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NUMERICAL RANGES OF UNBOUNDED OPERATORS
ARISING IN QUANTUM PHYSICS
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ABSTRACT: Creation and annihilation operators are used in quantum physics as the
building blocks of linear operators acting on Hilbert spaces of many body systems.
In quantum physics, pairing operators are defined in terms of those operators. In
this paper, spectral properties of pairing operators are studied. The numerical
ranges of pairing operators are investigated. In the context of matrix theory, the
results give the numerical ranges of certain infinite tridiagonal matrices.
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1. Creation and Annihilation Operators

In quantum mechanics, states of a particle are described by vectors be-
longing to a Hilbert space, the so called state space. For physical systems
composed of many identical particles, it is useful to define operators that
create or annihilate a particle in a specified individual state. Operators of
physical interest can be expressed in terms of these creation and annihilation
operators [1, 2].

Only totally symmetric and anti-symmetric states are observed in nature
and particles occurring in these states are called bosons and fermions, respec-
tively. If V' is the state space of one boson and m € N, the mth completely
symmetric space over V', denoted by V/,,), is the appropriate state space to
describe a system with m bosons. By convention, Vg = C.

Let V be an n-dimensional vector space with inner product (-,-), and let
{e1,...,e,} be an orthonormal basis of V. The creation operator associated
with e;, @ =1,...,n, is the linear operator f; : V(,,_1) — V{;,) defined by

fi(l’l LI *ZEmfl) =€ kX kX Ty, (1)

for xy*---xx,, 1 a decomposable tensor in V{,,_1). The annihilation operator
is the adjoint operator of the creation operator f;, explicitly, it is the linear
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operator g; : Vi;y) — V(m-1) defined by
m
gi(wy * -k xpy) = Z(ei,xk)xl Kook T 1 % Tyl % - % Ty, (2)
k=1
for xy%---*xy, in V(). Denote by ef the symmetric tensor product e;*- - -*e;
with k factors. Clearly, f;(e* ) = e and g;(e") = me!"'. These operators
can also be defined on the symmetric algebra over V: I'* = :::0 Vim)- We
consider I'* endowed with the norm induced by the standard inner product
defined by (z1 % -+ % Ty, y1 % -k yp) = per [(z;,y)], for zq * - - x x,, and
y1%- - -xy, decomposable tensors in V{,,). Here, perX denotes the permanent
of the matrix X.

The creation and annihilation operators satisfy the following canonical
commutation relations: [fi, fi] = [9i,9;] = 0, lgi, fj] = 0ij, 4,5 = 1,...,n,
where [f,g] = fg — gf denotes, as usual, the commutator of the operators f
and g.

The bosonic number operator in state i is the linear operator N; : I'* — I'™*
defined by N; = f; g;, for © = 1,... n. It will be shown that the nonnegative
integers are the eigenvalues of this operator. This is related to the physical
fact that an arbitrary number of bosons can occupy the same quantum state.

Let V be C2. For the symmetric algebra I'* over C2, the pairing operator
B : I — I is the linear operator defined in terms of the creation and
annihilation operators by

B =cfigi +d fog2 +k fifa+ 10192, c,d,k,l € C. (3)

These operators are unbounded. Moreover, B commutes with fig1 — fogo
and so, adding a multiple of this operator to B, we can take the coefficients
of fig1 and fags equal. We can also substitute f (f2) by e f1 (e’ f2), o € R,
and choose « such that the arguments of k and [ are equal.

The numerical range or field of values of a linear operator T' on a complex
Hilbert space H with inner product (-,-), is defined by

W(T) ={(Tz,z) :x € H, (z,x) = 1}.

One of the most fundamental properties of the numerical range is its convex-
ity, stated by the famous Toeplitz-Hausdorff Theorem (see e.g., [3] and [4]).
In the finite dimensional case, W (T') contains the spectrum of 7', and it is a
connected and compact subset of C. In the infinite dimensional case, W (T)
is neither bounded nor closed.
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We recall that a tridiagonal matriz is a matrix A = (a;;) such that a;; =0
whenever |i — j| > 1. The numerical ranges of tridiagonal matrices deserved
the attention of some authors (e.g., [5, 6, 7, 8]). One of the main aims of
this paper is the investigation of the numerical range of pairing operators
B defined on the subspace I'@ of the symmetric algebra over C2. These
operators admit well-structured infinite tridiagonal matrix representations.
The numerical ranges of the pairing operators under consideration have an
interesting relation with the numerical ranges of certain linear operators on
an indefinite inner product space.

Let M, be the algebra of n x n complex matrices, and let S € M, be a
selfadjoint matrix. The positive S-numerical range of A € M,, is denoted and
defined by

Vi (A) ={z"Az: z€C", 2*Sz =1}.

This set is always a convex set [9]. If S is the n x n identity matrix I,,, then
V& (A) reduces to the classical numerical range of A € M,. If S is a nonsin-
gular indefinite selfadjoint matrix, some authors use W¢(A) = Vg (SA) as
the definition of a numerical range of a matrix A associated with the indefi-
nite inner product (z,y)s = y*Sz. In this case, if A is not a S-scalar matrix,
that is, A # AS where A € C, V§ (A) is unbounded and may not be closed
9, 10].

This paper is organized as follows. In Section 2, some preliminary results
concerning the Bogoliubov linear transformation are presented. In Section 3,
spectral properties of certain pairing operators are investigated. In Section
4, the numerical ranges of the previously considered pairing operators are
studied. In particular, the numerical ranges of the infinite tridiagonal matrix
representations of the pairing operators are characterized.

