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1. Introduction

Dirac structures on manifolds were introduced by Courant and Weinstein
[3] and studied in detail in [2]. Dirac structures include closed 2-forms, Pois-
son structures and foliations. Dorfman [4] developed an algebraic treatment
of these structures and used them for the study of completely integrable
systems, in the context of the calculus of variations.

The notion of Dirac structure on a manifold M, investigated by Courant
in [2], is defined using a subbundle L of TM @& T*M, which is maximally
isotropic under the natural symmetric pairing on TM & T*M, and a bracket
on the space of sections of T'M & T*M, called the Courant bracket. The
existence of a Dirac structure corresponds to the closedness of that bracket
on the space I'(L) of sections of L.

In order to understand the meaning of this bracket, which is not a Lie
bracket on I'(TM & T*M), Liu et al [16] introduced the notion of Courant
algebroid on a vector bundle whose definition includes a skew-symmetric
bracket on the space of sections of that bundle. The first example of Courant
algebroid is the Whitney sum bundle A @ A*, where the pair (A4, A*) is a Lie
bialgebroid [18]. The Courant algebroid A @ A* is called the double of the
Lie bialgebroid (A, A*).

For the case of the Lie bialgebroid (T'M,T*M), where TM is the Lie al-
gebroid whose space of sections is endowed with the usual Lie bracket of
vector fields and T*M is the null Lie algebroid, the bracket on the Courant
algebroid TM & T*M is the one introduced in [2], i.e. the Courant bracket.
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It is well known that there exists a close relation between Lie bialgebroids
and Poisson structures on manifolds. However, if we pass from the Poisson
to the Jacobi setting, we have to replace Lie bialgebroids by generalized Lie
bialgebroids [6] or Jacobi bialgebroids [5]. In fact, in opposite to the Poisson
case, the pair (TM,T*M) is not, in general, a Lie bialgebroid if M is a
Jacobi manifold. Canonically associated with a Jacobi manifold M, there
is a generalized Lie bialgebroid structure on (T'M x R,T*M x R). In [23],
Wade considered the Whitney sum bundle (M) = (TM xR) & (T*M x IR)
and introduced the notion of £'(M)-Dirac structure, extending the Courant
bracket to the space of sections of £'(M). But this extended bracket in not
a Courant bracket.

The motivation for this paper was a tentative to understand the exact
meaning of the extended bracket introduced by Wade, and to see how it
is related with the Courant algebroid structure. For that, we introduce the
notion of a generalized Courant algebroid, and we show that this includes the
double of a generalized Lie bialgebroid. We then conclude that the bracket
introduced by Wade is the bracket of a generalized Courant algebroid, defined
on EY(M), for the case where T* M x IR is endowed with the null Lie algebroid
structure.

The paper is organized as follows. In section 2 we recall some definitions
and results concerning generalized Lie bialgebroids and Jacobi manifolds. In
section 3 we present the definitions of generalized Courant algebroid and
Dirac structure for a generalized Courant algebroid. We prove that the dou-
ble of a generalized Lie bialgebroid is a generalized Courant algebroid and
we recover, as an example, the £1(M)-Dirac structure introduced by Wade
n [23]. Sections 4 and 5 are devoted to the presentation of some examples
of Dirac structures for generalized Lie bialgebroids ((A4, ¢), (A*, W)). In sec-
tion 4 we study the graph of a bivector field on A, i.e. a section of /\2 A,
and we investigate the case of a Jacobi structure (A, E) € T(A*(TM x R))
on M. In section 5 we consider a subbundle D C A of A and we establish
the conditions that ensure the existence of a Dirac structure on the vector
bundle D @ D+, where D" is the conormal bundle of D. Using the notion
of characteristic pair [15] of a subbundle A, we obtain another example of a
Dirac structure. Finally, in section 6 we consider the Dirac structure for a
triangular generalized Lie bialgebroid.
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2. Generalized Lie bialgebroids and Jacobi structures

A Lie algebroid (A,[.,.], p) over a manifold M is a vector bundle A over
M together with a bundle map p : A — TM, called the anchor and a Lie
algebra structure [.,.] on the space I'(A) of the global cross sections such that

i) the induced map p: I'(A) — X(M) is a Lie algebra homomorphism;
ii) for any f € C*°(M,IR) and X,Y € I'(A), then
(X fY] = fIX Y]+ (p(X) )Y

Example 2.1. If M is a differentiable manifold, then the triple (T'M, [.,.], Idrr)
is a Lie algebroid over M, where [.,.] is the usual Lie bracket of vector fields.

Notation: Throughout this paper, we will use § to denote the usual differen-
tial of de Rham.

Example 2.2. Let (M, A) be a Poisson manifold and A* : T*M — TM the
vector bundle morphism associated with the Poisson tensor A given, for any
sections «, 3 of T*M, by

(8, A% () = Aa, B).

Then the triple (T* M, [.,.]a, A") is a Lie algebroid over M, where [., ]x is
the Lie bracket of 1-forms given by

[, Bla = La#(a)B — Laza — 6(Aa, B)). (1)
We recall that a Jacobi structure on a manifold M is a pair (A, E), where
A is a bivector and E is a vector field such that [A,A] = —2E A A and

[B,A] =0, [14].

Example 2.3. Let (M, A, E) be a Jacobi manifold. We denote by (A, E)* :
T*M x IR — TM x R the vector bundle morphism given by

(AaE)#(aaf):(A#(a)+fE7_<a’E>)’ (2)

for any section o of T*M and f € C*(M,IR). In opposition to the case of a
Poisson manifold, in general one cannot define a Lie algebroid structure on
the cotangent bundle of a Jacobi manifold. However, if (M, A, E) is a Jacobi
manifold, then (I*M x IR, [., (v g), ™o (A, E)¥) is a Lie algebroid over M
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9], where m : TM x R — TM is the projection over the first factor and
[, -Ja,m) is the bracket given by
[(Oé, f)7 (ﬁv g)](AE) = (’Ya T)v (3>
with
v = La#o)B — Larpya — (Mo, B)) + fLpB — gLpa —ip(a A f),
ri=—A(o, ) + Ma, 69) = A(B,6f) + (fog — gof, E).

