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ABSTRACT: The empirical process induced by a sequence of associated random vari-
ables has for limit in distribution a centered Gaussian process with covariance func-
tion defined by an infinite sum of terms of the form oy (s, t) = P (X1 < s, Xj41 < t)—
F(s)F(t). We study the estimation of such series using the histogram estimator.
Under a convenient decrease rate on the covariance structure of the variables we
prove the strong consistency with rates, pointwise and uniformly, of the estimator
of the covariance of the limit empirical process. We also study the estimation of the
eigenvalues of the integral operator defined by this limit covariance function. The
knowledge of these eigenvalues is relevant for the characterization of tail probabil-
ities of some functionals of the empirical process. We approximate the eigenvalues
by those of the integral operator defined by the estimator of the limit covariances
and prove, under the same assumptions as for the estimation of this covariance, the
strong consistency of such estimators, with rates.
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1. Introduction

The empirical process based on a sequence X,,, n > 1, of independent and
identically distributed random variables converges in distribution, as it is well
known, to a centered Gaussian process with covariance function I'(s,t) =
F(sAt)—F(s)F(t), where F is the common distribution function of the vari-
ables X,,. For dependent sequences, under convenient control on the depen-
dence structure, the limit empirical process is also a centered Gaussian pro-
cess but with a more complex covariance function, which reflects the presence
of dependence between the original random variables. This covariance func-
tion envolves the unknown terms (s, t) = P (X < s, X1 < t)— F(s)F(t)
and is given by

D(s,t) = F(s At = F(s)F() + > (wels, ) +ult,s)) . (L1)
k=1
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2 C. HENRIQUES AND P. E. OLIVEIRA

Having in mind the characterization of tail probabilities of some functionals
of the empirical process, such as the Cramér-von Mises test statistic, we need
to estimate the covariance function I'(s, t) given by (1.1) and its eigenvalues.
In this article we will suppose that the random variables are associated,
as introduced by Esary, Proschan and Walkup [4]: the random variables
X,, n > 1, are said to be associated if

cov<f (X1, X)) s g(Xl,...,X,L)) >0,

for any n € IV and any real-valued coordinatewise increasing functions f
and ¢ for which the covariance above exists.

The estimation of the covariance (1.1) and its eigenvalues has been stud-
ied by Franche [5], using histograms, but restricted to the case of uniform
[0,1] random variables. In this reference it was proved the mean square
convergence of the estimator of I'(s,?), as well as the mean square conver-
gence of the estimates for the eigenvalues of the integral operator with kernel
I'(s,t). Rates of convergence were also provided. For general random vari-
ables and using kernel type estimators, this estimation has also been studied
by Azevedo and Oliveira [1], proving strong consistency of the kernel estima-
tor of I'(s,t) and again the mean square convergence for the estimation of the
eigenvalues. In the present article we will consider an histogram type estima-
tor of T'(s,t), for which we will establish pointwise and also uniform strong
convergence, providing convergence rates. Also, we will prove the strong
consistency of the estimates for the eigenvalues of the integral operator with
kernel T'(s, t), again providing rates for this convergence.

2. Definitions and assumptions
Let X,,, n > 1, be a sequence of random variables. Throughout this paper
we will always assume that this sequence satisfies the following assumption:

X,, n > 1, is an associated and strictly stationary sequence of
(A1) random variables, having a common distribution function F' and
a density function bounded by By; let By = 2max(2/7?, 45B).

If the variables satisfy (A1), we may apply Lemma 2.6 in Roussas [16] to
obtain

COV(I(_OQ’S](Xi),I(_OO’t] (Xj)) < B Cov'A (X1, X)), steR, (2.1)
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an inequality that will be used throughout the article to control the covari-
ances between the terms summed in the estimator.

Given the strictly stationarity of the sequence X,, n > 1, we denote the
distribution function of the random vector (X1, Xj41) by Fj. The estimation
of Fj(s,t) was considered in Henriques and Oliveira [6], using the histogram
type estimator given by

>

n—

1
n—=k

i

Fn(s,t) = (I oo (X (—oo) (Xisr)) - (2.2)

1

For this estimator, the strong consistency, the uniform strong consistency
and the asymptotic normality follows if

1 n
lim — Cov/3 (X, X:)=0
’VLLnOlC ﬂ; ov ( b J) ’

(actually the asymptotic normality follows under a slightly milder condition).
However, in Henriques and Oliveira [6] no convergence rates were obtained.
Later, Henriques and Oliveira [7] proved an exponential inequality from which
a convergence rate for the estimator ﬁk,n of F}, was derived. This later refer-
ence also considered the estimation of the infinite sum ;7| ¢x(s,t), proving
strong consistency, but now without rates.