2. The Bogoliubov Transformation

For convenience, consider the annihilation and creation operators defined
on the symmetric algebra over V arranged in a vector o with components

QO = Gi, Ontg :fi7 1= 1,...,71. (4)

The invertible linear operator that maps the vector o into the vector 3 with
components

Bi = Gi, Brti = fia i=1...,n, (5>
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is called a canonical transformation if it preserves the canonical commutation
relations and it is usually called a Bogoliubov transformation.
We recall a useful characterization of a Bogoliubov transformation.

Proposition 2.1. [2] Let o and [ be the column vectors with entries (4) and
(5), respectively. The following conditions are equivalent:

(i) The linear operator that maps the vector « into the vector (3 is a Bogo-
liubov transformation;

(ii) The matriz T such that 8 = Ta, satisfies TLTT = L and T'LT = L,

where
0 I,
L= [ I, 0 } )

The linear operators §; are the adjoint operators of f,- if the matrix T
associated with the Bogoliubov transformation in Proposition 2.1 (ii) is a
block matrix of the form

XY
T:{?Y}, X,Y € M, (6)

Let the linear operator N; : I'* — T'* be defined by N; = f;gi, i = 1,...,n.

The following proposition is an easy consequence of the canonical commuta-
tion relations for the operators f; and g;, ¢ = 1,...,n.

Proposition 2.2. If the operators ﬁ and §; satisfy the canonical commuta-
tion relations, then

[]\72‘7 fNJr] = 7’51']' ]F; and [Ni,gjr] = —r (Sij g,ﬂ i,j = 1, ...,n, TE No.
Proof: Let r € Ny. By induction on k, we prove that
Niff =koy fi+ fENfF =10, k=0, ()

In fact, if £ = 0, (7) is trivial. Suppose that (7) is true for £ — 1. Then we
successively have:

N; f] = (k—1)dy; JE/ + ]ij_l N; f’jr_kﬂ
= (k=10 [+ 7 filoy + o) ;™ (8)
= (k=105 f + [ 0 + Jig) [ (9)
= ko f/+ fFNif
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where (8) is a consequence of [g;, f;] = d;;, and (9) follows from [f;, f;] = 0
and f; 6 ij fJ d;;. Hence, (7) holds for k =0, ..., r. The case k = r gives the
asserted set of relations on the left-hand side. By transconjugation of these
relations, the result follows. [ |

3. Spectral Properties of Pairing Operators

The symmetric space (C2 ) is spanned by the vectors efxel ™ k=0, .
For ¢ > 0, denote by I’ the subspace of the symmetric algebra over (C2

spanned by the vectors ef * 672””17 n € Ny, and, for ¢ < 0, the subspace

spanncd by the vectors e} ? x e}, n € Ny. It is clear that any two subspaces

I'@ are disjoint. It can be easily seen that the symmetric algebra I'* over C?
is given by I'* = @;ﬁm I'@. The subspaces I'9), ¢ € Z, satisfy the following
property.

Proposition 3.1. For q € Z, the subspace T'\9 is invariant under the pairing
operator B.

Proof: For ¢ > 0 and n € Ny, we have
B(efxey™) = (en+d(n+q)) el eh ™+
+ ke sl p In(n 4 @)el T w el T e 7@,
Analogously, for ¢ < 0 and n € Ny, we find
Blej " xey) = (c(n—q)+dn))el " *ey+
+ ken-‘rl 7y n+1 + ln(n _ Q) e;l—l—q * 6721—1 c F(Q)
Since B is a linear operator, it satisfies B(I'@) C T for any integer ¢. =

Remark 3.1. The matrix representation, in the standard basis, of the pairing
operator B = ¢ fig1 + d fogo + k f1fo + [ g1go restricted to '@, ¢ >0, is the
infinite tridiagonal matrix T 4 given by

dq IWV1+y¢q 0 0
kvi4+q c+d+dg 1\/2(2+q) 0
0 k\/2(24+q) 2(c+d)+dq 14/3(3+¢q) , ¢d k. leC.

0 0 kE\/3(3+¢q) 3(c+d) +dq
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For ¢ < 0, the matrix representation, in the standard basis, of the pairing
operator B = ¢ fig1+d faga+k fifo+1 g1gs restricted to '@ is the tridiagonal
matrix 7, /.

In the sequel, we adopt the following notation: D = {z € C: [z < 1}.
For z € D, let fi and fo be the linear operators on I'* defined by

- 1 ~ 1

fi=

—Zgo), = —Zq1). 10
\/1—7|Z|2(f1 92) fQ \/1_7’2’2(](2 gl) ( )
Their adjoint operators are

1 1

1= —F—= (51 — 2/2), Jo = —(———= (92 — 2 /1), 11

respectively. The linear operator that maps the vector o = (g1, go, f1, f2)
into the vector 87 = (g1, ga, f1, f2) is a Bogoliubov transformation.