It is well known that with each Lie algebroid (A4, [.,.], p) a differential d on
the graded space of sections of \ A* = Bpez /\k A* is associated, where A*
is the dual vector bundle of A. More precisely, d is a derivation of degree 1
and of square 0 of the associative graded commutative algebra (I'(A A*), A).
Also the Lie bracket on I'(A) can be extended to the algebra of sections of
ANA T(A\A) = @rezl (A" A). The result is a graded Lie bracket [.,.] which
is called the Schouten bracket of the Lie algebroid. ! For more details, see
[17] and [10].

Let (A,[.,.],p) be a Lie algebroid over M and ¢ € I'(A*) a l-cocycle for
the Lie algebroid cohomology complex with trivial coefficients (see [17] and
6] ), i.e. forall X, Y € T'(A),

(0, [X,Y]) = p(X)((¢,Y)) — p(Y)((¢, X)) (4)

Using the 1-cocycle ¢, we can define a new representation p® of the Lie
algebra (I'(A),[.,.]) on C*°(M,IR), by setting

p? T(A) x C¥(M,R) — C*(M,R), (X, f) = p*(X, f) = p(X)f + {6, X) |.

(5)
Therefore, we obtain a new cohomology complex, whose differential coho-
mology operator is given by

@ TN\ A) TN A), B dB)=ds+ s (6)

Also, for any X € T'(A), the Lie derivative operator with respect to X is
given by

£ TN = T2, 5 £50) = LxB 4 0,05, (D)

1Some differences in signs with [6] and [14] come from different conventions for the Schouten
bracket.
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It is also possible to consider a ¢-Schouten bracket on the graded algebra
(A A), denoted by [.,.]?, which is defined as follows:

1,02 TN ) x T4 = TN 4
(P.Q) = [P,Q)° = [P.Q]+ (p — 1)P A (i4Q) + (=1)"(a — D(isP) A Q,
(8)
where i@ can be interpreted as the usual contraction of a multivector field

by a 1-form. We observe that when p = ¢ = 1, [P,Q]? = [P, Q]. That is, the
brackets [.,.]% and [.,.] coincide on T'(A).

We can develop a differential calculus using p?, d®, £° and [.,.]?. The
formulae obtained are similar, but adapted, to the case of a Lie algebroid
(see [6] and [5]).

Suppose that the vector bundle (A,[.,.],p) and its dual vector bundle
(A*,[., ], p«) are both Lie algebroids over a manifold M. Let d (resp. d;)
denote the differential of A (resp. A*). Let ¢ € I'(A*) (resp. W € I'(A4))
be a 1-cocycle in the Lie algebroid cohomology complex of (A, ][.,.], p) (resp.
(A", [ Jo. o).

Definition 2.4. ([6]) The pair ((A,¢), (A*,W)) is a generalized Lie bial-
gebroid if for all X,Y € T'(A) and P € T(A\" A), the following conditions
hold:

AV (X, Y] = [dV X, Y]? + [X,d Y] (9)

LYP + L3P =0. (10)

Under the name of Jacobi bialgebroid, this notion was presented in [5], with
the following definition:

Definition 2.5. ([5]) The pair ((4,¢),(A*,W)) is a Jacobi bialgebroid if
for all P eT(A'A) and Q € T(\ A),

dV[P.Q1° = [V P.Q)" + (=1)"'[P,dY Q). (11)

The equivalence of Definitions 2.4 and 2.5 was proved in [5].
When ¢ = 0 and W = 0, we recover the notion of Lie bialgebroid: Definition
2.4 generalizes the original definition introduced in [18] by K. Mackenzie
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and P. Xu, while Definition 2.5 generalizes the equivalent one given by Y.
Kosmann-Schwarzbach [10].

The important property of duality of a Lie bialgebroid is also verified in
the case of a generalized Lie bialgebroid: if ((A4, ¢), (A*,W)) is a generalized
Lie bialgebroid, so is ((A*, W), (A,¢)) (see [6] and [5]). As a consequence,
both Definitions 2.4 and 2.5 can be given using the dual versions of (9)-(10)
and (11), respectively.

Example 2.6. Let (M, A, E) be a Jacobi manifold. Consider the associated
Lie algebroid (T*M x IR, [., Jia,p), ™o (A, E)#) over M. Its differential d. is

given for all (P,Q) € T(N*(TM)) & D(N* (T M)), by ([13])

d(P,Q) = ([\,P]+kEAP+ANQ,—[A, Q]+ (1 —KkK)EANQ+ [E, P]).
(12)

On the other hand, if M is a differentiable manifold, then the triple (T M x
R, [.,.],m) is a Lie algebroid over M, where 7 is the projection over the first
factor and [.,.] is given by

(X, ), (Y, 9)) = (X, Y], X(9) =Y (f)), (X, 1), (Y,g) € X(M) x C“(M7(%))~

The associated differential is d = (6,—0), ¢ being the de Rham differential.

In [6] it was proved that ¢ = (0,1) (resp. W = (=E,0)) is a 1-cocycle of
TM xR (resp. T*M x R) and the pair (T M x R, ¢),(T*M x IR,W)) is a
Jacobi bialgebroid.

Another interesting example of generalized Lie bialgebroid is the one pro-
vided by strict Jacobi-Nijenhuis manifolds (see [21] and [8]).

3. Generalized Courant algebroids

In this section we introduce the notion of generalized Courant algebroid
and we show that the double of a generalized Lie bialgebroid is a generalized
Courant algebroid.