In Section 4 of the present article we reformulate and extend some results
of Henriques and Oliveira [7] that will be used, in Section 5, to establish
the uniform strong consistency of the estimator for I'(s,t), giving rates of
convergence. Finally, in Section 6, we prove the almost sure convergence of
the estimates for the eigenvalues of the integral operator with kernel I'(s, ).

The estimator used for the terms @ (s, t) is given by

Brn(s,t) = Frn(s,t) — Fu(s)Fu(t), (2.3)
where ]3” is the empirical distribution function defined, as usual, as ﬁn(s) =
L [(—005)(X;) . The covariance function I'(s,t) is estimated by

an
~
)

Da(s,) = Buls At) = Fu(9)Falt) + 3 (Brns,t) + Bralt,9)), (24)
k=1

where ¢, — +00 in a way to be precised later.
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3. Notation and preliminary results

We now introduce some lemmas that will be used while proving the theo-
rems of the next section.

Lemma 3.1 (Devroye [2]). Let X be a centered random variable. If there
exist a,b € IR such that P(a < X <b) =1, then, for every A\ > 0,

E(e™) < exp (M) .

The next lemma provide the tool used to prove the exponential inequality
which is the basis of the consistency results and the characterizations of
minimal convergence rates proved in the article. It appears under the present
form in Dewan and Prakasa Rao [3] and is a version for generating functions
of Newman’s [14] inequality.

Lemma 3.2. Let X1, X, ..., X, be associated random variables that are bounded
by a constant M. Then, for any 6 > 0,

F (eeZ?lei> — ﬁ]E (eeXi)
i=1

We now start introducing the notation used throughout the article. First,
let ¢, be a sequence of positive integers such that ¢, — oo. For each n € IV
and each ¢ = 1,...,t,, put x,; = Q(i/t,), where @) is the quantile function
of F.

In order to simplify the expressions that will follow, we define, for n, k € IN
and fixed s,t € IR,

Wk,n = I(foo,s] (Xn)I(foo,t] (Xk+n) - Fk(S, t)

Given the last definition we may write,

S 92€m9ﬂf Z COV(Xi, X]) .

1<i<j<n

~ 1 -
Fin(s,t) — Fi(s,t) = P ZW]CZ (3.1)
i=1

Define also, for n, k € IN,

D, = sup ‘ﬁm(s,t) — Fi(s,t)
' s,telR )

I’

and

;’k - . .mlax Fk,n(xn,iy In,j) - Fk(xn,ia xn,j)’ .

R
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The following lemma will be used to obtain an exponential inequality for
D, . The proof of this lemma is contained in the proof of Theorem 2 of
Henriques and Oliveira [6].

Lemma 3.3. If the sequence X, n > 1, satisfies (A1), then, for eachn € IN
and each k € IN,
Dn.k < D:;k + 3 a.s. .
i ’ tn
Now we introduce some additional notation to be used in the sequel. Let
a, and p, be two sequences of positive integers such that a,, — 400 and
ap, < p, <n—a, Foreachn € IN and each k = 1,...,ay,, let 7, be the

largest integer less or equal to Z,Tjk. We will consider a partition of the set
of indexes {1,...,n — k} into 2ry, + 1 subsets, each of which containing p,,

elements except the last one, that will have n —k —2ry,, < 2p,, elements. We
will suppose that, for each k € {0,1,...,a,}, 7%, — 00, so that, 27”‘;;];%

1. Note also that the set {1,...,n — 1} has more a, — 1 elements than
{1,...,n —a,}. As a, < pp, this means that, for each k € {0,1,..,a,}, we
will have for {1,...,n — 1} at most two more sets in the partition than for
{1,...,n — k}, that is, we have ry, =71, or 1, =11, — L.

Now define the sets O; = {2(: — 1)p, +1, ..., (2i — )p,, }, B = {(2i — 1)p, +
1,..,2ip,}, foreach i = 1,... 74y, and R = {2r,,p, + 1,...,n — k}. These
sets of indexes will be used to decompose the sum Fj,(s,t) — Fi(s, t) into
blocks in a way similar to what was done in Ioannides and Roussas [9]. This
technique has been used by the authors to prove exponential inequalities
and, following from these, convergence rates for the histogram estimator for
distribution functions of associated variables and for the kernel estimator of
the density (Henriques and Oliveira [7, §]).