Proposition 3.2. The Bogoliubov transformation defined by (10) and (11)
takes the pairing operator B : I'" — T defined by B = c fig1 + d faga +
kfifo +1g192, c,d, k,l € C, into B = Agv+ ¢ figi +d fago + K frfo + 1 G192,
where v denotes the identity map, z € D, and

1
N = e ((c+d)|z]*+kz +12), (12)
- 1 2, =
- - 1
¢ 1_|Z|2(c+d|z| +kZ + 12), (13)
- 1 ) B
d = 1_7|Z|2(C|Z| +d+k2’+l2’), (14)
i 2
— 1
k 1_|Z|2((c+d)z+k+lz)7 (15)
- 1 o
= T (c+d)z+kz*+1). (16)
Moreover, 3
c=c+ N\ and d=d+ Xo. (17)

Proof: The Bogoliubov transformation defined by (10) and (11) is associated
with a matrix 7" of the form (6), where the submatrices X and Y are

1 1 0 —=z
X=— Y= .
22 2 1|22 [—z 0 ]
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Since a = T'/3 and

100 2
-1 _ 1 01 20
_\/W 0z 10|’
z 001

the following inverse relations hold:
1 ~ 1 -

= W(fﬂ-?gé), 2= \/TW(JCNLEQH) (18)
and

I S 3 =L @G+ef) (19)

SRRV FER S SRV F R

Taking into account (18) and (19) in B = ¢ f1g91 +d fago + k f1f2+ 1 g192, the
result easily follows. [

The pairing operator B in (3) is a selfadjoint operator if and only if ¢,d € R
and [ = k.

Proposition 3.3. The pairing operator B = Xgt + cf1g1 +d fogo + k fifo +
l g1g2 is a selfadjoint operator if and only if Xo, ¢ and d are real numbers and

I=k.
Proof: Trivial. ]
Throughout this section, let A = (¢ + d)? — 4]k[?, for ¢,d € R and k € C.

Proposition 3.4. If B = cfigi + d fago + k fifo + kgi1ge, with ¢,d € R
and k € C, is a selfadjoint pairing operator and A > 0, then B can be
reduced by a Bogoliubov transformation to the form B = \gt+¢ fidi +d foo,
where ¢ denotes the identity map and X, ¢, d are given by (12), (13), (14),
respectively. Moreover, )

(i) Ifc+d>0, then é+d=VA and \g = —3(c +d) + 3VA;

(i) Ifc+d <0, then é+d=—VA and \g = —1(c +d) - LVA.

Proof: By Proposition 3.2, under a Bogoliubov transformation, we can take
the selfadjoint pairing operator B = ¢ fig; + df292 +k fifa+ kglgg, yvhcre
¢,d € R and k € C, into the form B = Moo+ ¢ figi +d fogo + k figo + k fodh,
where Ao, &, d and k are given by (12), (13), (14) and (15), respectively. If



8 N. BEBIANO, R. LEMOS AND J. DA PROVIDENCIA

A > 0, it is possible to find z € D such that k& = 0. In fact, we can choose a
solution z of the quadratic equation

k2 4+ (c+d)z + k=0, (20)

for which k vanishes. The choice can be done as follows. For k = 0 and
c+d#0, we take z = 0. For k # 0, we have

(et d) £/ (c+d)? — 4[k|?

B 2k '

The product of the roots of the quadratic equation in (20) is k/k, a complex

of modulus 1. Therefore, one of these roots has modulus less than 1 and for

this root k = 0. Thus, we may concentrate on B = Ayt + ¢ f1g1 + d fago.
From (13) and (14), we find

(c+d) (14 |2]?) + 2kz + 2k=

1—1z]? ’

From (21) and (22), we get ¢+ d = T+A. From (17), we have &+ d =

c+d+2). Hence, \j = — %(c +d) + %\/Z If ¢+ d > 0, we consider the

plus sign for the 4 sign in (21), so that z belongs to D. Thus, (i) holds. If

¢+ d < 0, we take the minus sign for the + sign in (21), otherwise z does
not belong to D. Hence, (ii) follows. ]

(21)

i+d= (22)

Remark 3.2. f A=k =0, then k=0 forany z € D. If A <0 and k # 0,
it can be easily seen that both roots of the quadratic equation in (20) have
modulus 1 and so we can not choose z € D such that k& = 0. As observed in
the proof of Proposition 3.4, if A > 0 one of the roots of (20) has modulus
less than 1, while the other one has modulus greater than 1.

Proposition 3.5. Let B = ¢ fig1 +d faga+k f1fo+k gi1g2, with ¢,d € R and
k € C, be a selfadjoint pairing operator defined on the symmetric algebra I'*
over C2. A complex z satisfies [B, g1 — zfo] = 3(d — c £ VA)(g1 — 2f2) and
B, g2 — zf1] = %(c —d+VA) (g2 — 2f1) if and only if z is a root of (20).
Proof: (=) We have

[B,g1 — 2fo] = —(c+ k2)g1 — (k + d2) fo. (23)
It is not difficult to see that there exists w € C such that

(B, g1 — zfo] = w(g1 — zf2). (24)
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In fact, from (23) and (24), we obtain

c k][1 -10][1
e[l 9
The solutions w of (25) are such that

w7 ]

d—w
that is, w = 3(d — ¢) = 1V/A. From (25), we get z = —(c + w)/k.
(<) It is a straightforward computation. |

Proposition 3.6. For z € C, there exists a vector u in the Hilbert space I'*
such that (g1 — zfo)u =0 and (g2 — zf1)u = 0 if and only if |z| < 1, and

