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ABSTRACT: Unlike a uniformity, a quasi-uniformity is not determined by its quasi-
uniform covers. However, a classical construction, due to Fletcher, which assigns a
transitive quasi-uniformity to each family of interior-preserving open covers, allows
to describe all transitive quasi-uniformities on the topological spaces in terms of
those families of covers.

In this paper we develop a pointfree generalization of this, which solves a problem
posed by G. C. L. Briimmer, together with various examples and applications that
illustrate its remarkable usefulness. By this construction, many kinds of interior-
preserving open covers (e.g. locally finite, open spectrum, well-monotone) induce
compatible quasi-uniformities on an arbitrary frame.
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Introduction

Transitive quasi-uniform spaces form an important subcategory of the cat-
egory of quasi-uniform spaces and uniformly continuous maps and they play
a role almost as general as that of quasi-uniform spaces in the study of topo-
logical properties. The most striking aspect of transitive quasi-uniformities
is that they can all be obtained by the Fletcher construction [8] (see also [9])
considering the interior-preserving open covers of their associated topological
spaces:

Let (X,7) be a topological space and let 2 be a collection of interior-
preserving open covers A of X such that | J2 is a subbase for 7. For any A
set

Ra=({EalAc A}
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where E4 stands for
{(z,y) e X x X |ze A=ye A}

Then the collection {R4 | A € A} is a subbase for a compatible transitive
quasi-uniformity &y on X (that is, (X, &y) is a transitive quasi-uniform space
inducing as first topology the given topology 7).

Corresponding to each kind of interior-preserving open cover we get well-
known quasi-uniformities. For example, if 2 is the collection of all finite (resp.
point-finite, locally finite, interior-preserving, open spectra, well-monotone)
open covers of X, then &y is the Pervin (resp. point-finite, locally finite, fine
transitive, semicontinuous, well-monotone) quasi-uniformity of X. Moreover,
this construction gives all transitive quasi-uniformities on X [4].

The purpose of this paper is to extend these considerations to pointfree
topology, solving Problem 3 of [5], posed by G.C.L. Briimmer at the topol-
ogy conference in Ankara, summer 2001. This extension is by no means
immediate in that a number of technical difficulties, which have no place in
the spatial case (by the very nature of entourages as reflexive relations on a
set X and quasi-uniformities as filters of entourages on X), have now to be
surpassed.

In the classical theory, the construction relies on the fact that every open
subspace of a space X has a complement. To get the localic counterpart
of this construction, we turn to the frame of congruences (more precisely,
the congruence biframe) which provides the right tools for the translation of
the topological properties pertaining to the Fletcher construction. The topo-
logical intuition behind our arguments concerning congruences can be easily
traced back by the correspondence between sublocales and congruences.

The paper is organized as follows:

In Sections 1 and 2, we recall the specific notions and facts which will
be used later on. After that, we discuss the concept of interior-preserving
cover (Section 3) and the covers which induce entourages in our construction
(Section 4). In Section 5, we present a technical result on the construction
of general transitive frame quasi-uniformities that has specific relevance in
the construction of compatible quasi-uniformities that we describe in Section
6, the main goal of this paper. Next, in Section 7, we present the funda-
mental result that the construction of Section 6 accounts for all transitive
compatible quasi-uniformities, as well as a result that has the noteworthy
consequence of making the construction in question functorial, a fact which
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will be the subject of a forthcoming paper. In the final section we show
the effectiveness of our construction with a brief survey of various examples
and applications. The examples essentially cover all the facts concerning the
Fletcher construction from [9] which make pointfree sense.

In a sequel [7] to this paper, we show that the general method introduced
here gives precisely all functorial transitive quasi-uniformities on frames.
This extends the results of Briimmer [4] on functorial transitive quasi-uni-
formities on the topological spaces.

1. Background

In order to fix terminology let us recall a few concepts.

1.1. Frames and biframes. A frame (also locale) is a complete lattice
satisfying the infinite distributive law

J:/\\/S:\/{x/\S]SES}

for every x € L and every S C L. A frame homomorphism f : L — M is a
map between frames which preserves finite meets (including the top element
1) and arbitrary joins (including the bottom element 0). The corresponding
category will be denoted by Frm. A cover A of L is a subset A C L such that
VA=1

If L is a frame and z € L then

x*::\/{aeL|a/\:)::O}

is the pseudocomplement of x. Obviously, if x V x* = 1, x is complemented
and we denote the complement x* by —z. Note that, in any frame, the first

De Morgan law
(V) = N\ai
iel iel
holds but for infima we have only the trivial inequality
iel iel

Recall also that a biframe is a triple (Lg, L1, L) where L; and Ly are
subframes of the frame Ly, which together generate Lg. A biframe homo-
morphism, f : (Lo, L1, Ly) — (Mo, My, M), is a frame homomorphism
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f : Ly — My which maps L; into M; (i = 1,2) and BiFrm denotes the
resulting category.

Further, a biframe (L, L1, L) is strictly zero-dimensional [2] if it satisfies
the following condition or its counterpart with L; and Lo reversed: each
x € Ly is complemented in Ly, with complement in Ly, and Lo is generated
by these complements. Along this paper, when referring to a strictly zero-
dimensional biframe, we always assume that it satisfies the condition above,
not its counterpart with L; and Lo reversed.

For general facts concerning frames we refer to Johnstone [13] or Vickers
[19]. Additional information concerning biframes may be found in [2] and

3]

1.2. Weil entourages. For a frame L consider the frame D(L x L) of all
non-void decreasing subsets of L x L, ordered by inclusion. The coproduct
L & L will be represented, as usual (cf. [13]), as the subset of D(L x L)
consisting of all C'-ideals, that is, of those sets A which satisfy

{z}xSCA = (z,\/9eA

and
Sx{ypcA = (\/SyeA

Since the premise is trivially satisfied if S = (), each C-ideal A contains
O = {(0,a),(a,0) | a € L}, and O is the zero of L & L. Obviously, each
r@®y=|(z,y) U O is a C-ideal and for each C-ideal A one has

A=\{zeylzoy<A}=\[{zey|(r,y) € A}

The coproduct injections uX : L — L @ L are defined by u}(z) = 2 ® 1 and
uf(z) = 1@z so that z &y = uf(z) Aul(y).