For the purpose just mentioned define the random variables

U/m' = Z Wk,j s V]” = Z Wk,j s 1= 17 Tkn and Zk,n = ZWk’j s

J€0; JEE; JER

—

and set

Tkn Tkn

— 1 — 1 = 1
Ukn=—"—> Uki, Vin=—"—> Vii d Zi,= Zip -
& n_k; & & n_k; kioan & n—k"

With these definitions we have,
Fin(s,t) = Fi(s,t) = Upn + Vien + Zin - (3.2)
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The exponential inequality proved in Theorem 1 of Henriques and Olivei-
ra [7] required the sequence Cov(Xy, Xj+1) to be decreasing as k increases.
This was so because of the technique to control the covariances between the
blocks Uy, based on the method used in Ioannides and Roussas [9], where
the same assumption is used. In Henriques and Oliveira [8] the computation
of these covariances was carried in more detail and this assumption on the
covariances could be dropped, without any consequence on the decreasing
rate also assumed on the covariances (in fact, Ioannides and Roussas [9]
mentioned that the assumption was used to avoid technical difficulties but
did not give any indication about how their assumptions or their inequality
should be modified). The following lemma gives the precise formulation of
our result.

Lemma 3.4. Under assumption (Al), we have, for the variables Uy;, i =
1,...,7kn, defined earlier,

Z COV(Uk,'iv Uk,j) S 4Blrk,npn Z COVl/S(Xla Xl) 5

1Si<‘j§7’k,n l:pn,_k

where By was defined in (Al), and analogously for the variables Vi.;, i =
1, coosTkm-

Proof: The assumption of stationarity enables us to write

Z COV(U/W'7 Uk,j) =

1<i<j<rgn

7’k,n71 Tkyn Trn—1

= > > Cov(Uki,Urj) = Y (rkn — §) Cov(Ura, Urjs1) -

i=1 j=i+1 J=1
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Using again the stationarity of the variables, we get

Cov(Ur1, Urj1) = 3 > Cov(Wiy, Wim) =

€0y meOj
pn,_l

= > (o — 1) Cov(Wi1, Wi gjp, s111) +
=0
pu—1

+ Z (pn - l) COV(Wk,l+1a Wk,?janrl) S
=1

(2j+1)pn
< Pn Z Cov(Wi1, Wiy) .

1=(2j—1)p,+2

We then have

> Cov(Uss, Uky) <
1<i<j<rin

rk\"—l (2]"1‘1)17”

S Z (Tk,n - j)pn Z COV(Wk,ly Wk,l) (33)
J=1 1=(2j—1)pn+2
(276 n—=1)pPn

< TknPn Z COV(Wk,ly Wk,l) .

l=pp+2

Now, using a classical inequality by Lebowitz [11] and (2.1), it follows

Cov(Wi1, Wis) < By |Cov3(X1, X)) + Cov'/3(X 1, Xpyy) +

+ COVl/S()(]H_l7 Xg) + COVl/g(Xk_,_l, Xk+l)] .
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Inserting this into (3.3) we then obtain,

> Cov(Uss, Ury) <

1<i<j<rgn

< BTk uPn Z (2 Cov'/3(X1, X)) +
l=pn+2

+ Cov3(Xy, Xpar) + Cov'3( X, Xl_k)) <

< 4Blrk,npn Z COVl/g(le Xl) 3

l=pn—k

since the covariances are non-negative due to association. [ |

4. Exponential inequalities

We will now reformulate the exponential inequality contained in Hen-
riques and Oliveira [7], establishing one without the assumption of C'(k) =
Cov(X1, Xj41) being nonincreasing. Further, we will also obtain an uni-
form version of this exponential inequality as it has been done, in a different
framework, in Henriques and Oliveira [8].

Lemma 4.1. Let 0 < € < 1. Suppose that (A1) is satisfied and that there
exists a constant Cy > 0 such that

. <87‘1,n) S Cov'P(X1, X)) <G (4.1)

n—ap G,

1=Pn—0n

Then, for each k € {0,...,a,},

2
P <|U/€n| Z i) S 2(1 + 02) exXp <_2rk,n€_2> 3
' saQ,

n n

where Cy = 8B1C, and the same for the variables V..