Definition 3.1. A generalized Courant algebroid is a pair (A,0), where A
1s a vector bundle A — M equipped with a nondegenerate symmetric bilinear
form (.,.) on the bundle, a skew-symmetric bracket [.,.] onT'(A) and a bundle
map p : A — TM, and 6 € T'(A*) is such that, for any X,Y € T'(A),
0,1 X,Y]) = p(X)(0,Y) — p(Y){0, X), verifying the following properties:
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(1) for any X1, Xo, X3 € T'(A),

[[X1, Xo), X3] + c.p. = DT(Xy, Xo, X3); (14)
(2) for any X1, Xy € T'(A),
p([X1, Xo]) = [p(X1), p(X2)]; (15)
(3) for any X1, Xy € T'(A) and f € C*(M,IR),
(X1, fXo] = f[X1, Xo] + (p(X1) /) X2 — (X1, X2)Df; (16)
(4) for any f,g € C*°(M,IR),
(D’f,Dg); (17)

(5) for any Y, X1, X € T'(A),
p(Y) (X1, X2) + (0, Y)(X1, Xz) = (Y, Xa] +D'(Y, X1), Xa)  (18)
+(X1, [V, Xo] + DU (Y, X)),
where T'(X1, Xo, X3) is the function defined by

T(Xl,XQ,Xg) = %({X17X2]’X3) + c.p. (19)
and D, DY : C®°(M,IR) — T'(A) are given, for any X € I'(A), respectively by
(D1, %) = 5(o(X)f + (6. X)) and (Df.X)=3p(X)[.  (20)

When 6 = 0, we recover the definition of Courant algebroid, introduced in
[16], or the equivalent version presented in [22].

A subbundle L C A of the generalized Courant algebroid (A4, #) is said to
be integrable if I'(L) is closed under the bracket [.,.].

Definition 3.2. A Dirac structure for the generalized Courant algebroid
(A, 0) is an integrable subbundle L of A which is mazimally isotropic with
respect to the symmetric bilinear form (.,.).

An immediate consequence of the previous definition is the following.

Proposition 3.3. If L is a Dirac structure for the generalized Courant alge-
broid (A,0) and 0 € T'(L*), then (L, p|z,[.,.]|z) is a Lie algebroid and 6 is a
1-cocycle for the Lie algebroid cohomology complex with trivial coefficients.
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Suppose now that the vector bundle A — M and its dual A* — M are both
equipped with Lie algebroid structures ([.,.],a) and ([.,.]«, as), respectively.
Let d (resp. d.) denote the differential of A (resp. A*) and let ¢ € T'(A%)
(resp. W € I'(A)) be a 1-cocycle in the Lie algebroid cohomology complex
of (A4,].,.],a) (resp. (A% [, ], a.)). Moreover, let d*, £ and [.,.] (resp.
dV, L% and [.,.)') be the differential, the Lie derivative and the bracket
modified by the 1-cocycle ¢ of A (resp. W of A*) given by (6), (7) and (8),
respectively.

On the Whitney sum bundle A® A* we can define two nondegenerate bilin-
ear forms, one symmetric, denoted by (.,.)+, and the other skew-symmetric,
denoted by (.,.)_, by setting, for any X7 + oy, Xo + g € A D A*,

(X, X )+ = (o, Xo) + (2, X1)) 21)

and

(X1 + an, Xo + as)_ = %(<a1,xg> —{as, X1)), (22)

respectively.
On the space I'(A & A*) of the global cross sections of A & A*, which is
identified with I'(4) @ I'(A*), we introduce the following bracket:

[Xi4+ a1, Xo+ o] = ([le X5]? + ﬁ%le LV X, —d¥ (e, 62)7)

*Qvg
+ ({Ozl, 052]}:[/ + £¢X1052 — ,C?QOQ + d(b(el, 62),> 423)

where e; = X1 + a1 and ey = X5 + ao.
Using the anchor maps a and a., we define a vector bundle map p : A &®
A* — TM which is given, for any section X + o of A @ A*, by

p(X + a) = a(X) + a.(a). (24)

We have now all the ingredients for establishing the main result of this
section.

Theorem 3.4. If (4, ¢),(A*,W)) is a generalized Lie bialgebroid over M,
then the pair (A @® A*,0), with 0 = ¢+ W is a generalized Courant algebroid
with the Lie bracket [.,.] on T'(A® A*) given by (23), the symmetric bilinear
form given by (21), the vector bundle map p given by (24)and the operators
D, DY given respectively by D = (d+d.)|ceur) and Dl = (d°+d) o ()
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Before proving this theorem, we need some technical lemmas.

Lemma 3.5. Let ((A, ¢), (A", W)) be a generalized Lie bialgebroid over M.
Then,

i) (p, W) =0, a(W)+ a.(¢p) =0 and, for any X € T'(A),a € T'(A*),

LooX +[W,X] =0, Lwa+[éa].=0; (25)
i) for any X € T(A), a € T'(A*) and f € C*(M,R),
@ £, X1 + LU X =0, [d°f, 0] + LG o = 0; (26)
iii) for any f € C*(M,R),
(a0 d" +a,0d%)f = 0; (27)
w) for any f,g € C*°(M,IR),
(d°f,dY g) + (d°g,d f) = 0. (28)
Proof: i) The first three equalities follow from (10) of Definition 2.4 with

P=feC®MR)and P =X € I'(A), respectively [6]. The last
equality is the dual of the third and holds as a consequence of the
duality property for generalized Lie bialgebroids.
ii) The first equality was proved in [6] and the second also holds since it
is the dual of the first.
iii) For any f,g € C>*°(M,IR) and X € I'(A) we have
Law (9X) + L% ((9X) = g(Law ;X + L ;. X) + (Law 1(9) + Loaop(9))(X).

By ii), E.dyf(gX) +£%¢f(gX) = 0 and also Lgwv ;X +EZ®fX = 0. So,
we obtain

Law(g) + Lager(g) = 0,
that is,
(dg. d" f) +(d”f,d.g) = 0, (29)
or, equivalently,
a(d f)g +a.(d’f)g = 0.
Then, we conclude that

(aod) +a,0d”)f=0.
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iv) For any f,g € C*(M,R),

(df.dY g) +(d°g.d) ) = (d°f.d.g) + (dg,d. f)
+2f9{0, W) + g(a.(®) f + a(W)f).

From i) and (29), we obtain (d?f,d?Y g) + (d?g,d" f) = 0.
|

Lemma 3.6. Let ((4, ¢), (A", W)) be a generalized Lie bialgebroid over M.
Then, for any X € T'(A) and a € T'(A*)

[a(X), ()] = au (L) — a(L1X) + a(d ((a, X))).