For any frame homomorphism h : L — M, the definition of coproduct
ensures us the existence (and uniqueness) of a frame homomorphism h @ h :
L®L— M@ M such that (h @ h)-ul =uM - h (i=1,2).

A Weil entourage [15] on L is just an element E of L & L for which

\V{zeL|(zx)eE} =1

The collection W Ent(L) of all Weil entourages of L with the inclusion is a
partially ordered set with finitary meets (including a unit 1 = L & L).
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If £ and F are elements of L @ L then
EoF :=\/[{z®y|3z€ L\{0}: (z,2) € E, (z,y) € F}.

Note that £ C F o E for every Weil entourage E. A Weil entourage F is
called

e transitive if Eo E = E;

e finite if there exists a finite cover 1, ...,x, of L such that \/_, (z; ®
J,’i) g E.
Let EC L@ Landx,ye L. If
Eo(x®dx) Cydy for some E € &, (1.2.1)

£
we write x 9 y. When &€ is symmetric (that is, E~' € £ whenever E € &)
this is equivalent to

(x@x)oECydyforsome Ee€& (cf. [15]). (1.2.2)
A set £ C WEnt(L) is called admissible if, for every = € L,

£
r=\/{yeLlyaa},

where € := EU{E"' | E € &}.
1.3. Uniform and quasi-uniform frames. An admissible filter £ of
WEnt(L) is a (Weil) uniformity on L if it satisfies the following conditions:

(U1) For each E € & there exists F' € € such that FFo FF C E.

(U2) For every E € £,E1 € €.
Further, a (Weil) uniform frame is a pair (L,E) where L is a frame and &
is a uniformity on L. If (L,&) and (M, F) are uniform frames, f : (L,€) —
(M, F) is a uniform homomorphism if f : L — M is a frame homomorphism
such that (f @ f)(E) € F, for all E € £. The resulting category is denoted
by UFrm.

By just dropping the symmetry condition (U2) in the definition of uniform

frame we get the category of quasi-uniform frames, denoted by QUFrm. With
the lack of symmetry the equivalence between conditions (1.2.1) and (1.2.2)

&
is no longer valid; whence, in the place of < we have two partial orders
I3
rqy=Fo(x@x) Cydy, for some F € &,

xqggyz(:):@x)oEgy@y, for some F € €&,
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which in turn, lead to the following subframes of L:
&
L1(E) = {x €el|z= \/{y el | yqlx}},

£
Lo(E) = {x €el|z= \/{y el | y<12x}}.
It is worth pointing that then, for each x € L,

v € Li(€) & x = \/{y € Li(€) | yiz} (1.3.1)
and
v € Lo(E) & w = \/{y € Lo(E) |y} [15]. (1.3.2)
Further, the admissibility condition is equivalent to saying that the triple
(L, £1(€), £2(€))

is a biframe [16]. This is the pointfree expression of the classical fact that each
quasi-uniform space (X, £) induces a bitopological structure (77(€), 73(€)) on
X.
Regarding quasi-uniform frames, we shall need the following notions: a
quasi-uniform frame (L, £) is called
e transitive if £ has a base consisting of transitive entourages;
o totally bounded if £ has a base of finite entourages.

For more information on transitive quasi-uniformities and totally bounded
quasi-uniformities we refer to [12] and [11], respectively.
Throughout this paper, L always represents a frame.

2. Tools

In this section we collect the facts needed later on concerning the notions
which play a particularly significant role in our construction: the strong

[
inclusion (<1, <) induced by a quasi-uniformity £ and the congruence lattice
CL.
2.1. Let (L,€) be a quasi-uniform frame. The pair (481,482) is a strong
inclusion [18] on the biframe (L, Li(£), L2(€)). In particular, this means

£
that o <; y implies = <; y, that is, the existence of z € L£;(€), j # 1, such
that zAz=0and zVy = 1.

We should also note that <§1 and <§2 may be characterized in the following
way [16]:
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£
e x < y if and only if there exists £ € £ such that

sti(z, E) :== \/{aGL| (a,b) € E;bAx # 0} <y (2.1.1)

o 452 y if and only if there exists £ € £ such that
sto(x, E) = \/{bEL | (a,b) € E;anz #0} <u. (2.1.2)

The elements st;(z, E) (i = 1,2) satisfy the following properties, for every
xz,y € L and every E, F € L@ L [15]:

) For every Weil entourage E, x < sti(x, E) A sty(z, E);

) sti(z, ENF) < sti(z, E) A sti(z, F);

) sti(sti(x, E), F) < sty(z, F o E) and sty(sts(z, E), F) < sto(z, E o F);
) ti(\/jeJ Lj, E) = \/jEJ Sti(xj7 E)7

)

2.2. The lattice of frame congruences on L under set inclusion is a frame,
denoted by €L. A good presentation of the congruence frame is given by
Frith [10]. Here, we shall need the following properties:

(1) For any z € L, V, = {(a,b) | a Vo = bV z} is the least congruence
containing (0,z); A, = {(a,b) | a Az =b Az} is the least congruence
containing (1,z). The V, are called closed and the A, open.

(2) Each V, is complemented in €L with complement A,.

(3) VL ={V, | x € L} is a subframe of €L. Let AL denote the subframe
of €L generated by {A, | x € L}. Since § = \/{V, AA, | (z,y) €
0,x < y}, for every 6 € €L, the triple (€L, VL,AL) is a biframe
(usually referred to as the Skula biframe [10]). Clearly, this is a strictly
zero-dimensional biframe.

(4) The map x +— V, is a frame isomorphism L — VL, whereas the map
x — A, is a dual poset embedding L. — AL taking finitary meets to
finitary joins and arbitrary joins to arbitrary meets.

For any 6 € €L, the interior of 6, denoted by int(6), is given by

/\{A.L | 0 < AZL‘} = A\/{’Jz:»ELW/\V,,:O}-

Obviously, int(V,) = Ay« and int(\/ Az,) = Ap g,
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3. Interior-preserving covers

3.1. Fletcher’s construction starts from a collection A of interior-preserving
open covers of the given space X. The immediate translation of the classical
notion of interior-preserving open covers of a space into the pointfree setting
says that an open cover {A, | a € A} of alocale L (i.e., A,c4 As = 0, which
means, internally in L, that A is a cover of L) is interior-preserving if, for
each B C A,
\ A=A (3.1.1)
beB
More generally, we say that a subset A of L is interior-preserving if condition
(3.1.1) holds for any B C A.