Proof: Given A > 0, the Markov inequality yields

P (Uk,n > i) < Q_Aﬁ IFE <6)‘Uk,n> )

n
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Note that, each one of the variables Uy ; is bounded by p,, so we may apply
Lemma 3.2 to obtain

P <Uk,n Z i) S
' Qp,

Tk
Ae A
<em <| [ (e0) +

)\2 T .”Ap7b
+(n — k)2 P < ];L —k > Z Cov(Uk,, Ulw‘)>~

1<i<j<rin

Now apply successively Lemma 3.1 and Lemma 3.4 to get

p <U/€,n > i) <
an

—Ae 4Tk.7Lp721)‘2
< an _
- (eXp (5625 +

n A2 exp Tkn APn AB17} 0 P EOC: COVl/S(Xl,Xl) <
(n—k)? n—k ’ S -
)\E )\2 Ae 62/\ > 1
_Z= —a /3
< exp ( - + 87’k,n> +8Be — E Cov/°(X71, X)),

l=pn—Fk

since 21 ,p, < n — k and A2 < 4e.
Now, choose A = 4r,,=, which minimizes the first term of the last ex-
pression, and use (4.1) in the second term, taking into account that 7, <

Tin, € < 1and k < a,. It will follow that

p <U/€,n > i) <
an

2 n 2 4 n 2
< exp (—%) + 8B1C exp (—%) <

2 n 2
< (B (255,

Using the same arguments we would obtain the same upper bound for
P (_Uk,n > s/an)7 thus completing the proof. [
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The next lemma deals with the sum in the last block, Zw = ﬁ > jeR Wi
Lemma 4.2. Let 0 < ¢ < 1. Suppose that (Al) is satisfied and that

an/r1,, — 0. Then,
- €
P(|Zn| > —0,
(170l 2 =)

for each sufficiently large n and each k € {0, ..., a,}.

Proof: First note that, since |Wj,| < 1 and the cardinal of R is less than
2p,,, we have ’7k7n} < 2”'}6. Therefore,

n—

N € Dnln €

Now Lot = Buer fn — () as, according to the construction of the sequences,
Beiln — 1/2, so the result follows. ]

The following two theorems establish the exponential inequalities men-
tioned at the beginning of this section. This next theorem states a pointwise
exponential inequality, extending the one proved in Theorem 1 in Henriques
and Oliveira [7].

Theorem 4.3. Let 0 < e < 1. Suppose (Al) is satisfied and that (4.1) holds
for every sufficiently large n. Further assume that lim,_ 4 7’?", = 0. Then,

for every sufficiently large n and k € {0,...,a,},

- 2 n 2
P <’Fk’n(s7t) — Fk(&t)‘ > i) < 4(1+ Cy) exp <——Tk’ c ) ,

2
ap, 9 az

where Cy is defined in Lemma 4.1

Proof: The result follows easily from Lemmas 4.1 and 4.2, using (3.1). ]

Finally, we prove an uniform exponential inequality corresponding to the
previous result.

Theorem 4.4. Let t,, be a sequence of positive integres such that t, — +00
and $ — 0. Under the conditions of Theorem 4.3, we have, for every
sufficiently large n and k € {0,... a,},

~ € 5 1 rpne?
P( sup |Fya(s,t) — Fk(s,t)) >— ) <4(14 Cy)tyexp [ ——=— ,

s,t,elR G, 18 CL%

where Cy is defined in Lemma 4.1.
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Proof: Given 0 < € < 1, using Lemma 3.3, we obtain, for each n € IV and
each k € {0,...a,},

€ 2 € € 2 15
P|D,,>—)<P|D: —>—| <P > — |4+P(—>—].
< ’k a”) n ( n’k‘ + tn a”) N ( n’k‘ 2an> + <tn 2an>

It follows from $* —— 0 that the second term of the last expression

equals zero for n 1£rge enough. Then, for every sufficiently large n and
k€ {0,...,a,}, it holds

~ £
S Z p <‘Fk,n(xn,iy In,j) - Fk(xn,iy In,j)‘ > ) S
s

.. 2a/7l
i,j=1,...tn

S ti max P <)ﬁk,n(xn,i7xn,j) - Fk(xn,hxn,j)) > c ) .

hy=1,...t 2ay,

Finally, applying Theorem 4.3 we obtain, for every sufficiently large n and
ke{0,...,a,},