*Q

Proof: For any f € C*(M,IR), we have

[a(X), a.()](f) = au(L5a) f + a(LLX) f =

a(X)({or, dof)) — (Lo, dof) — an(@)(df, X) + (df, L1 X)

(0, [X, duf]) — (6, X)(an(@) f) = (o, df]s, X) + (a, X)(a(X) f)

(o [X,dY f]) = Flo [X,W]) + (Lagrer, X) — (6, X) (au(e) f)

= (o, LX) = oy [X,W]) 4 (Lagpa, X) = (6, X) (a.(0) f)

= Lug({0, X)) + (0, X)(a(X)f) + flo, LopX — [X,W])
S

= Liy({o, X)) =a(d’ (o, X)) [.

Proof of Theorem 3.4.

First we notice that, since ¢ € I'(A*) and W € T'(A) are 1-cocycles of A and
A* respectively, and using i) of Lemma 3.5, a straightforward computation
shows that, with 8 = ¢ + W and p = a + a.,

(0, [X1 4 a1, Xo 4+ an]) = p(Xy 4+ a1 )(0, Xo + aa) — p(Xa + a2)(0, X1 + aq)

holds for all X7 + a1, Xo + g € T'(A @ A*).

Next, we show that the five conditions of Definition 3.1 hold.
1. The proof of condition 1 of Definition 3.1 involves a very long computation.
We only give a short schedule, following the ideas of [16]. Let ¢; = X; + ay,
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1=1,2,3, be any sections of A @ A* . Then,

(le1, e2],e3)+ = %(@37 (X1, Xa]) + ([, asls, X3) + a(Xs)(e1, e2) -

— as(as)(er, e2)- + ({0, X3) — (a3, W))(er, e2)-) + c.p.]

+Salen)  an(e)en, ) — 5ofe2) + anles))ener)s

2

0. X0) + (W) e, ).

— 56X + a2, W))(es 1),

= Tlersen,eq) + golen)(easea)s — gplea)(eser).

bl en(enes)s — 58 eadles,er)s. (30)

Furthermore, we can prove the following equality:

([e1, ea], e3)— + cp. = T(er, e2,e3) + [(a(X3)(e1, €2) - + 2a.(as)(er, €2)—
—([on, o), X3) + ((&, X3) + 2(a3, W))(e1,e2)-) + c.p.]. (31)
Let us set
[[e1, e2], es] + c.p. =Y + 3,
where Y (resp. [3) stands for the part of [[eq, es], es] + c.p. that belongs to
I'(A) (resp. I'(A*)). Using the formula ([5])
LG 0 LY =Ly, VX,V €T(A), (32)
we deduce
B = {[L% a0 — LY as]s + [d%(er, e2), a3)s +cﬁmlx2_%xlag
_Eﬁy(el,@),o‘?) - Ef(g (a1, as)s + d?([er, €3], e3)
—d*(a(X3)(e1,e2)-) — d°((¢, X3) (€1, e2) )} + c.p.
= {d”[([er, es], e3)- — (a(X3)(en, e2)-) — 2(a(az)(er, e2)-)
+ (o, aols, X3) — ({9, Xs) + 2(as, W))(er, €2)-)]
—iX3(d¢’[a1, gl — £E;1d¢a2 + ﬁi&d‘bal) — [d‘b(el, €9)_, (s

_£$y,(€h€2>ia3} + c.p.. (33)
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By Lemma 3.5 ii),

[d¢(€17 82)—7 043]* + [:314/(61762)7043 =0.
Moreover,
d¢[0617 agls — E};Eld¢a2 + Ei22d¢a1 = d¢[a17 062]11/ — [ov, d¢a2]*W + [0, d¢a1HV

= 07

by definition of generalized Lie bialgebroid.
So, we obtain

B = d[([er,ea], e3)- — (a(X3)(er, e2)-) — 2(an(as)(er, e2)-) + ([, @ols, Xa)
—({(9, X3) + 2(as, W)) (€1, €2)-)] + c.p.

L (T(er, en,e3)). (34)

Similarly, one has

Y =dY(T(er, e2,¢3)). (35)
From (34) and (35), we conclude that
[le1, €], es] + c.p. = DT (ex, 3, €3).

2. For any e = X7+ aj,ea = Xo+ ay € ['(A @ A*), we compute
p([[Xl + Oél,XQ + 062]]) = a([Xl,XQ:I + ,C}J;lXQ — ,CW X1 — d}:[/(el,eg),)

+ay([o, o) + .C?(locz - Eﬁ’(zoq +d’(er,e)_)
= [a(X1),a(X2)] + [a. (1), ax ()]

Ha(Ll, %) — au(L o) — a(d (or, Xo)) + 5. (o0, X))}

a2, %) — au(Ly,00) — ga(d {an, X1)) + ga(d{an, X))

= Ja(Xy),a(X2)] + [ax(an), ax(a2)]
Ha(LW, X2) — a. (L%, 00) — a(d) (a1, Xa))}

*Qp

—{a(Ll,X1) — au(L,a2) — a(d {az, X1))}.

*Qug
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On the other hand,
[p(X1+ ), p(Xo + a2)] = [a(X1), a(Xs)] + [a(n), ax(z)]
+a(X1), ar(a2)] — [a(X2), as(ar)]

and, by Lemma 3.6, we conclude that [p(X; + a1), p(X2 + a2)] = [p(X1 +

al)ap(XZ +052)]'
3. Forany e; = X1+ g, e0=Xo+a €T(AD A*) and f € C*(M,IR), we
have

[X1+ay, f(Xe+ag)] =
(11, X617 + 2%, (£X) = £y X0 — dY (f(er, e2) )

+ (o, foal!¥ + L%, (Faz) = Liy,on + d*(fer,e2).))