+00 o
_ “~ rngen
u—Zcon! (), co € C.
n=0
Proof: (=) Consider an arbitrary element u = Zz=0 Com [N 3 (1) € T,
¢nm € C. Since we are assuming (g; — z f2)u = 0, it follows that
+00
Z (Cn+1m+1 (n + 1) - Can) flnf2m+1(1) = 0.
n,m=0
Hence,
Cntim+1(n 4+ 1) — cpmz = 0. (26)
By the hypothesis (f2 — zg1)u = 0, and so we also have
Cntim+1(m +1) — cpmz = 0. (27)

From (26) and (27) we get (n —m)cpi1m+1 = 0, that is, ¢um = ¢0pnm. Thus,
u=>""c, ff5(1) € T From (27) it follows that ¢, 1(n+ 1) — ¢,z = 0,
n € Ny. By induction on n, it can easily be proved that ¢,, = ¢pz"/n!, ¢y € C,
n € Ny. The vector u belongs to the Hilbert space I'* if and only if |z| < 1.
(«) Clear. |

Corollary 3.1. Let g1, gz : I' — I'* be defined by (11), with z € D satisfying
(20). If A >0 and ¢y € C, the vector u =% co % f' f5(1) € T satisfies
giu = gou = 0.

Proof: The Corollary is an obvious consequence of Proposition 3.6. ]
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Proposition 3.7. Let B = ¢ figi +d faga+k f1fo+k g1g2, with ¢,d € R and
k € C, be a selfadjoint pairing operator defined on I'*. If A < 0, then B does
not have eigenvectors in the Hilbert space I'*.

Proof: (By contradiction.) Suppose that there exists in I'* an eigenvector u
of B associated with the eigenvalue A € R, that is, Bu = Au. By Proposition
3.5, there exists z € C such that [B, g1 — zfo] = 3(d — c+ivV—=A) (g1 — 2 /)
and [B,g» — zf1] = 2(c —d +iv/=A)(go — zf1) if and only if z is a root of
(20). Easy computatlons yield

B(gi — 2fo)u = [B,g1 — 2foJu+ (g1 — 2f2) B
= (/\-i-%(c—d-i-i\/z))(gl—Zfz)u
and
B(gs — zf1)u = ()\+ %(c—d#—ix/ﬁ))(gg — zf1)u.

Then, either (g1 — z f2)u vanishes or it is an eigenvector of B corresponding to
the eigenvalue \+1 5(d—c+i v/—A). Since a selfadjoint operator does not have
complex Clgcnvalucs this hypothesis does not hold and so (g1 — zf2)u = 0.
In an analogous way, we conclude that (g — zf1)u = 0. By Proposition 3.6,
the conditions (g1 — zf2)u = 0 and (g2 — zf1)u = 0 hold if and only if |z| < 1.
The assumption A < 0 implies that |z| = 1, a contradiction. |

Proposition 3.8. The cigenvalues of the operators Ni = fig1 and Ny, =
J2g2 defined on I are the nonnegative integers and the common eigenvectors
corresponding to the eigenvalues ny and ng are of the form cof™ fy? e*112(1),
where ¢y € C and z is the root of (20) in D.

Proof: Since the operators N; and N, commute, they have common eigenvec-
tors. Let u be a non-zero vector in IT'* such that Nju = \ju and Nou = Aou.
Replacing « by §iu in Nyu and u by §ou in Nau, we obtain

Nigiu = (M — Dgiu and Nojou = (A2 — 1)gou. (28)

From the left-hand side equation in (28), we conclude that either gyu = 0 or
Gru is an eigenvector of Ny associated with (A1 —1). From the right-hand side
equation in (28), we conclude that either gou = 0 or gou is an eigenvector of
N, associated with (A2—1). If gyu = 0 and gou = 0, by Proposition 3.6, u is of
the asserted form and A; = A2 = 0. In this case, the result follows. If giu # 0
or gou # 0, we repeat the previous procedure. Indeed, there exist integers
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k1, ko such that v = glklggkzu # 0 and gklﬂg;”u = glklggk”lu = 0. Since N;

and N, are positive semidefinite operators, the eigenvalues A\; —k; and Ao — ko
associated with the eigenvector v are nonnegative. The process stops when
A — k1 = X — ko = 0, and so A\; and Ay are nonnegative integers. Since
g1v = gov = 0, we find that (g1 — zfa)v = (g2 — 2f1)v = 0. By Proposition
3.6, v = co > Z frfa(1) € T ¢y € C. Tt can be easily verified that

n=0 n!
rky kg
1

v = g g0 implies ky! kol u = v and the result follows. |

In the following theorem, the eigenvalues and the eigenvectors of the self-
adjoint pairing operator B restricted to the subspace I'”) are obtained.

Theorem 3.1. Let the selfadjoint pairing operator B = ¢ f1g1+df2g2+k f1 fo+
kgigo, with ¢,d € R and k € C, be restricted to the subspace TV, and let
A > 0. The eigenvalues of B are

yo_f aler )+ EEVA if et d >0
" —(c+d) — ZHVA, ifc+d<0’

The eigenvectors of B associated with the eigenvalue A, are the vectors v, =

o flnf2” e*l112(1), where ¢y is a non-zero complexr number and z is the root of
(20) in D.

HGNU.

Proof: Consider the Bogoliubov transformation that maps the annihilation
operators g; and the creation operators f; into their adjoint operators g;
and fi, i = 1,2, respectively. By Proposition 3.4, under this Bogoliubov
transformation, B can be taken in the form B = Agt + ¢f1g1 + d f141, where
Ao, ¢ and d are given by (12), (13) and (1 4), respectively.