]' N 2
P <Dn,k > i) <4t (14 Cy)exp <——Tk’ c ) .

n 18 a2

5. Consistency and convergence rates

We are now in position to derive convergence rates for the almost sure
convergence, in the pointwise as well as in the uniform sense, for the esti-
mators Fj,, @, and I',. The first two theorems of this section, Theorem

5.1 and Theorem 5.2, state the convergence rates for the estimators B %n and
Ok, respectively. The consistency of the estimators for the infinite sum
Y req wr(s,t) and for I'(s,t) is established in Theorems 5.3 and 5.4, respec-
tively. Finally, Theorems 5.6 and 5.7 give convergence rates for the last
mentioned estimators.

Theorem 5.1. Suppose (A1) is satisfied and that (4.1) holds for every suf-

ficiently large n. Further assume that @ — 0. Then,
1.n

a) an (ﬁ;w(s,t) — Fk(s,t)) — 0 a.s., for each k € {0,...,a,} and
s,t € IR;
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b) an sup; e ‘ﬁ}g,n(s,t) - Fk(s,t)’ — 0 a.s., for each k € {0,...,a,}.

Proof: Let 0 < ¢ < 1. First note that all the conditions of Theorem 4.3
are satisfied, so we may apply it to obtain, for every sufficiently large n and

ke{0,...,a,},
P (an ﬁ;w(s,t) - Fk(s,t)‘ > 5) < 4(14 Cy)exp (—%rz’f?) <

<4(1 +Cg)cxp( %) )

since 1y, > 11, — 1. As abn 0t follows that this upper bound defines,

for every ¢ > 0, a convergent series. Thus a) follows by the Borel-Cantelli
Lemma.

Now, choose a > 1 and set ¢, = aj,, so that * — 0. Then, by Theorem
4.4, we get, for every sufficiently large n and k E {0,...,a,},

p <an sup ﬁk,n(sat) - Fk(syt)’ > < 4(1+CQ) exp <——7) ,

s,telR

a2 Inn

and the assumption == — 0 concludes the proof as for the first part. =

Note that under the conditions of Theorem 5.1, we obtain, setting &k = 0
and s = t,
an(Fn(s) — F(s)) — 0 a.s. (5.1)

and also,

F(s) — F(s)|

an — 0 a.s.. (5.2)

s€lR
Moreover, since

an <F(5)F(t) - }A?'n(s)ﬁ'n(t)> 0 as. (5.3)

and
ay sup |F(s)F(t) — ﬁn(s)Fn(t)‘ — 0 as.. (5.4)
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Theorem 5.2. Under the conditions of Theorem 5.1 it holds,
a) an (Pra(s,t) — (s, t)) — 0 a.s., for each k € {0,...,a,} and
s,t € IR;
b) an sup, e [Prn(s,t) — wi(s,t)] — 0 a.s., for each k € {0,..., a,}.
Proof: To prove this theorem it suffices to write
an (Prn(s,t) — @r(s, 1)) =
= au (Finls,1) = Fil(s, 1)) + au (F(s)F(1) = Fu(9) (1))

Then, apply Theorem 5.1 a) together with (5.3) to obtain a), and Theorem
5.1 b) together with (5.4) to find b). ]

Theorem 5.3. Under the conditions of Theorem 5.1 it holds,
a) >ty Penl(s,t) — D i wi(s,t)  a.s., for each s,t € IR;
b) sup, e D231 [Pran(s,t) — @u(s, )] — 0 as..

Proof: We may decompose the difference as

é@kn(s,t) —gwk(&t) <
< é(@k,n<s,t>—sok<s7t>> " k_iﬂsokw) <
< é(ﬁk,n(s,t) = Fi(s,)) |+ au | F(s)F(t) = Fu9) () +
+ k_f;l@k(s,t) .

As mentioned before (see (2.1)) r(s,t) = Cov (I(,ws] (X1), I~ (Xk+1)) <
Bi Cov'”? (X1, Xj11), and (4.1) implies that 3, Cov'/? (X}, Xji1) < o0, s0
the third term of the upper bound above converges to zero as a, — —+o0.
The almost sure convergence to zero of the second term is just (5.3). Finally,
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for the first term, using Theorem 4.3, we have, for any ¢ € (0, 1),

p< >g)g

< iP <‘ﬁk7”(s,t) - Fk(s,t)’ > i) <

k=1 an

QA

> (Beanlst) = Bi(s1))

k=1

2(ri, —1)e?
< 4(1 + C2)Cln exp (—5%72)6> .

