cat if and only if it
is surjective on composable triples of morphisms. (See [5], Chapter VIII,
Proposition 6.2).

From this characterization and Corollary 3 it follows that:

Theorem 6. Every effective descent morphism in Cat is an effective E-
descent morphism.

The converse is false: If E/ and B are the categories generated by the zigzag
z=len, €] fn- - foler, €l] fileo, €] with >3

and by its image by P, respectively, then P is an effective E-descent morphism
which is not surjective on composable triples.

It is easy to see that every (co)fibration which is surjective on objects is
also surjective on composable triples and so that it is an effective descent
morphism.

Remark 7. In our context, simple examples make clear that, in general,
descent gives “more information” than monadicity. For instance, the functor
P:FE={0,1} — B ={0 < 1} which sends ¢ to ¢, for i = 0, 1, is not even an
E-descent morphism. However both Set” and Set”” are monadic. Indeed,
Set” is monadic if and only if it is faithful and this is equivalent to h//P
non-empty for all morphism h of B (cf. [1], Proposition 4.1).
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