= {f (X0, Xo] + L3, Xo = L1, X1 — d (e1,€2) )
+(a(X1) )Xz + (a:(ar) f) Xz — ({2, X1) + (€1, €2)-)d. f }
+f <[0<1a @l + LG a2 — LS, 01 + d°(ex, 62)—)

+(a(X1) fag + (ar(ar) fas + ((e1, e2)— — (an, Xo))df }
= f[Xqi+ a1, Xo + o]
+((a(X1) + ax(a1)) f) (X2 + aa) — (1, e2)+ (di f + df).

4. For any f,g € C*(M,IR), we have
1 ' : (28)
(D'}, DY), = 5((d°f,d g) + (d°g.d' [)) = 0.

5. For any sections e; = X1+ a1, ea = Xo+asand h =Y + 5 of A& A*,
we compute

p(h)(e1, e2)4 = %G(Y)(<0417X2> + (o2, X1)) + %a*(ﬂ)(@h)@) + (a2, X1))
(36)
and, taking account that

(hye1)+ + (hyer)- = (B8,X1) and (h,e1)y — (hyer1)- = (1, Y),
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([h.ex] + D (h,e1)-, 62)+ = % (<W7061]ZV + LYo — E?(ﬁ +d°((B, X1)), Xa)
+ (02, [V, X0)7 + LX) — LY +d) ((01,Y)))) -

*Q1

(37)
Similarly,
(617 [, es] + De(h, 62)+)+ = % <<W, 042]*W + £$a2 - ﬁﬁgﬂ + d¢(<5, X9)), X1)
+ {an, [V, Xo)? + L X — LY +d) ({2, Y)))) -
(38)
Adding up (37) and (38) we obtain, using the equality <£§1ﬁ, Xy) =
ix,(ix,d’B + d%ix,3) and its dual version,
([h,er] + D (h,er), e2)4 + (en, [h,ea] + DV (h,e2) )4 =
= LD, Xo)) — i i, d%) + LY (02, X2)) — iV Y)
+Ly (a2, X1)) — ix, (ix,d°B) + L (a1, Xa)) — oy (i, d)Y )}
= S {alV) (o, %) + (a2, X)) + (6, Y (o, Xa) + 0, X0)
+a.(8)({a1, Xa) + {az, X1)) + (8, W) ({1, X2) + (a2, X1)) }
= p(h)(elv 62>+ + <97 h>(617 62>+' (39)
]

The first example of a generalized Courant algebroid which is a double
of a generalized Lie bialgebroid, comes from the Jacobi manifolds. As it
is illustrated by Example 2.6, we can associate with each Jacobi manifold
(M, A, E) a generalized Lie bialgebroid

((T"M xR, [, Jom), 7o (A, EY#), (—E,0)) ,(TM x R, [, ], 7),(0,1))) .

Let us denote by E'(M) the vector bundle over M, (TM x R) & (T*M x
IR) — M. The next proposition is an immediate consequence of Theorem
3.4.
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Proposition 3.7. If (M, A, E) is a Jacobi manifold, then the pair (E1(M),0),
with 0 = (0,1) + (—E,0) € T((EY(M))*) is a generalized Courant algebroid.

For this generalized Courant algebroid (£1(M), ), the bracket (23) is given,
for any sections e; = (X1, f1) + (@1, 91) and ea = (X, fo) + (g, g2) of EY(M),
by:

[(X1, fi) + (a1, 91), (X, fo) + (a2, g2)] =
= (100 ), (o )0+ £820 (Xa, f2) = £555) (X0, 1)

*(a1,91) *(az,g92)
_dﬁ_E’O) (61, 62)_>

+ <[(o¢17g1)7 (a2, 92)(a.6) + EE%?N(@%QQ - EE%?]@)(QMQQ

+d(er,e0)-) (40)
where
(e1,€2)- = %{<(a1a91)7(X2af2)> — (a2, 92), (X1, f1)) }
= S{{o Xo) — (o0, X0) + fogn — fugn). (41)

Besides the skew-symmetric bilinear form (.,.)_ in ['(£*(M)) given by (41),
there exists a symmetric bilinear form in I'(*(M)):

(e1,2)+ = 301, Xa) + (02, X1) + fag + e (42)

Let us now consider the Lie algebroid (T'M x IR, [.,.],7) and its 1-cocycle
¢ =(0,1) € I(T"M x IR) (see (13)). Its dual vector bundle T*M x IR is
also a Lie algebroid if we endow the space of sections with an abelian Lie
algebra structure and take the null anchor map; that is [, .J. = 0 and p, = 0.
Moreover, the section W = (0,0) of TM x IR is obviously a 1-cocycle for the
Lie algebroid T*M x IR and, from Definitions 2.4 or 2.5, it is easy immediate
to see that the pair ((T'M x IR, (0,1)), (T"M x R, (0,0))) is a generalized Lie
bialgebroid. Therefore, by Theorem 3.4, we conclude:

Corollary 3.8. The pair (E1(M), ), with = ((0,1)+(0,0)) € T((EX(M))*),

1s a generalized Courant algebroid.
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The explicit expression of the bracket (23) on the space of sections of the
generalized Courant algebroid of Corollary 3.8 is the following:

[(X1, f1) + (1, 01), (Xo, fo) + (@2, g2)] = (X1, 1), (X, fo)]OD)
+ (ﬁgé,)fl)(% 92) - ﬁg&i?m(al, 91) + d(m)(@l, 62)7> ) (43)
with e; = (X;, fi) + (ai, i), i = 1,2, any sections of EL(M).