It can be easily seen that the operators Ny — N, and N; — N; coincide in I,
and so the operators Ny and N, are equal in T(©). Therefore, their eigenvalues
are the nonnegative integers. Since B — Ag¢ is a linear combination of the
commuting operators N; and N, by Proposition 3.8, the eigenvalues of the
selfadjoint pairing operator B are \,, = /\0—|—(c+d) n,n € Ng. If c4+d > 0, then
¢+ d and )\ are given by Proposition 3.4 (i). Thus, A, = —ctd 2"“\/—
n €Ny Ifc+d <0, then &+ d and )y are given by Proposmon 3.4 (ib).
Thus, \, c;d 2ut A, n € Ny. The common eigenvectors of Ny and N,

2
are the eigenvectors of B and, by Proposition 3.8, the theorem follows. m

Theorem 3.1 can be easily generalized as follows.
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Theorem 3.2. Let the selfadjoint pairing operator B = ¢ f1g1+df2g2+k f1 fo+
kg1g2, with c¢,d € R and k € C, be defined on I'*, and let A > 0. The
eigenvalues of B are

v ale=d)(m—ng) = et d) + VA if e d >0
T e = d)m =) = get d) = BEVA i e d <0

ny,ny € Ng. The eigenvectors of B associated with the eigenvalue Ap,n, are
Vniny = Co f1 [ €1 P2(1), where ¢ is a non-zero complex number and z is
the root of (20) in D.

Proof: The selfadjoint pairing operator B can be taken in the form B =
Aot + ¢figr + dfig1, where ¢ = ¢+ Ay and d = d + ), according to (17) in
Proposition 3.2. By Proposition 3.8, the eigenvalues of the operator B are
/\nan =N +Cny + Jn27 ni,ng € Nyg. For ny,ny € Ngand c+d > 0, A is
given by Proposition 3.4 (i), and so

1 1 ny+no+1
)\mnz = 5(6 — d)(m — ’I’Lg) — 5(6—‘— d) + %\/E

For ny,ne € Ny and ¢+ d < 0, A is given by Proposition 3.4 (ii). Thus,

1 1 ny+ne+1
)\nlnz = 5(6 — d)(m — ’I’Lg) — 5(64— d) - %\/Z

The common eigenvectors of Ny and N, corresponding to the eigenvalues ny
and ne are eigenvectors of B and, by Proposition 3.8, the theorem follows. =

4. The Numerical Range of Pairing Operators

The aim of this section is the characterization of the numerical range of
the pairing operator B restricted to I'9, ¢ € Z.

An inclusion relation for W (B |r«w) is presented in Lemma 4.1. This lemma
will be used in the proofs of Theorem 4.2, Theorem 4.3 and Theorem 4.6.

Lemma 4.1. Let the pairing operator B = ¢ fig1 + d fogo + k fifo + 1 9192,
e, d, k,l € C, be restricted to T\9, ¢ € Z, and let

2 —
W_{(c—kd)l!zl’j’ferlz:ZeD}. (20)

Then (14 |q|) W + 7, € W(B|rw), where 7, = qd, if ¢ > 0, and 7, = —qc,
if g <O0.
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Proof: Let ¢ > 0. For an arbitrary element ) € I'(9)

o
_ n+q
w—g cnef xey ! ¢, €C,

the following holds:

(%W

(frfat )

(91927, 1/))

(f1917/1>1/))

(f2921/17 w)

+00
> el *nl(n +q)!,
n=0

+00

chcn+1 (n+ 1) (n+q+ 1)
n=0
+00

= > o1l (n+ D0+ g+ 1)),

n=0
+00

= Zn lca| 2 n(n + q)!,

n=0
+00

= 2_(n+a)lel*nln+q).

n=0

If ¢, = 2"/n!, z € D, the above series converge. We have

W) = S [+ = g0

n=0 j=1

+oo l+q

(frfah,0) = ZH”+J )2 = (1+9)!
(1920, 9) = ZZ H(n+j)|z|2” = (1+¢q)!

(o) = ZHTL—F])’Z’Q” = (1+q)!(

n=0 j=0

a-

(1= [zt

z

|22)7+0°

z
S FRED
12

TP

(f292¢7w) = ZH(”+])’Z’2n + ZH”+] |Z|2n

13
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2
= (1—5—q)!L + qq!;.
(1 —[2]2)>+ (1 —[z]?)t

Thus, for ¢ > 0, the complex numbers

(BY, ) (c+d)|z|2+kz+1z
Gy O e €D,
belong to W (B |rw)).

If ¢ < 0, the proof is analogous. ]

Given a convex subset K of C, a point u € K is called a corner of K if K
is contained in an angle with vertex at i, and magnitude less than 7.

The following result on the corners of the numerical range of unbounded
linear operators will be used in the proof of Theorem 4.2. The proof for
bounded operators in [3, Theorem 1.5-5] can be easily adapted to this case.

Theorem 4.1. 3] If p € W(T') is a corner of W(T'), then p is an eigenvalue
of the operator T.

We now characterize the numerical range of the selfadjoint pairing operator
B restricted to T,

Theorem 4.2. Let the selfadjoint pairing operator B = c fig1 + d faga +
k fifs + kgige, with ¢,d € R and k € C, be restricted to the subspace T'")
and A = (c+ d)* — 4|k|>. Then W(B|rw) is:
(i) [~i(c+d) + VA, +00), if A>0 and c+d > 0;

(ii) (—oo, —Le+d)— %\/Z], fA>0andc+d<0;

(iii) (—3(c+d),+00), if A=0and c+d > 0;

(iv) (—oo,—3(c+d)), if A=0 and c+d < 0;

(v) {0}, if A=c+d=0;

(vi) the whole R, if A <O0.