Classically, De Morgan laws imply immediately that an open cover A of a
topological space X is interior-preserving if and only if {X \ A | A € A} is
a closure-preserving closed co-cover of X. This equivalence is no longer true
in the pointfree setting. Indeed, a closed co-cover {V, | a € A} (internally
in L, this means that A is again a cover of L, since V4 = \/,c, Vo =1) is
closure-preserving if,

acA

for each B C A, /\ Vi = Vs (3.1.2)

beB

Now, the first De Morgan law implies immediately that (3.1.1) implies (3.1.2)
but the converse is not true.

We say that a cover A of L is weakly interior-preserving if it satisfies con-
dition (3.1.2). We note that subsets A of L satisfying (3.1.2) were already
studied by Chen [6] (under the name “conservative subsets”). In ([6], Lemma
2.3) Chen characterizes them by the condition

for each B C A, x\//\B:/\{x\/bleB} for all x € L.

As we shall see later on, condition (3.1.2) is the right condition we need to
impose on the covers in order to fulfill our construction of a quasi-uniformity
compatible with the given frame L.

In what follows we illustrate the scope of these notions by a number of
important examples which we shall refer to later on as guiding examples.

3.2. Locally finite covers. Recall that a set A C L is said to be locally
finite [6] if there is a cover C' of L such that A, := {a € A | cAa # 0} is
finite for each ¢ € C. Such a cover C is said to finitize A.
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Proposition. Every locally finite set is interior-preserving.

Proof: Let A be a locally finite set of L and let C' be the corresponding cover
that finitizes it. Then A is interior-preserving because, for every infinite
B C A, \cp Ay = 1. Indeed:

Since B is infinite, for every ¢ € C' there exists b € B such that b A c =
0, that is, Appe = 1. Thus /e Apae = 1 for every ¢ € C. Equivalently,
Viep Ay > V. for every ¢ € C. Hence /.5 Ay >V, o Ve = 1. ]

3.3. Open spectra. We say that a cover A = {a,, | n € Z} of L is an open
spectrum if a, < a1, for each n € Z, and \/, ., A,, = 1 (which implies, in
particular, that A _, a, = 0).

Proposition. Every open spectrum is interior-preserving.
Proof: It suffices to show that
\/ A, > A/\nesan for every S C Z.

nes

nez

Let S C Z. If S has a least element m then, obviously, V,cq A, = A, =

Ap Otherwise, \V,cq A, = Vyez Aa, = 1. -

3.4. Well-monotone covers. We say that a cover A of L is a well-monotone
cover if it is well-ordered by the partial order < of L. So A is a chain in L,
satisfying the descending chain condition. The following is obvious:

nes dn’

Proposition. Fvery well-monotone cover is interior-preserving. [

4. Fletcher covers

4.1. Our first aim is to cast the basic (transitive) entourages in Fletcher
construction into pointfree form. As in initial step towards this, let

E,=V.® 1) V(1aA,)
for any @ € L. This is clearly a transitive Weil entourage of €L. It is also
worth pointing that E, is simply (V,® 1)U (1 & A,), since this is already a
C-ideal.
For any A C L set

Ry=({E.|lac Ay eeLoeL.

In view of the following lemma, we shall consider only R4 with A € CovL
(this is not a serious restriction since, for any B C L, A = BU{1} is a cover

and Rp = Ra).
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Lemma. If A and B are covers of L then RaN R = Ranp.
Proof: 1t is easy to see that, for every A, B C L,

(N E) N () Bs) S {Eans | a € Ab € B},
acA beB
since Vonp = Vo AV and Ay = Ay V Ay,

For the reverse inclusion, consider (o, 3) € (\{Eum | @ € A,b € B}. Let
a€ A If a <V, then (a, ) € E,. Otherwise, if @ £ V,, then o £ Vpp S0,
necessarily, 8 < Ay, for every b € B. Consequently, since B is a cover of
L

)

B< N Aurs = Ay, ) = A

beB
Thus (o, 3) also belongs to E, in this case. Similarly, (a, 3) € Ej for every
b € B. Hence (o, 3) € R4N Rp. [ ]

Of course, R4 would be of little use for our purpose if it would not be
a Weil entourage (which may happen, contrarily to the classical case, since
infinite intersections of Weil entourages are not necessarily entourages).

For each cover A of L, let

d(A) = \/{(\ Vo) A\ Au) | AU A, = A},
a€A, a€As

Proposition. Let A be a cover of L. The following assertions are equivalent:

(i) Ra is a Weil entourage of €L.
(i) d(A) = 1.
(iii) There exists a cover C' of L such that, for each c € C, V.= \/;.; 05,
where each pair (65,05) belongs to Ry. 4

Proof: (1)< (ii): If R4 is a Weil entourage then \/{a € €L | (a, ) € Ra} =
1. But (o, ) € R4 means that there exists a partition A; U Ay of A for which

a< (N Vo) A/ Ao

a€A, a€Ay

Thus d(A) = 1.
The converse is obvious since
(A VAN A (N Vo) AN Ad) € Ra
ac€A, a€As a€A, a€Ay

whenever A1 U Ay = A.
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(i)=>(iii): Take just the cover A. For each a € A,
Va=VaAdA) = \[{{/A\ Vo) A(N A) | AU Ay = A,a € At}
beA, beAy

Clearly,
((/\ Vb)/\(/\ Ab):(/\ Vb)/\(/\ Ay)) € Ra.
be A, beAy be A, be Ay
(ili)=-(i): It is obvious:

\V 6=\ Ve=\V.=1 =

(0,0)eR4 ceCiel, ceC

We say that a cover A of L is a Fletcher cover whenever it satisfies the
equivalent conditions of the Proposition.

Remark. For each finite A C L, a straightforward proof by induction shows
that d(A) = 1. Thus finite covers are examples of Fletcher covers.

Corollary. If A is a Fletcher cover of L then Ry is a transitive Weil en-
tourage of €L.

Proof: It remains to check that R4 o0 R4 C Ra. So, consider («, 3), (8,7) €
Ry with 8 #£ 0 and let ¢ € A. If o £ V, then § < A, and, consequently,
B £V, since 8 # 0. Therefore v < A, and («,7) € Ra. ]

In view of the Proposition, it is clear that Fletcher covers will play a central
role in our context. We do not know whether (weakly) interior-preserving
covers are Fletcher covers but we do know that, in each of our guiding ex-
amples, the covers are indeed Fletcher covers, as we shall show in the sequel.