Or, a simple computation gives

»Cég(i)fl)(a% 92) - <(0a 1)7 (Xh f1)>(a2’ 92) + i(Xl,f1)d(a2’ 92) + d(i(Xl-,fl)(ag’ 92))
= (fiag, fig2) +i(x, ) (0, —dg2) + d(ix, a0 + f1g2,0)
= (fica + Lx, 0 + g20 f1, fr92 + X1(g2)) (44)

and, analogously,

£ (a1,g1) = (faon + Lx,0n + 918 fo, fog1 + Xa(g1)). (45)

We also compute

d(071)(61,62), d(61362)7 + (Oa (61a62)7)

%5«061;)(2) — (a2, X1) + fag1 — f192),

|
N = /N

((an, Xa) — (s, X2) + fogr — f1g2)> o)

So, by (44), (45) and (46

~—

, we obtain

[(X1, f1) + (a1, 91), (Xa, f2) + (a2, g2)] =
= ([X1, Xo], X1(fo) — Xa(f1)) +

1
+ <f1042 — faar + Lx,ap — Ly,00 + 55(<0417X2> — (az, X1))
1
+5(f2091 = 910 f2 + 920 f1 — f1g2),

Xi(an) = Xalan) + 5((0n. Xe) ~ {00, X0)) + 5(fgn — o)) - (47
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This is exactly the bracket introduced in the space of sections of £*(M) by
A. Wade in [23]. Moreover, as it was expected, contents of Proposition 3.3 in
[23] expresses conditions 1 and 3 of our Definition 3.1 of generalized Courant
algebroid, for the particular case of (£'(M), (0,1)+(0,0)). If L C EY(M) is a
Dirac structure for the generalized Courant algebroid (€'(M), (0,1) +(0,0)),
then by Proposition 3.3, (L, p|r, [.,.]|z) is a Lie algebroid over M; and this is
the contents of Theorem 3.4 in [23]. Finally, also by Proposition 3.3, we have
that (0,1)+(0,0) € I'(L*) is a 1-cocycle for the Lie algebroid (L, p|r, [.,.]|L)-
This fact was pointed out in [7].

At this point we can make the following analogy: likewise the bracket
introduced by Courant in [2] is obtained from the bracket in the double TM &
T*M of the Lie bialgebroid (T'M,T*M) ([18]) in the particular case where
T*M is endowed with the null Lie algebroid structure, the bracket introduced
by Wade in [23] is obtained from the bracket (23) in the double E'(M)
of the generalized Lie bialgebroid ((TM x IR, (0,1)), (T*M x IR, (0,0))), in
the particular case where 7*M x IR is endowed with the null Lie algebroid
structure.

4. Dirac structures for generalized Courant algebroids

In this section we present some examples of Dirac structures for generalized
Courant algebroids which are graphs of bivector fields.

Let ((A, ), (A*,W)) be a generalized Lie bialgebroid over M and €2 a A-
bivector field, i.e. Q € T(A”A). Let us denote by Q# the associated vector
bundle map, Q# : A* — A, and by L the graph of Q#, considered as a
subbundle of A & A*,

L={2a+a, ac A}

Proposition 4.1. The graph of Q¥ is a Dirac structure for the generalized
Courant algebroid (A ® A*, ¢ + W) if and only if the Maurer-Cartan type
equation

1
dVQ+ 5[9, QY =0 (48)

holds.
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Proof: If Q7 a+a, Q7 3+3 € L = graph Q7 then, since ) is skew-symmetric,
we have

(@Fa+a, 085 +6), = 5 (0, 0%9) + (3.9%a) =0, (49

and L is a maximal isotropic subbundle of A & A*.
It remains to show that L is integrable. Or the bracket (23) expresses, in
this case, for any sections Q% a + o and Q73 + 3 of L, as follows:

[0+, 9% 3+ 5] = ([0, 0FB]+ LI(QF) — LE(Q%a) + dF (o, 8)))
(I BY + L0y — Loy — (e, B)) . (50)
If we denote by [a, (] the last three terms of (50),

[ Bl = L0 = Louge — d*( Q. B), (51)
then, L is integrable if and only if

[Fa, Q7 6] + LI(Q78) — LH(Qa) + dF (e, B) = O ([, Bl + [a, Flo)-
(52)
For any «, § € I'(A*), a straightforward computation leads to

(A Q)(a, ) = LL(QFF) — LU(QFa) + & (A, B)) — Q7 ([o, B].); (53)
and so (52) is equivalent to

(2%, Q7 6] + (4 ) (e, B) = Q7 ([, Flo).- (54)

On the other hand, for any A-bivector field €2, the following formula holds

(see [12]):
(9%, 0%5] = 0 (Losad — Losga — e, /) + 52 (@, 5)  (55)
and from (8),

S10.01(0,5) = 212.9)(0, ) + (@*AD(@,B).  (50)

Using (55) and (56) in (54), we conclude that L is integrable if and only if
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O (Lasa — Lassa — (e 5))) + 310, 0)(a )

~((27¢) A Q)(a, B) + (dF Q)(a. B) = Q% ([a, Bla) (57)
that is, if and only if,

(@) (@, B) + 519,90, ) =

= ([, Bla) = Q" (LaraB — Larpa — AU, ) + (27 9) AQ)(a, B)
=0# ([0 5)o)
= 0. (58)

Let us now consider the generalized Courant algebroid (£(M),), with
¥ = ((0,1) 4 (0,0)), treated in Corollary 3.8. A section of A*(TM x IR) is,
in this case, a pair (A, E) where A and E are, respectively, a bivector field
and a vector field on M. The graph of (A, E)# is a subbundle L of (M)
whose space of sections is

L(L) = {(AB)*(a.g) + (a,9), (a,g) € Q' (M) x (M, R)}
= {(Aa+gE, ~(a, E)) + (a,9), (a,g) € Q'(M) x (M, R)}.
(59)

By Proposition 4.1, L is a Dirac structure for the generalized Courant
algebroid (£1(M),) if and only if

—
-

1
dPO(A, E) +-[(A, B), (A, E)] ™Y =0« [(A, B), (A, E)OY =o0.
(A B) +5[(A E), (A, B)] (A E), (A, E)]
—0

But [(A, E), (A, E)]Y = 0 if and only if (M, A, E) is a Jacobi manifold
(see [6]). So, we obtain a characterization of Jacobi manifolds in terms of
Dirac structures and we recover a result from [23]: The graph of (A, E) is a
Dirac structure for (EX(M),v) if and only if (A, E) is a Jacobi structure on
M.