Now the Borel-Cantelli Lemma justifies the almost sure convergence to zero
of the first term.
For the second part of the theorem, since

Qn

su Orn(s,t) — (s, t)]| <
sup ;[Sﬁk, (s,8) = @r(s,t)]
< sup | (Frals,t) = Fils,0))| + an sup [F(s)F () = Bu()Fu(0)]
s,telR =1 s,telR

and, as the second term on the right-hand side above converges to zero ac-
cording to (5.4), b) will follow if we prove that

G

> [Finlst) = Fuls, )]

k=1

sup —0 a.s. . (5.5)

sitelR

For this purpose, choose o > 1 and ¢,, = af. We have

P | sup >e| <
s,itelR

< ZP (SUP F\k,n(svt) _Fk(saw‘ > i) <
1

e s,itelR G,

An

Z [ﬁ’\k,n(s,t) — Fk(s,t)]

k=1

1 (ry, — 1)
< 4(1 + Oy g2t _+ \Uln
= ( + 2)an €xp 18 a% )

using Theorem 4.4.
Again, arguing as in the corresponding part of the proof of the Theorem
5.1 b), (5.5) follows. ]



COVARIANCE OF THE LIMIT EMPIRICAL PROCESS: CONSISTENCY AND RATES 15

We now prove the pointwise and uniform consistency of the estimator
Ly(s,t).

Theorem 5.4. Under the conditions of Theorem 5.1, and putting g, = a, in
the definition of the estimator 'y, it holds,

a) Dy(s,t) — T(s,t) a.s., for each s,t € IR;

~

b) sup, e | Tn(s, 1) — F(s,t)’ — 0 as..

Proof: To prove a) just write

~

(s, t) = T(s,t) =
= [Bus At = F(s A + [F)F() = Bu(s) ()] + (5.6)

Qp, o0
S Gals,t) = 3 puls.1)
k=1 k=1

and apply (5.1), (5.3) and Theorem 5.3 a).
To prove the second part of the theorem write,

an

+ +

@k,n(t, S) - Z ka(tﬂ S)] )
k=1

k=1

sup |T(s,t) — F(s,t)’ <
sitelR
< sup ﬁn(s At)— F(s A t)’ + sup |F(s)F(t) — ﬁn(s)ﬁn(t)’ +
sitelR sitelR
Qg o
+ sup Z[@k,n(s,t)—npk(s,t)] + sup Z or(s,t)| + (5.7)
stelt 132 STER |30, 11
Qg o
+ sup Z[@km(t,s) — pi(t, s)]| + sup or(t, s)|.
SIER | SIER )41

The almost sure convergence to zero of the first and second terms of the
right-hand side above follows, respectively, from (5.2) and (5.4). For the
third and fifth terms, convergence to zero follows from Theorem 5.3 b). So,
to establish the convergence in b) it remains to prove that

sup
s,telR

op(s,t)| — 0  a.s., (5.8)

k=a,+1

but this follows from the argument used in the proof of Theorem 5.3 a) as
inequality (2.1) is uniform with respect to s and ¢. [
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It is not difficult to verify that if the covariances Cov (X7, Xj41) decrease at
a polynomial rate the conditions (4.1) and @ — 0 can not be fulfilled si-
multaneously, which prevents the use of the results of this section in this case.
However, such limitation is not new. In fact, in previous articles establishing
exponential inequalities for associated random variables, namely Ioannides
and Roussas [9], Henriques and Oliveira [7, 8], the same problem arises when
exponential inequalities are used to obtain rates for the almost sure conver-
gence. For polynomial decrasing covariances Masry [12] proved recently some
strong consistency results with rates of convergence. The method of proof
is quite different as it is based on Rosenthal type inequalities bounding the
p'" centered moment, with p > 2. Another result for polynomial decreasing
covariances, also for the estimation of the density, was proved in Henriques
and Oliveira [8] using the same method of approach as in this article, thus
not requiring the existence of any moment of order greater than 2.

The next corollary shows that, if we assume a geometrical decrease rate
of the covariances Cov(X1, Xj11), it is possible to find sequences a,, and ry,,
(which determines p,,), such that the conditions of the preceding theorems
are satisfied.