4.2. Locally finite covers are Fletcher covers. Let A be a locally finite
cover of L and let C be a cover that finitizes it.

Lemma. For each ¢ € C, there exists {6; | i € I} C €L such that V., =
Vies bi and (6;,0;) € Ry for every i € 1.

Proof: Let ¢ € C' and consider A, = {a; | j € J}. By Remark 4.1, since J is

finite,
V' (A Va) ACA A =1

JiUJo=J  je; je€J2
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Therefore
Ve=\/ (VerA (A Vo) AN A))

JUTo=T je jeTs
Denote the congruence Ve A (A;c;, Vi) A (Ajes, Aq;) by 0. It remains to
check that (0,0) € Ry, that is, § < V, or § < A, for every a € A. Let a € A.
If aAc=0then V. <A, and, consequently, § < A,. Otherwise, a = a; for
some j € J. If j€ Jythen § <V, ,. If j € Jy, 0 <A,. ]

Then, by Proposition 4.1, we immediately get
Proposition. Every locally finite cover is a Fletcher cover. [
4.3. Open spectra are Fletcher covers.

Proposition. Let A = {a, | n € Z} be an open spectrum. Then

nez
Proof: Clearly,

1= (\/Va)r (VAL =\ Vo AA,) =

nez meZ neZ mel
=V V{Vards,).
nezZ m<n

But, for m =n — k,
Va, N Aam - (van N AawH) \ (VawH A Aanfz) ViV (V
Hence 1 =V, .7 (Va, A Aa, ).
Let Z,UZs be a partition of Z. If Z; has a least element m then /\nEzl Va, =

Vam and /\RGZQ Aa" S Aafmfl S0 (/\neZl Van) /\ (/\nEZQ Aan,) S Vam /\ Aam71~
Otherwise, A, .z Va, = Nez Va, = 0 and (A,cz, Va,) A (Aez, Aa,) = 0.

In conclusion,

NA,,,).

Ap—k+1

d(A) < \/ (Va, A A, ).

nez
The reverse inequality is trivial (just take Z; = [(n — 1) and Zo = Tn). =
4.4. Well-monotone covers are Fletcher covers. Let v be an ordinal
and let {a, | @ € 7} be a well-monotone cover of L (that is, a, < ag for
every «, 3 € v, a < 3).
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Remark. If v is a successor ordinal 6 + 1 then, obviously, as =/, <y o =1,
that is, 1 = a5 € A.

Lemma. Let § <, 61Udy = 0. Then v\ = 81U, for some 0}, 0} satisfying

(AVa) AN A <C A VA O A Aw)

acd a€dy a€(d1Ud)) a€(62U6%)

Proof: If 6 = 0 then (A5, Vi) N (Naes, Dan) = Naes Vae = Vi, =
Naey Va,- So, in this case, take 6] = v\ é and ¢ = 0.

If 8 # 0 consider ag, = A e, @a and take 6y = {a € v\ 0 | a > 3} and
9 = (y\0)\ ¢ Then A, .08 Vae = Vas, = Naes, Vao. On the other
hand, for each a € 05, o < By 0 an < ag, (and, moreover, a, < ag,_; in case
By is a successor). Thus, for each a € §),

A%fl < A,, if B is a successor
/\ Aaﬂ S /\ Aaﬂ =
Beb, B<By Ay <A, if 41 is a limit.
Hence /\ﬁeég Agy < /\ae(52U6’2) A,,. n

Finally, a transfinite induction gives

Proposition. Fach well-monotone cover is a Fletcher cover.

Proof: We already know (Remark 4.1) that, if v is finite, d(A) = 1.
If v =9 4 1 is a successor ordinal,

d(A) =\ (A VadA (A A =V (A Ve AVLACN Au)),
NUre=y aem aEY 01Ud=d b €Dy

since § € 7, implies /\0167’2 A,, = 0, by the Remark above. By induction, also
d(A) =1 in this case.
Finally, if v = U, -0 is a limit ordinal, by the Lemma we have

dA) =2\ (A Va) AN Au)) =1 m

0€y 01Ude=d a€dy €Dy
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5. An important general procedure on the construction
of transitive frame quasi-uniformities

5.1. In what follows let (Lo, L1, Ly) € BiFrm and let L), be a subframe of L
contained in Ly. Assume also that S is a family of transitive Weil entourages
of Ly which generates a filter £ that satisfies the following conditions:

(Q1) For every E € & there exists F' € £ such that F? C E;

(Q2) L1(€) = L

(Q3) Ly(€) = L.
If L), = Lo, this means that £ is a quasi-uniformity on Ly. Otherwise, if
L, C Lo, it need not be a quasi-uniformity; however, there is an easy way of
obtaining a quasi-uniform frame by modifying £ (and Ly):

Let L{, denote the subframe of Ly generated by L,V L5. Clearly, (L, L1, L)
is a biframe. Let

S'={En(Ljx L)) | E €S}

Clearly, each E' = E N (L{ x L{) is a C-ideal of Lo. If &' C WEnt(Ly),
denote by &' the corresponding filter of W Ent(Ly).

Lemma. (a) For every x € Lj and every transitive E € & such that
E' € WEnt(Ly), sti(z, E) = sti(x, E') (1=1,2).
& &'
(b) If " C WEnt(Lj) then, for every x,y € Li, x <; y if and only if x <; y
(i=1,2).

Proof:  (a) Consider x € L{ and a transitive £ € & such that £ = EN
(Lyx L) € WEnt(Lg). Obviously, st;(z, E') < st;(z, E'). Let us prove
that sti(z, E) < sti(x, E’) (the case i = 2 may be shown in a similar
way).

Since £/ € WEnt(Ly),

x:\/{x/\a |z Aa+#0,(a,a) € E'}.
Therefore, by property (S5) of 2.1, we may write
sti(z, B) = \[{sti(x Aa, E) [z Aa#0,(a,a) € E'}. (5.1.1)

But, by (S6), (xAa,zAa) € E implies (st1(xAa, E),xAa) € EoFE = E.
On the other hand, again by the transitivity of £ and by (S4),

sti(sti(x Na,E),E) < sti(z Na, E).
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£
Therefore st1(zAa, E) < sti(zAa, F) and, consequently, st1(xAa, E) €
L1(E) = Ly C L{,. Hence (sty(z Aa,E),xz ANa) € E', from which it
follows that sti(z A a, E) < sti(x A a, E'). Consequently, (5.1.1) gives

sti(z, F) < \/{Stl(x Na,E") |z ANa#0,(a,a) € E'} = sty(z, E').