Proof: Since the pairing operator B is selfadjoint, ¢ +d € R and [ = k.
Obviously, W (B |r) is a subset of the real line. Since it is a connected set,
W (B |rw) is an interval. Now, we characterize the extreme points of this
interval. If an extremum point of the interval is a corner of W (B ), by
Theorem 4.1 it is an eigenvalue of the operator.

(i) IfA >0, thenc+d#0.Let c+d > 0. By Theorem 3.1, the minimum
eigenvalue of the selfadjoint pairing operator B|rw) is Ag = —1(c+d) + %\/Z
and there does not exist a maximum eigenvalue. By Theorem 4.1, (i) follows.
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(ii) If A >0 and c+d <0, the proof follows analogously to (i).
(iii) If A=0and c+d > 0, then ¢+ d = 2|k| and easy computations
show that B can be reduced to the form

‘ 5 d(flgl — fag2) + %i(ﬁ +91)"(f2+q1) — C; d
When B is restricted to F(U), the first summand vanishes. Then B |pw) is a
positive semidefinite selfadjoint operator translated by —%(c + d). We show
that the numerical range of (B + 3(c + d)¢) [ro is (0,+00), or equivalently,
W(C |r@) = (0,400), where C' = (f2 + ¢1)"(f2 + g1). Indeed, let wy =
S ey € TO) Let ug = un4q = 0. We have

n=1 p!

B:

L.

(Cwy,wy) _ Er]:;o(” + 1)|u, + u”+1|2 >0

(wy, wy) S funl? N

and 0 may be approached as closely as desired. In fact, if u,, = (—=1)"(N —n),
n=1,...,N,

. (Cwy,wy) 1424+ (NH+1)
lim —— = = lim =0.
Nooco (wywy) — Nooo 144+ + (N —1)2
Suppose that 0 € W(C'|r). Thus, 0 is a corner of W(C'|po) and, by Theo-
rem 4.1, it is an eigenvalue of C. Then there exists a non-zero vector u € I'(¥)
such that Cu = 0, and so (Cu,u) = ((f2 + g1)u, (f2 + g1)u) = 0. Therefore,
(fa+g1)u = 0, which is impossible by Proposition 3.6. Hence, 0 ¢ W (C'|ro).
Thus, W(B|ro) = (—3(c + d), +00).
(iv) If A=0and ¢+ d <0, the proof follows analogously to (iii).
(v) f A=c+d=0, then £k =0 and B|po= 0. Thus, its numerical range
is the singleton {0}.
(vi) Let A < 0. Since B is selfadjoint, by Lemma 4.1 we have

W = (c+d)|z|® + kz + k=
1—|z[?

1z E D} - W(B|r(o)) CR.

Considering r = (1 + |2]?)/(1 — |2|?) and ¢ = arg 2z — arg k, we easily verify
that

W—{C;d(r—l)—ﬂk‘]\/r?—lcosqﬁ c ¢ eR, TZl}—R.

Therefore, W(B |rw) = R. ]
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Remark 4.1. Theorem 4.2 describes the numerical range of the following
infinite tridiagonal selfadjoint matrix, which is the matrix representation, in
the standard basis, of the selfadjoint pairing operator B = ¢ fi1g91 + d fogs +
k fifo + k g1gs restricted to the subspace T'¥),

0 k 0 0
k c+d 2k 0
0 2k 2(c+d) 3k ...|, c+deR, keC. (30)

0 0 3k 3(c+d)

For q € Z, we have the following result.

Theorem 4.3. Let the selfadjoint pairing operator B = c fig1 + d faga +
kfifs +kgigs, c,d € R and k € C, be restricted to the subspace T'9, q € 7Z.
Let A = (c+d)* — 4]k|* and

. Yad—c+rV/A)—d, if¢>0
o —{ 1% . )
5 Uc—d+rVA) —c, if ¢q<0
Then W(B @) is:
(i) [t oo) if A>0andc+d>0;
(ii) (—oo,a™ !, if A >0 and ¢+ d < 0;
(iii) (a07+oo), if A=0and c+d > 0;
(iv) (—00,a%), if A=0 and c+d < 0;
(v) ("), f A=+ d=0;
(vi) the whole R, if A < 0.

k€ {-1,0,1}.

Proof: The proof follows similar steps to the proof of Theorem 4.2, using
Theorem 3.2 instead of Theorem 3.1. ]

Remark 4.2. If ¢ > 0, Theorem 4.3 describes the numerical range of the
tridiagonal selfadjoint matrix S, given by

dq kvI+¢q 0 0
kVIT+q c+d+dqg ky2(2+q) 0
0 k\/2(2+4q) 2(c+d)+dq k/3(3+q) ,c,deR, keC.

0 0 k\/3(3+¢q) 3(c+d) +dq

If ¢ < 0, Theorem 4.3 characterizes W (S, /).
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The Hyperbolical Range Theorem will be used in the proof of Theorem 4.5
and has the following statement:

Theorem 4.4 (Hyperbolical Range Theorem). [11] Let A = (a;;) € My and
J = diag(1, —1). Let oy, ag be the eigenvalues of JA, and let

M = |\ >+ [ No* — Tr(A*JAJ), N = Tr(A*JAJ) — 2Re(@;az).