Corollary 5.5. Suppose (A1) is satisfied and Cov(Xy, Xjy1) = aga™*, for

some ag > 0 and a > 1. Choose a,, = n”, with 3 < 1/3, then (4.1) is satisfied
2

and a"rﬂ — 0.

n

2
a; Inn

Proof: Choose r1,, = a(Inn)7, for some v > 1. Then obviously, =

— 0,
so it remains to prove that (4.1) is also satisfied.

Note that, as, Qﬁ_; — 1, we may write p, = 2;‘_7}
0 <z, — 1. In order to prove that (4.1) is verified we rewrite the left side

of this inequality as

1 " > .
exp (87“1’) Z Cov' (X1, Xi) =

, for some sequence

n—ap an 1=Pp—an, pn—an (59)
B [8 1 7] 1/3 a 3
v exp [8an(Inn)’] ag 1—a 13"

To establish the asymptotic behaviour of (5.9) we compare the two exponents
in order to identify which one is dominant. That is, we find, up to the
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multiplication by a constant,

an(Inn)’  2a,2,71,(Inn)” 2a3z,(Inn)*

- — = — 0,
Dn — Qp n—1-2a,z,m1, n—1-2az,(Inn)

taking into account that a, = n”, for some 3 < 1/3. This means that the
right side of (5.9) converges to zero so, a fortiori, (4.1) is verified, at least for
n large enough. m

According to the last corollary, if the covariances Cov(X7, Xj41) decrease at
a geometrical rate, we have, for the almost sure convergence of the estimators
Fy.n and @5, a convergence rate of order at least n~ 3, with § < 1/3.

Theorem 5.6. Let b, and g, be two sequences of positive integers tending to
infinity and such that a, = b, q,. Suppose that

by Y Cov'/3(Xy, X)) — 0. (5.10)

k=qn+1

Further assume that (A1) is satisfied, (4.1) holds for every n € IN large
enough and a;ﬂ —— 0. Then,

1,n

a) b (Y0 Brnl(s,t) =S o pr(s,t)) — 0 a.s., for each s,t € IR;
k=1 Pk, k=1

b) b, SUPg te R |Z%"=1 [Prn(s,t) = @i(s,t)]| — 0 as..

Proof: Let € € (0,1). Proceeding as in the proof of Theorem 5.3 a), we find,
using Theorem 4.3,
> s) <

'
< i P (|Prnts,t) = Fils. )] > /an)

k=1

qn

by, Z (ﬁkm(s,t) — Fk(s,t))

k=1

2 (Tl n

—1)&?
S 4(]- + CZ)QH exXp <_§T)E> )

so that, using the Borel-Cantelli Lemma, it follows that,
dn

by [ﬁk,n(s,t) —Fk(s,t)] — 0 as.. (5.11)
k=1
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From (2.1) and (5.10), we get
0<by, pr(s.t) <buBr Y Cov'/3(Xy, Xpy) — 0. (5.12)
k=qn+1 k=qn+1

Now, since

bn, (i Drn(s,t) — Z @k(s,ﬂ) =by i: (Ak,n(s,t) — Fk(s,t)> +
k=1

k=1

k=q7z,+1

the convergence in a) follows from (5.11), (5.3) and (5.12).

Note that to prove a), we followed essentially the same steps as in Theorem
5.3 a). Analogously, proceeding as in the proof of Theorem 5.3 b), but
considering the summation of the terms @y (s, ) up to ¢, instead of a,, and
using a,, = b, ¢,,, we obtain the convergence stated in b). [ |

Theorem 5.7. Under the conditions of Theorem 5.6, it holds,
a) by <fn(s,t) - F(s,t)) — 0 a.s., for each s,t € R;

~

b) by supg e |Tn(s,t) — F(s,t)’ —0 a.s..

Proof: The proof of a) follows easily if we decompose the difference as in
(5.6) and then apply (5.1), (5.3) and Theorem 5.6 a).
For the proof of b), we first note that, by (2.1) and (5.10), we have

0<bysup | Y @uls,t)| <Biby > Cov'*(Xy, Xjp1) — 0. (5.13)
SR | =g, 11 k=ga+1

Now, using (5.7), b) follows directly from (5.2), (5.4), Theorem 5.6 b) and
(5.13). n

As before, we show that, for geometrically decreasing covariances it is pos-
sible to construct sequences that fulfill our assumptions.