(b) It follows immediately from (a). |

Theorem. If " C WEnt(Ly) then (L, &) is a quasi-uniform frame whose
underlying biframe is (L, L1, Lb).

Proof: By hypothesis, every E N (L{, x L;), with E in S, is a Weil entourage
of Lj so & is filter of W Ent(L{). In order to prove that (L{, &) is a quasi-
uniform frame it remains to check that:

(1) For each E' € & there exists F’ € £ such that F' o F' C F;
(2) (Lo, L4(E), L2(E")) € Bifrm.

(1) It is easy: indeed, let E' € £ and consider EYf,..., E, € & such that
EiNn---NE/, C E' Then, for each i, E! = E; N (L x L) for some
E; € S. But E;n---NE, €S. Therefore, by condition (Q1), there
exists F' € & satisfying F'o FF C E;N---N E,. Then, obviously, for
F'= Fn(Lyx Lj), we have F'o " C E{N---NE, CE".

(2) In order to show (2) it suffices to prove that
(2&) ;Cl(g/) = Ll;
(2b) Lo(E) = L.
(2a) By (Q2), it suffices to check that £1(&') = L4(E). If © € L1(€)

then, by (1.3.1),

£ £
r=\{yeli@lyazt<\{yelilyaua}<w
g/
Hence, by the Lemma, x = \/{y € L, | y <1 z}.

The reverse inclusion follows from assertion (b) in the Lemma.
(2b) It can be proved in a similar way, using (Q3). -
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6. The construction

6.1. We are finally in conditions to present our pointfree version of Fletcher’s
construction.

Let L be a frame. We say that a quasi-uniformity £ on €L (more generally,
on a subframe of €L) is compatible with L whenever the “first topology” £1(&)
coincides with the frame VL = L. It is our goal in this section to construct,
for an arbitrary frame L, quasi-uniformities compatible with L.

Before doing that, some technical results are required.

Lemma 1. Let A be a Fletcher cover. Then, for every a € A and B C A,
we have:
(a) st1(Va, Ra) = Vg,
(b) StQ(Aa, RA) = Aa;
(C) StQ(A\/B, RA) = A\/B
Proof:  (a) The fact that V, < st1(V,, R4) follows from property (S2) of
2.1. On the other hand, for every (o, 3) € R4 with AV, # 0, 5 £ A,
thus a < V,. Hence st1(V,, Ra) < V,.
(b) Similar to the proof of (a).
(c) Let (a,3) € Ry such that a A Ayp # 0. Then, for each b € B,
a A Ay # 0, that is, a £ V. Consequently, 5 < A, for every b € B,
that iS,ﬂS/\ﬁeBAbZA\/B. n

Lemma 2. Let 0 € €L and let A; (i =1,2,...,n) be covers of L. Then:

(a) st1(0, iy Ba)) = VANL Aaen, Va | Bi © Aiy (N2 Awears, Do) A
6+ 0},
(b) sta(0, (Nizy Ba) = VAAZ Awe, Ba | Bi © Ais (Nizi Asens, V) A
640},
Proof:  (a) Let (o, 3) € (i, Ra, such that 5 A6 # 0. Then, for every
iand every a € A;;, « < Vyor <A, Let Bi={a€ A | a<
Va}. Then o < A7 A, Voo On the other hand, for every i and
every a € A\ B;, 8 < A, Thus 8 < AiLy Ayeap, Das Which implies
0 ANzt Naeavs, Da = 0 A B # 0. This shows that

st1(97mR,4i)§\/{/\/\Va|BigAi, (A A\ Aane#o}.

i=1 a€B; =1 acA\B;
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For the reverse inequality, it suffices to observe that
n n n
ANTA A e
i=1 a€B; i=1 ac A\B; i=1

(b) Similar. |

It follows immediately from Lemma 2 that

Proposition. Let § € €L and let A; (i =1,2,...,n) be covers of L. Then:
(a) st1(0,N;_; Ra,) € VL whenever each A; is weakly interior-preserving.
(b) sta(0,(N—; Ra,) € AL. [

6.2. Let A be a collection of weakly interior-preserving Fletcher covers of a
given frame L and consider the family Sy = {R4 | A € A} of Weil entourages
of €L. We denote by &4 the filter of W Ent(€L) generated by S4. Recall
that a subbase of a frame L is a subset S C L such that

J::\/{sl/\'--/\sn|n€N,si €S, s1N---Ns, <z}
for every x € L.
Lemma. If|JA is a subbase for L then L£1(E4) = VL.

Proof: Let « € L. By hypothesis, we may write x = \/,_;(a{ A --- A al, ) for
some a; € |JA (i € I,j €{1,...,n;}). Then

Vo=V (Vi A AV ).

vi

iel
So, in order to show that V, € £1(€4) it suffices to check that, for every i,
&
Vui N AV <1J‘1‘ V.

For each i take (., Ry € E4, where at € Al € A. Then

T,
Stl(vai /\-"/\V%i, ﬂRAj) < Stl(vai /\”'/\vaili’RA;-)

j=1

=

b

~ .
S|
-

IN

st1 (Vi Bai)-

<.
Il
—_
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Now, by Lemma 6.1.1(a), it follows that

n;
st1 (Vg A+ AV [V Ba) S Vo A AVy <V,

j=1

Finally, let us prove the reverse inclusion £1(€4) € VL. Let 0 € L1(E4),
ie, 0 =\V{aelCl|a %1‘ 6}. We only need to show that, for each such a,
there exists V, € VL satisfying a < V, %1‘ 6 (since, then, 6 is the join of all

those V,, which belongs to VL). So, let « 2? f. This means that there are
Ay, ... A, € Asuch that o < sty(a, (), Ra,) < 0. Since each A; is weakly
interior-preserving, Proposition 6.1(a) ensures us that st (o, (-, Ra,) € VL,
as required. [

In view of this lemma, £ 4 appears to be a good candidate for the compatible
quasi-uniformity that we are looking for. However, there is a slight problem
with €4: the triple (€L, L1(E4),L2(E4)) need not be a biframe; in other
words, (L£1(E4) V L2(E4), L1(Ea), L2(E4)) may not be the Skula biframe (in
fact, in spite of £1(€4) = VL, L9(E4) may not coincide with AL).