Denote by 1y the line perpendicular to the line defined by a1 and as and
passing through o = %Tr(JA). Denote by ly the line defined by a11 and —ags.

a) If M > 0 and N > 0, then V(A) is bounded by a branch of the
hyperbola with oy and as as foci, transverse and non-transverse axis
of length /N and /M, respectively.

b) If M > 0 and N = 0, then V;(A) is

1) the line 11, Zf |a12| = ]agll;
ii) an open half-plane defined by the line 11, if |aia| # |agi|.

c) If M >0 and N <0, then V; (A) is the whole complex plane.

d) If M = 0 and N > 0, then V; (A) is a closed half-line in ly with
endpoint oy or aa.

e) If M =N =0, then V;(A) is

i) the singleton {a}, if Tr(A) = 0;
ii) an open half-line in ly with endpoint «, if Tr(A) # 0.

Next, we generalize Theorem 4.2 for non-selfadjoint pairing operators. We
will denote by Re(A) the selfadjoint operator (A + A*).

Theorem 4.5. Let the pairing operator B = ¢ fig1 + d fogo + k f1fo + 1 9190,
c,d,k,1 € C, be restricted to "), Let A = (c + d)* — 4kl, and let

1 1 1 1
M = 5|A| + k| + 1) — 51c+d127 N = 5|A| — k| = |1]* + §|c-|—d]2.

Denote by l; the line perpendicular to the line defined by oy = —%(c+d)—|—%\/z
and as = —3(c+d) — VA, and passing through —%(c+d). Denote by Iy the
line defined by 0 and ¢+ d.

a) If M >0 and N > 0, then W(B |r0) is bounded by a branch of the
hyperbola with oy and as as foci, transverse and non-transverse axis
of length /N and /M, respectively.

b) If M >0 and N =0, then W(B |rw) is

i) the line ly, if |k| = |I|;
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ii) an open half-plane defined by the line 1, if |k| # |I].
c) If M >0 and N <0, then W(B|rw) is the whole complex plane.
d) If M =0 and N > 0, then W(B |rw) is a closed half-line in ly with
endpoint oy or as.
e) If M =N =0, then W(B|pw) is
i) the singleton {0}, if c+d = 0;
ii) an open half-line in ly with endpoint —%(c+d), if c+d # 0.

Proof: By Lemma 4.1, W is a subset of W(B |r). Let J = diag(1, —1) and
0 I
=¥ eta)
It can be easily verified that
1
— |z

and so the subset W is described by the Hyperbolical Range Theorem. Let
A = (c+d)* — 4kl and P = 2|k|> + 2|I|* — |¢ + d|>. The eigenvalues a; and
as of the matrix JA are —3(c +d) £ 1V/A, and we have

1
M = |ag]* + |ag|* — Tr(A*JAJ) :§(|A]+P),

1
N = Tr(A*JAJ) — 2Re(a1a2) = §(|A] — P).
It can be easily seen that M > 0 and
|A]? = |c+d|* + 16|k |1|* — 8|K||l]|c + d|* cos(2a — 213), (31)

where 2a = arg(kl) and 3 = arg(c+d). By the Hyperbolical Range Theorem,
the subset W of W(B |rw) is bounded by a branch of a possibly degenerate
hyperbola. The following cases may occur:

1.5 Case: M > 0 and N > 0. We prove the claim that W (B |po) = W. The
unit eigenvectors associated with an extremum eigenvalue of Re(e?B), 6
[0, 27), give rise to boundary points of the numerical range of B. The real part
of B is Re(e” B) = cg f191 + dp f292 + ko f1f2+ ko 9192, where ¢y = Re(ec),
dp = Re(e”d) and 2ky = (k + 1) cos@ + i (k — [) sinf. Moreover, ¢y + dy =
lc+d| cos(B +6). Let Ag = (cp + dp)* — 4]kg|*. After some computations, we
get Ag = 1|A|cos(20 + ¢) — 3P, where tany = ImA/ReA. It follows that
—M < Ay < N, for all § € [0,27). Let 6 be such that Ay > 0. If g+ dy > 0,
by Theorem 3.1, the minimum eigenvalue of the selfadjoint pairing operator
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Re(e?B) is A = —%(C@—Fd@)—F%\/Ag. The eigenvectors associated with A} are
vl = coe®fifz (1), where ¢o is a non-zero complex number, zg = 0, if kg = 0,
and zp = /\8/k97 if kg #0. Then zy € D and, as in the proof of Lemma 4.1

(i), for ¢ = 0, we have

(Bvg,vl) (et d)]z| 2hkzp+1z

(Ugvvg) a 1_|39’2 .
This point belongs to the boundary of W (B |r©) and also belongs to W.
As 0 varies in [0, 27), all the boundary points of W (B |p ) belong to W. If
cg + dp < 0, the discussion follows along similar lines. Thus, W (B |p0) = W
is bounded by a branch of the hyperbola with foci a; and aw, transverse axis
of length v/N and non-transverse axis of length v/M.