Corollary 5.8. Suppose (A1) is satisfied and Cov(X1, Xj11) = aga™F, for

some ag > 0 and a > 1. Choose a, = n°, with 3 < min{%,l%“}, Gn = Inn

and b, = %, then all the assumptions of Theorems 5.6 and 5.7 are verified.
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Proof: Choose 11, = a2(Inn)?, for some v > 1. We have already proved

in Corollary 5.5, that, with these choices for a, and ri,, both conditions,
a2 lnn
T1n

verified. This is in fact true, since

— 0 and (4.1), are satisfied. It remains to prove that (5.10) is also

by, Z Cov'3(Xy, Xpi) =

k=qn+1
00 1/3 1/3 _q1/3
1/3 /3 a/ I
=ay " b, a =——bya 3 =———qa 3 —0,
1—al/3 1—aY3Inn
k=%+1

Ina

as we have assumed that § < %% . [ |

We can then say that, if the covariances Cov(X7, X,) decrease at a geo-
metrical rate, the estimators for the infinite sum >~ ¢i(s,t) and for I'(s, t)
converge almost surely at the rate of at least 12—[?

6. Estimation of the eigenvalues of the integral operator
of kernel I'(s, )

Let K be a non null, symmetric function of L?([a, b]*) and denote by K the
integral operator with kernel K. Let p(K) denote the spectral radius of the
operator K. Further, denote by

ME) >N (K)>...>2 M (K)>...>0,

the nonnegative eigenvalues of K; and
M) <M(K)<...< )M\ (K)<...<0,

the nonpositive eigenvalues of K; put A\ (K) = 0 for every r > 1o, where r is
the largest integer such that AF(K) # 0, and analogously for the nonpositive
eigenvalues.

We now present two auxiliary lemmas to be used in the proof of Theorem
6.3 below.

Lemma 6.1. Let K, for each n € IN, be a symmetric kernel of L*(|a,b]?).
If
lim sup |K,(s,t)] =0,

=+ ¢ vela,b]

then lim,, 4~ p(K,) = 0.
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Proof: Indeed, the assumption made implies that limy, .10 || Kn (8, 1) || 202y =
0. Now using classical results about operator norms we have

0 < p(Kn) = [ Knll < [| Kn(s,t) ”LQ([a,bP) — 0.

The next lemma is proved in Theorem 7 of Franche [5].
Lemma 6.2. Let K and K> be two symmetric kernels of L*([a,b]?). Then,
AT (K1) = A (K3)| < p(Ky — K)

and
I\ (K1) = A7 (KS)| < p(Ky — K) |

If the kernel K is continuous and non-negative definite, as is the case for
covariance functions, it is well known that all the eigenvalues are nonnega-
tive and we will denote them by \;(K). To estimate the eigenvalues of the
operator defined by the true covariance I" we will use the eigenvalues of the
operator defined by T',(s,t). The next theorem establishes the consistency
of these estimators and describes the convergence rates.

Theorem 6.3. Let b, and g, be two sequences of positive integers tending to
infinity and such that a, = b, q,. Suppose that

by Y Cov'/3(X1, X)) — 0.
k=qn+1

Further assume that (Al) is satisfied, (4.1) holds for every sufficiently large

2]
n and “=== — 0. Then,
n

b | Ni(T) — )\i(F)‘ — 0 as..
Proof: By Theorem 5.7 b)
sup by |To(s,t) — F(s,t)’ —0 a.s.. (6.1)
s,;telR

~

Ip(w,s,t) — F(s,t)’ — O}. Then, for each w €
A, we have, using Lemma 6.1,

p (bn [fn(w, ) =TI, )D — 0.

Define A = {w L SUPg e bn
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Applying now Lemma 6.2 we get

~

M(Tu(w,,) = MI()| <
<by,p <fn(w, L) =T -)) —p (b [fn(w, L) =T, )D —0.

~

Xi(Ty(w, -, ) — N(T(, ))’ — 0. We then conclude that

P ({w: b [N, ) = MTC )| —0}) =1,

completing the proof. [

0< by,

Thus b,

Note that, as what regards the construction of the sequences a,, ¢, and
by, the assumptions of Theorem 6.3 and Theorems 5.6 and 5.7 coincide. So,

by Corollary 5.8, if we choose a, = n’, with # < min {1,284}, ¢, = Inn
and b, = %, it follows that the estimators considered in this article for the

eigenvalues are consistent with convergence rate of order at least 12—[? .
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