We recall that two Jacobi structures (A, E) and (A’, E’) on a manifold M
are said to be compatible if their sum is still a Jacobi structure on M, [20].
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Proposition 4.2. Let (M, A, E) be a Jacobi manifold and (E1(M),0), with
0 =(0,1) + (—E,0) € T((EY(M))*) the generalized Courant algebroid asso-
ciated, as in Proposition 3.7, and let (A, E') be a section of N*(TM x R).
Then, the pair (A + N, E + E') = (A,E) + (N, E') determines a Jacobi
structure on M if and only if

1
dTEO(N B + 5{(A’, E'), (N, ENOY = . (60)

Moreover, (N, E') is a Jacobi structure on M, compatible with (A, E), if and
only if
dUEONE)Y =0 and [(N,E'),(N,E)]"D =o0.

Proof: As we have already remarked, (A, E) + (A, E’) determines a Jacobi
structure on M if and only if

[(Av E) + (Alv El)v (A7 E) + (Alﬂ E/)](O’l) =0,
or equivalently, if and only if
(A, E), (N, EN OV 1 [(A, E), (A, EN)OY = 0. (61)

But, since dﬁ_E’O)(A’,E') = [(A, E), (N, EN]OY (see [6]), the equation (61)
turns to
1
di7E70>(A/, E/) + 5[([\/7 Ev/)7 (A/, El)](OJ) =0.

For the last assertion, we have that (A’, E’) is a Jacobi structure on M if
and only if [(A’, E'), (A, E")]®Y = 0. Moreover,

dCEON EY=0 <= [AMN]+EAN+EAA=0; [E,A+[E,N]=0,

and these are the conditions that assure the compatibility of the Jacobi struc-
tures (A, E) and (A, E') (see [20]).
|

5. Null Dirac structures and characteristic pairs

Let ((A, ), (A*,W)) be a generalized Lie bialgebroid and D C A a sub-
bundle of A. We denote by D+ C A* the conormal bundle of D,

Dt ={ae€ A" :{a,X) =0, VX € D}.
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Proposition 5.1. The subbundle L = D® D+ of A® A* is a Dirac structure
for the generalized Courant algebroid (A & A*, ¢ + W) if and only if D and
D+ are Lie subalgebroids of A and A*, respectively. In this case, L is said to
be a null Dirac structure.

Proof: For any X; + o, Xo + s € L = D @ D+,
1
(Xi+a,Xot+ o) = §(<041aX2> + (a9, X1)) =0

and L is a maximal isotropic subbundle of A & A*.

If L is a Dirac structure for (A @ A*, ¢ + W), then L is integrable, i.e. L
is closed with respect to the bracket [.,.] given by (23).

For any sections X; and X5 of D C L, we compute

[X1+0, X+ 0] = [X1, Xo] +0 € T(L).

Therefore, [X1,X5] € I'(D) and D is a Lie subalgebroid of A ([17]). An
analogous reasoning shows that D+ is a Lie subalgebroid of A*.

Conversely, let us suppose that D and D+ are Lie subalgebroids of A and
A*, respectively. Since we have, for any sections X7 + ay, Xo + ao of L,

[Xi+ a1, Xo+a)] = ([X17X2]+CK1X2—£W Xl)

*Qug

+ <[O{1, 062]* + ’C¢X1a2 - £¢X2051> ) (62)

for concluding that L is integrable, we only have to verify that ﬁileg and
LY. X1 (resp. £§(1a2 and £§2a1) are sections of D (resp. D*). Or, if 3 is a
section of D+,

(B, L1, Xo) = (B, Loa, Xa) + (a1, W) <5,_)0(z>

= al()((B, X)) — ([, ai]s, X2)
-0,

where a;" stands for the anchor of the Lie algebroid D*. Therefore, £ X2 €
['(D) and, in the same way, one has £}, X; € I'(D). Similarly, one can show
that £§(1a2 and E?Qal are sections of D+. ]
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Let us now recall the notion of characteristic pair, introduced in [15], which
provides Dirac structures generalizing both the case of a graph of a bivector
field (treated in the previous section) and that of a null Dirac structure. See
also [1] where the authors detailed some issues on characteristic pairs.

Let A be a vector bundle, D C A a subbundle of A and 2 a bivector field,
Q € I(A\* A). Consider the subbundle L of A @ A* given by

L={X+9%+a, X€D,ac D} =D& graph(2¥|p.). (63)

Clearly L C A ® A* is maximally isotropic with respect to the symmetric
bilinear form (21). In what follows, we will assume that D = L N A is of
constant rank.

Definition 5.2 ([15]). The pair (D,Q) is called the characteristic pair of
the subbundle L of A ® A* given by (63), while D = L N A is called the
characteristic subbundle of L.

As it is remarked in [15], the restricted bundle map Q#|p. is equivalent to
a bivector field on the quotient bundle A/D. Thus, two characteristic pairs
(D1, ) and (D2, Q2) determine the same subbundle L defined by (63) if and
only if

D1 = DQ and Ql - QQ =0 (modD),
where by Q; — Q5 = 0 (modD) we mean (0o — Q¥ a) € D, Vo € D*.

We are interested in characteristic pairs for the case where ((4, ¢), (A*, W))

is a generalized Lie bialgebroid.

Theorem 5.3. Let ((4, ¢), (A", W)) be a generalized Lie bialgebroid and L C
A @ A* a maximal isotropic subbundle of A ® A* defined by a characterisitc
pair (D,Q), i.e
L={X+9%+a, X€D,ac D"} =D& graph(0¥|p.).
Then L is a Dirac structure for the generalized Courant algebroid (A &
A* &+ W) if and only if:
i) D is a Lie subalgebroid of A;
1
i) dVQ + 5[9, Q)? = 0 (modD);
iii) for any o, 8 € (DY), [a, B« + [a, Bla € T(D4Y), where [., ]q is the
bracket (51).
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Proof: We only have to verify that the closedness of L is equivalent to con-
ditions 1), ii) and iii).
If X+Q%a+aand Y +Q% 3+ 3 are any sections of L = D@ graph(Q7|p.),
then

[X +Qfa+a,Y +QF 3+ 6] =
= [X,Y]+[X, Q78+ 6]+ [Q%a + a, Y] + [ a + o, Q3 + 5].(64)
Concerning the first term of the second member of equation (64), [X,Y] =
[X,Y] € I(D) if and only if D is a Lie subalgebroid of A (condition i)). The

second and third terms of second member of (64) are of the same type.