So, one should expect, for the biframe structure (Lo, L1, L2) induced by
our quasi-uniformity, L; = VL = L but the second part Ls to be, in general,
a subframe of AL (and, consequently, Ly to be the corresponding subframe
of €L generated by VL U Ly).

Remarks. (1) This should not come as a surprise: in the one-sided approach
to quasi-uniformities, where a quasi-uniformity is considered over a single
underlying topology, one only cares about the first topology; more precisely,
starting with a space (X,7) and a collection A of “nice” covers, Fletcher
constructed a quasi-uniformity £4 by imposing only conditions on the first
topology 71(€4), which has to coincide with the given 7; then 73(€4) and
the corresponding bispace

(T1(Ea) V T2(Ea), T1(En), T2(En))

are automatically defined.

(2) On the other hand, we show in [7] that, by imposing the functoriality
in our construction, the induced biframe (L£1(E4) V L2(Ea), L1(Ea), L2(EA))
do coincide with the Skula biframe. This is the pointfree expression of the
classical fact, due to Salbany [17], that for any functorial quasi-uniformity
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F on the topological spaces, the join of the two topologies generated by the
quasi-uniformity of F/(X,7) is precisely the Skula topology

T(&p(T)) VT (Ep(T) 7).

This is the reason why, in all our guiding examples, as we shall see in Section
8, Lo(E4) = AL and (€L, L1(E4), L2(E4)) is already the Skula biframe and
we get a compatible quasi-uniformity on €L.

Here, in the general case, without assuming functoriality, we may have to
go to a subframe of €L. Theorem 5.1 gives us the way to modify £4 in order
to get a compatible quasi-uniformity, as we shall see below.

6.3. Let A be a collection of weakly interior-preserving Fletcher covers of L
such that | J A is a subbase for L and let €L’ be the subframe of €L generated
by L£1(E4) U L2(E4) = VLU Lo(E4). Note that, by Lemma 6.1.1(b),

{Adlae|JA} € La(en),
and, therefore, €L’ contains VL and {A, | a € |JA}. Then consider
Ry =Ran (L' x €L
and
Sy={R,| Aec A}
Lemma. Each R, is a Weil entourage of €L'.

Proof: Let us denote by | |;.; 6; and MMcs 6;, respectively, the joins and meets
in €L'. Of course, | |;c;0; = Ve, 6 but, in general, Micr 0; < N, 0:-
As for Ry (recall Proposition 4.1), Ry € WEnt(€L') if and only if

(TT V) (T A)) =1

A UAy=A a€A, a€Ay

Since each A is weakly interior-preserving, A,.4 Vo = Vpa, € VL C €L
Therefore Maca, Va = Ayea, Vo On the other hand, Maca, Aa = Ayea, Do
because, by Lemma 6.1.1(c), A4, Aa = Ay 4, belongs to Lo(E4) € CL.

In conclusion,

I_I (( [ Vo) M (ag A,)) = \/ (( /\ Va) A /\ A,)) =d(4) =1.

AjUudy=4 €A AUAs=A  acA, acAs

acAy
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Thus &y € WEnt(€L'). Let £ denote the filter of WEnt(€L') generated
by 8.

Theorem. Let A be a nonempty family of weakly interior-preserving Fletcher
covers of L such that | J A is a subbase for L. Then &'y is a transitive quasi-
uniformity on €L', compatible with L.

Proof: We know already that S C WEnt(€L'). So, we may apply Theo-
rem 5.1 and conclude that £ is a transitive quasi-uniformity on €L’, whose
underlying biframe is (€L, VL, L£2(E4)), after we check that Sy4 satisfies con-
ditions (Q1)-(Q3):

(Q1) For every E € £4 there exists ' € £4 such that F'o ' C E;

(Q2) L1(€a) = VL;

(Q3) La2(E4) C AL.

Condition (Q1) is trivial because, for each A € A, R4 is transitive.

Condition (Q2) was already proved in Lemma 6.2.

(Q3): Let 0 € Ly(E4), that is, § = V{a € €L | « 2’; 0}. It is evident
that it suffices to show that, for every such «, there exists § € AL satisfying
a < f 2’; f. The existence of such § is guaranteed by Proposition 6.1;
indeed, take Aj,..., A4, € JA for which a < sto(a,(i_; Ra,) < 0. The
element sto(c, (i Ra,) belongs to AL by Proposition 6.1(b). |

We note that our construction could be performed in any strictly zero-
©
dimensional biframe (L, L1, Lo) satisfying L; = L, instead of the Skula

biframe. In that approach we have to take as “interior-preserving covers” all
covers A of L such that, for every B C A:

(a) the meet of [B]in Lo, \ycp ©(b), belongs to L; (this condition defines
the “weakly interior-preserving covers” in this context);

(b) Vyep ~9(b) = = Ayep@(b) (i-e., the second De Morgan law holds in
Ly inside each cover ¢[A]).

7. The construction accounts for all transitive quasi-uni-
formities

7.1. Let &£ be a transitive quasi-uniformity on a subframe €L’ of €L, com-
patible with L, and consider a transitive subbase S of £. Since each £ € §
is transitive,

sti(6, F) <81Z- sti(0,E) for every § € €L" (i =1,2).
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Therefore, st1(0, E) € L£1(€) = VL and sty(0, E) € Lo(E). In particular, this
implies that sti(6, E) = Vg for some element E[f] € L. Set

C’ovE ={E[0] | (0,0) € E}.
Proposition. For each E € S, we have:
(a) CovE is a weakly interior-preserving cover of L;
(b) RC()'UE =F.
Proof:  (a) First, let us see that CovFE is a cover of L. Consider (0,0) € E
Since 0 = \/{V, A A, | (z,y) € 0,2 < y},
VAV AD | (z,y) € 0,2 <y, (0.0) € B} = 1. (7.1.1)
Further, since each pair (V, A A;, V, A A,) belongs to E,
(0,0)eE

On the other hand, V, A A, < 5t1(Vy A Ay, E) = Vgy,na,)- So, by
(7.1.1),

\/{VE[VL,/\AI] | ($7y) € G,I S Y, (676) € E} = 17
that is,
\/{E[vy /\AI] ’ (x,y) € 97-7: S Y, (959) S E} =1

Hence, by (7.1.2), Vg g)cp E[0] = 1.
Next we are going to prove that CovE is weakly interior-preserving,
that is,

/\ Ve € VL, for every C C {0 (0,0) € E}.
0eC
Since VL = Li(€), it suffices to show that sti(Ajce VEp, E) <
Noce Vi
Let (o, 8) € E with 3 A Nje Vg # 0. Then, for every 6 € C,
BAsti(0, E) # 0, which is easily seen to be equivalent to sty (3, E)AO #
0. But, by (S6), (a, sta(8, E)) € E? = E, thus a < st{(0, E).
(b) Let (o, 8) € Reove = Np0)ep(VEe ©1) U (1 & Agp). Since

B=\/{BN6](6.6) € E.SNE#0},
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checking that (a, BA0) € E, for every such 0, is sufficient to conclude
that (o, 3) € E. So, consider (0,6) € E such that 5 A6 # 0. By
hypothesis, o < Vg = sti(0, ) or 3 < Agjg = —sti(6, ). How-
ever, the latter is impossible because —sti(0, E) < 6* and A6 # 0.
Therefore, o < st1(6, ) and then (o, BA0) < (st1(0, E),0) € E? = E.

To prove the reverse inclusion, consider (o, §) € E and (0, 60) € E for
which 3 £ Agp. Then 3 A Vg # 0, that is, there exists (71,72) € £
such that 9 A0 # 0 and 3 A vy # 0. This implies (a,v) € E? = E
and, consequently, a < st1(0, E) = V). [

It follows from (b) that CovE is always a Fletcher cover of L.

7.2. Property (S3) asserts that sti(z, ENF) < sti(z, E) A sti(z, F). How-
ever, if (z,2) € F and (y,y) € F, with z Ay # 0, and E and F are transitive,
the equality
sti(x Ny, ENF) = sty(z, E) A sty(y, F)
holds: indeed, if (a1, a2) € E is such that ag Az # 0 and (81, 02) € F is
such that Bo Ay # 0, (a1,7) € E*> = FE and (61,y) € F? = F and, therefore,
(an A B,z Ay) € ENF, which proves the inequality sti(z Ay, ENF) >
sti(z, E) A st1(y, F') (the reverse one is trivial).
It follows, in particular, that, for every (z,2) € ENF,

sti(z, ENF) = st1(x, E) A sti(z, F). (7.2.1)
Proposition. g s CovE is a subbase for L.
Proof: For every z € L, since V, € VL = £,(€), we have V, = \/{V, |
\ qgl V.}. For each such y there exist Fy, Es, ..., E, € S satisfying

n

V, < st1(Vy,[ ) Ei) < V..

i=1

The fact that (), E; is a Weil entourage implies that V,, = \/{V, A0 |
(0,0) € Ni_; Ei}. Thus, using (7.2.1),

sti(Vy. () Ei) = \/{/\ sti(V, A0, E;) | (0,0) e ﬂ E}

i=1
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and we may conclude that
n
V—\/{/\stlaEHneNEeS a, ) /\ (a, E;) <V, }

=1
i.e.

x:\/{/”\EL[ lImneNE; €8, (a,) /\ al <z},

where each E;ja] € CovE;. ]

7.3. Proposition 7.1.(a) may be improved with the help of the following
lemma.

Lemma. For every £ € S and every (0,0) € E, sta(Agyg, E) = Agg.
Proof: Consider («,3) € E with a A Agg # 0. By Proposition 7.1(b),

(Oé 6) € RCO'[’E? 50 5 < AE . u
In particular, this implies that Agjg € L2(€). Moreover, by (S5),
sta \/ AR \/ Apjg for every FF C E. (7.3.1)
(0,0)eF (0,0)eF

Proposition. For each E € S, CovE is interior-preserving.
Proof: We need to prove that
\/ Apg A/\W)g g for every F'C E.

(0,0)eF
By (7.3.1),
V 2w VA
0.0)eF 0.0)eF
Then (recall 2.1)
Vo dpu <V Agg
(0,0)eF (0,0)eF

or, equivalently, \/((,‘9)E rAgpp is complemented. On the other hand, since
CovE is weakly interior-preserving, /\(079) cr VE[g is also complemented. Thus
v((’ﬁ)EF Agpg and /\(079)€F V gjg) are complemented to each other and, in con-
clusion,

\/ Appg =~ /\ Vi) ee>eFE[e])ZA/\w,g)eFEwy =
(0,0)eF (0,0)eF
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7.4. We say that a set A of covers of L induces a quasi-uniformity & if
{R4 | A € A} is a subbase for £. Now we are able to establish

Theorem 1. FEvery compatible transitive quasi-uniformity on a subframe
€L’ of €L is induced by a set A of interior-preserving Fletcher covers of L
such that |J A is a subbase for L.

Proof: Let S be any subbase of transitive entourages for the quasi-uniformity
and take A = {CovE | E € S}. It follows immediately from Propositions
7.1, 7.2 and 7.3 that A has the required properties. [

Remarks. (1) If we start with a set A of weakly interior-preserving covers of
L, Theorem 6.3 gives us a compatible quasi-uniformity €4 on some subframe
€L of €L. Then, by Theorem 1 above, B = {CovR4 | A € A} is a set
of interior-preserving covers of L inducing the same quasi-uniformity as the
given A.

(2) Many different A may induce the same quasi-uniformity. The result below
gives us the construction for the largest A that induces £. This construction
is very useful in the functorial study of transitive quasi-uniformities that we
pursue in the forthcoming paper [7].

Theorem 2. Let £ be a compatible transitive quasi-uniformity on a subframe

CL' of €L and let
A={A|AeCovL and Ry € £}.
Then:

(a) A is the largest set of covers of L that induces E;
(b) Every A € A is a weakly interior-preserving Fletcher cover of L;
(c) UA is a base for L.

Proof:  (a) First note that {R4 | A € A} is closed under finite intersec-
tions, by Lemma 4.1. For each E € £, there exists a transitive F' € £
satisfying F© C E. By Proposition 7.1(b), Rcowr = F C E. Since
CovF € A, this implies that {R4 | A €} is a base for &, so A induces
E.

It is clear that A is the largest such set of covers of L.
(b) Let A € A. Since each R4 belongs to &, then it is a Weil entourage,
that is, A is a Fletcher cover of L. Further, for each B C A,

sti( /\ Va, Ra) < \ Va

aceB aceB
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(by Lemma 6.1.1(a)) and, consequently, A, .z Va € £1(€) = VL and
A is weakly interior-preserving.