Or,

x.0*5+ 6 2 (X,0%6) - LX) + £55
= (1%,08) - LUX - QH(L58)) + QF(L50) + L35
(65)

Moreover, for any Z € I'(D),

¢ _
<[’X67Z> - <£X67Z>+<¢7X> <67 >

= a(X)(3,2)) — (3,1X,2))
= —(8,1X.Z2])

and so, £§ﬁ € I'(D%) if and only if D is a Lie subalgebroid of A (condition
i)).

In this case, from (65) we deduce that

[X,Q#B+ 8] € I(L) if and only if [X,Q% 8] — LIY,X — Q#(L6) € T(D).
(66)

With « € T'(D1), we compute
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(o, [X,9% ) = LIX — O (£50)) =
= —(a,[078, X]) — a.(8)({a, X)) + ([8, 0]+, X) + a(X) ({8, @)
—(8,[X,9%a)) + (¢, X)Q(, )
= <{ﬂv ]*7 > < [Q#ﬂv ]> <ﬁa [X OF ]> <d¢(Q(O¢7ﬂ))7X>
= ([B, ol + Lorpa — Lo + d°(Q(a, 3)), X)
= _< &, ﬁ]* [av ﬁ]ﬂv > (67)
So (66) is equivalent to
[X, Q73+ p] € T(L) if and only if |o, B+ |a,Blo € T(DY)  (68)
(condition iii)).
For the last term of the second member of equation (64), a straightforward
calculation, using (51), (53), (55) and (56), gives

[Fa+a, Q"B+ 0] = (dWQ+ [€,0) >(O‘7ﬁ)

+0% ([, B, + o, Blo) + ([, B + o, Blo) .(69)

So, we conclude that the bracket (64) is a section of L if and only if the
conditions 1), ii) and iii) hold. ]

6. Triangular generalized Lie bialgebroids and Dirac
structures
In this section we present a version of Theorem 5.3 for the case of a tri-
angular generalized Lie bialgebroid. First, let us recall some results from
[6].
Theorem 6.1 ([6]). Let (A,[.,.],a) be a Lie algebroid over M, ¢ € I'(A*) a
1-cocycle and P € T(N\* A) a bivector field such that [P, P]® = 0. Then,
i) (A%, [.,.]p,a0 P*) is a Lie algebroid over M, where ., .]p is the bracket
(51) associated with P;
i) W = —P#(¢) € T'(A) is a 1-cocycle;
iii) the pair ((A, @), (A*,W)) is a generalized Lie bialgebroid.

Definition 6.2 ([6]). A generalized Lie bialgebroid ((A,¢), (A*,W)) is said
to be a triangular generalized Lie bialgebroid if there exists P € T(A\”A)
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such that [P, P]® = 0, the Lie bracket on T'(A*) is [.,.]p, the anchor on A* is
(a o P#) and the 1-cocycle W is given by W = —P#(¢).
We will denote by ((A, @), (A*, W), P) a triangular generalized Lie bialge-

broid.
Example 6.3 ([6]). Let (M,A, E) be a Jacobi manifold. Then ((T'M x
R, (0,1)), (T*M x IR, (—E,0)), (A, E)) is a triangular generalized Lie bialge-
broid. In fact,

e [(A,E), (A, E)OY =0, because (M, A, E) is a Jacobi manifold;

e for all sections (a, f) and (3,g) of T*M x R,

[(a, f)v (ﬁv h)](A,E) = ﬁg?{z)#(a,f)(ﬁag) - ﬁg?\’z)#(ﬁ,g)(aa f)
—dOV((A, B)((a, £), (5, 9); (70)
e the anchor is wo (A, E)#;
o —(AE#0,1) 2 (~E,0) =W

Proposition 6.4. Let ((A,¢), (A", W), P) be a triangular generalized Lie
bialgebroid and L C A® A* a maximal isotropic subbundle of A® A* defined
by a characteristic pair (D,Q), i.e. L = D @ graph(Q¥|p.). Then L is a
Dirac structure for the generalized Courant algebroid (A® A*, ¢+ W) if and
only if

1) D is a Lie subalgebroid of A;

2) [P+ Q,P+Q]°=0(modD);

3) for any Y € T(D), LY (P 4 Q) = 0 (modD).

Proof: We will show that conditions 2) and 3) are equivalent to ii) and iii)
of Theorem 5.3, respectively. For any bivector field Q € T'( /\2 A), we have
dV ) = [P,Q]°. Moreover,

[P+Q,P+Q)°=2[P,Q°+[Q,Q
and so we have
1 1
dvQ+ S Q) = [P,Q°+ 5 Q¢
1
= 5[P+Q,P+Q]¢, (71)

which proves the equivalence of 2) and ii) of Theorem 5.3.
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On the other hand, for any sections o and G of A*, it is immediate to verify
that

[Oé, /B]P+Q == [Oé, ﬁ]P + [Oé, 5]9,
where [.,.]pio and [, ] are the brackets (51) defined by the bivector fields
P+ Q and €, respectively, and [.,.]p, also given by (51), is the Lie bracket
on I'(A").
If Y is any section of D then, from (67) we deduce

(l Blp + o Blo Y) = (B, [V, Q%a] = LIY — 0% (L7a)),  (72)

where [.,.]p plays the role of [.,.],. Taking into account that (o, 3]p,Y) =
—(3, LYY} we obtain, for any Q € F(/\2 A),

<[a7 ﬁ]ﬂv Y> = <ﬁ7 [Ya Q#a] - Q#(‘C$O‘>> (73)
For P+ Q e T(\* A), (73) turns to

([, Blpia, Y) = (B, [V, (P + Q)*a] — (P + Q)% (L))

or, equivalently,

([, Blpra, Y) = (B, (L3(P + Q) a). (74)

Then we conclude that

[, Blpia = [, Blp + |a, Bl € T(D*Y) & LY(P + Q) = 0 (modD).
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