(c) Since {CovRy | A € A} C A, it follows from Proposition 7.2 that
|J A is a subbase for L. But, by Lemma 4.1, | J A is closed under finite
meets (in fact, for everya € A€ Aandbe Be B,aAbe AN B and
Runp=RaNRpe&soanbe|JA). Hence | JA is a base for L. m

8. Examples and applications

In closing, we describe various examples and applications of the construc-
tion presented here.

8.1. Let A be one of the following collections of covers:

(

1) finite covers;
(2
3

locally finite covers;

(3) well-ordered covers;

(4) interior-preserving Fletcher covers;
(5) open spectra.

~— — — ~—

In each case, since A contains all finite covers, we have L£9(€4) = AL.
Indeed: for each x € L, consider A, = {z,1} € A, in cases (1)-(4), or, in
case (b), Ay = {a, | n € Z} with a,, = 0ifn < 0, a9 = z and a, = 1
if n > 0. Then, by Lemma 6.1.1(b), sta(A,, Ra,) = A, and, consequently,
A, € Lo(En).

Hence, in each case, £y = €4 is a quasi-uniformity on €L, whose underlying
biframe is the Skula biframe.

8.2. Quasi-uniformities £LF and W. In case (2) (resp. (3)) €4 is called
the locally finite (resp. well-monotone) covering quasi-uniformity and is de-

noted by LF (resp. W).

8.3. The fine transitive quasi-uniformity F7. Theorem 7.4.1 gives us
immediately:

Corollary. Let A be the collection of all interior-preserving Fletcher covers
of L. Then E4 is the finest transitive quasi-uniformity on €L compatible with
L. |

The finest transitive quasi-uniformity for €L, whose existence is guaranteed
by the corollary above, is denoted by F7 and is called the fine transitive
quasi-uniformity.
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8.4. The Frith quasi-uniformity F. Let (Lo, L1, Ls) be a strictly zero-di-
mensional biframe. By Theorem 5.5 of [12], the family {(a®1)U(1&—a) | a €
L.} is a subbase for a transitive, totally bounded, quasi-uniformity on Ly,
called the Frith quasi-uniformity on Lg. Clearly, the Frith quasi-uniformity
F on €L can be obtained from the construction given in Theorem 6.3.

Proposition. Let L be a frame and let A be the collection of all finite covers
of L. Then E4 = F. ]

This is a totally bounded quasi-uniformity. Next result characterizes all
&4 that are totally bounded.

Theorem. Let L be a frame and let A be a set of interior-preserving Fletcher
covers such that | J A is a subbase for L. Then E4 is totally bounded if and
only if each A € A is finite.

Proof: If A € A is finite then R, is a finite entourage. Indeed, if A =
{a1,...,a,} then, clearly,

VIAVar N @ (A VoA \A) [ UL ={1,...,n}} C Ry
iel, il iel, il
and
{AVar NAo | LUL={1,...,n}}
iel, ieh
is a finite cover of €L. Therefore, since {R4 | A € A} is a subbase for £4,
this is a totally bounded quasi-uniformity whenever each A € A is finite.
Conversely, let £4 be totally bounded. This means that there exists a
finite cover {av, ..., a,} of €L such that \/]_ (; ® o) € Ra. Let a € A. By
Lemma 6.1.1, V, = st;1(Va, Ra), that is, R4[V,] = a. Thus, by the claim
below, A is contained in

{RA[\/ ai] | Ic {17 ce 7n}}7
icl

which is finite.

Claim. Let € €L, 0 £ 0, and let Iy = {i € {1,...,n} | 0 Aa; # 0} # 0.
Then Ralf] = Ra[Vc;, @il

Proof of the claim. We need to show that st1(0, Ra) = st1(\;cj, i, Ra). Let
(a, B) € Ry with S A6 # 0. Then, since {ay,...,q,} is a cover, there exists
i € Iy such that B A0 A «; # 0, from which it follows that a < sty(a;, Ra) <
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st1(Viey, @i Ra). For the reverse inequality, since each (i, ;) belongs to
Ry, a; < sti(6, Ra) for every i € Iy. Thus, for every i € I,

Stl(ai,RA) S stl(stl(Q, RA),RA) = Stl(e,Ri) = Stl(e, RA) | ]

Corollary. Let L be a frame. Then F = F7T if and only if every weakly
interior-preserving Fletcher cover of L is finite. [

8.5. The semi-continuous quasi-uniformity SC. Let L(R) denote the
frame of reals [1]. This frame carries several natural quasi-uniformities; one
of such, that we denote by O, is generated by the entourages

Q=1 -)® (-0 | pa€Qo<qg-p<—} (neEN)

The first subframe £,(Q) is the “lower frame of reals” £;(R), that is, the
subframe of £(R) generated by elements (p, —) = \/{(p,¢) | ¢ € Q}. In fact,
the underlying biframe of (L(R), Q) is the biframe of reals [14]

L(Ry) = (L(R), Li(R), L,(R)).

Recall that a map f : (X,7) — R is lower semi-continuous if f : (X,T) —
(R,1) is continuous, where [ denotes the lower topology {(a,c0) | a € R}.
This motivates us to adopt the following definition: a lower semi-continuous
real function on a frame L is a frame homomorphism £;(R) — L.

Let SC be the coarsest quasi-uniformity on €L for which each lower semi-

continuous real function i : £;(R) — L (more precisely, each £;(R) N

L VL) extends uniquely to a continuous real function h : L(R) — €L
that is a uniform homomorphism A : (£(R), Q) — (€L, SC). (We omit the
description of the basic entourages of SC, which can be given in terms of the
lower semi-continuous real functions h and n € N.)

SC is transitive and can be obtained by our construction of Theorem 6.3:

Theorem. Let A be the collection of all open spectra in L. Then E4 = SC.

The details (which are rather long and technical) and some ramifications
of this will appear elsewhere.

8.6. In conclusion, we have the table:
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| Quasi-uniformity | Subbase |
FT {R4 | A interior-preserving Fletcher cover of L}
F {R4 | A finite cover of L}
LF {R4 | A locally finite cover of L}
w {R4 | A cover of L, well-ordered by <}
SC {R4 | A open spectrum of L}
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