2." Case: M > 0 and N = 0. Since N = 0, we have M = |A| = P.
Therefore, Ag = $M(cos(26 + 1) — 1) and it can be easily seen that there
exists @' = —10/2 € [0, 2m) such that the real sinusoidal function f(6) := Ay
satisfies f(0) < 0, for @ # ¢ and f(¢) = 0. In this case, there is a unique
supporting line of W, specifically the line /; passing through —(c+ d)/2 and
perpendicular to the line defined by a1 and as. If |k| # |I], then W is an open
half-plane defined by the line /;. By Theorem 4.2 iii) or iv), the boundary of
the half-plane does not belong to W (B |rw) and so W (B |rw) coincides with
W. If |k| = |l| # 0, then W is the line ;. In this case, Ay and ¢y + dy vanish
only in the direction § = (7/2 — ) mod 7. By Theorem 4.2 v), it follows
that W (B |pw©) coincides with W. If k =1 = 0, then M = 0, contradicting
the hypothesis.

374 Case: M > 0 and N < 0. Since N < 0, there does not exist any
supporting line for the set W, which is the whole complex plane. Hence,
W(B|ro) = C.

4. Case: M =0 and N > 0. Since M = 0, we have N = |A| = —P > 0.
In this case, there are infinite supporting lines of the set W and the branch of
the hyperbola given by the Hyperbolical Range Theorem degenerates into a
closed half-line in the line defined by 0 and c¢+d, with endpoint either o or aw.
For 6 € [0,27), Ag = 1N (cos(260 + ¢) + 1) > 0. Using analogous arguments
to those in the proof of the 2." Case, we conclude that W (B |po) = W.

5.1 Case: M = 0 and N = 0. It can be easily seen that N = A = 0 and
straightforward computations yield |k| = |I| = 3|c + d|. If k = 0, having in
mind Theorem 4.2 (v), we conclude that W(B) = {0}. If £ # 0, W is an
open half-line in the line defined by 0 and ¢+ d and with endpoint —%(C—O— d).
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In this case, Ay = 0 for 6 € [0, 27), and ¢y + dp vanishes only in the direction
0 = (5 — ) mod 7. By similar arguments to those used above, it can be
shown that W (B o) = W.

6.1" Case: M = 0 and N < 0. Under these hypothesis, it can easily be
seen that 0 = —M < Ay < N < 0, which is impossible. [ ]

Using Theorem 3.2, Lemma 4.1 and the ideas in the proof of Theorem 4.5,
we may characterize the numerical range of the pairing operator B, restricted
to the subspace '@, ¢ € Z. We shall prove that these sets are homothetic,
that is, they are bounded by (possibly degenerate) homothetic hyperbolas.

Theorem 4.6. Let the pairing operator B = ¢ fig1 + d fogo + k f1fo + 1 g190,
c,d, k,1 € C, be restricted to T@W, g € Z. Let A = (c + d)* — 4kl and let

1 1 1 1
M = 5|A| + k24 |1 - 5|c+dP, N = 5|A| — kP> = I + §|c—|—d]2.

Let k € {—1,0,1} and e’ € {11,02,20}. Denote by [y the line passing
through ol and perpendicular to the line defined by of, and oy}, and denote
by ly the line defined by o, and oy, where

o I—J;I(Ed—é?/C—i-Fc\/Z)—CL if g>0
T Blec—d+rVA) —¢,  ifg<0

a) If M >0 and N > 0, then W(B |rw) is bounded by a branch of the
hyperbola with o}, and ai;' as foci, transverse and non-transverse awis
of length (1 + |q|)V'N and (1 + |q|)V/M, respectively.

b) If M > 0 and N =0, then W (B |rw) is

i) the line ly, if |k| = |I|;
ii) an open half-plane defined by the line ly, if |k| # |I|.

c) If M >0 and N <0, then W(B|rw) is the whole complez plane.

d) If M =0 and N > 0, then W(B |rw) is a closed half-line in ly with
endpoint o, or ajil.

e) If M =N =0, then W(B|pw) is

i) the singleton {al,}, if c+d = 0;
ii) an open half-line in ly with endpoint &Y, if ¢ +d # 0.

Proof: We prove that
W(B|F(t1)) = (1 + |q’)W(B|F(0)) + TQ7 q € Z7 (32)
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where 7, = ¢d, if ¢ > 0, and 7, = —qc, if ¢ < 0. By Lemma 4.1, W(B |rw)
contains (1 + |g|)W + 7,, and by Theorem 4.5, we have that W = W (B |ro).
Thus, (14 |g))W(B|rw)+ 713 € W(B|rw), q¢ € Z. Let ¢ > 0. As in the proof
of Theorem 4. 4 we consider Re(e” B) = c¢g fig1 + dg fogo + ko fifo + ko g1,
with cp = Re(ec), dy = Re(e’d) and 2ky = (k + 1) cosf + i (k — ) sin6.

a) Let 0 € [0,27) bc such that Ay = (cp +dp)* — 4|kg|> > 0. If ¢y + dy > 0,
by Theorem 3.2, the minimum eigenvalue of the selfadjoint pairing operator
Re(e B) restricted to T'@, ¢ > 0, is

1
2(Ce+d0 + T/ B = (1 + )Ny + gd,

and the eigenvectors of Re(e? B) assomated with the eigenvalue qu are the

qu = g(de - 09)

vectors qu = ¢g fle®/1f2(1), where ¢ is a non-zero complex number, zy = 0,
: _ _\0 /1. ro_ 1

if kg =0, z9 = Ny/ ko, if kg # 0, and fo = W=
arguments to those in the proof of Lemma 4.1, we find

o _ (B, vG,) (c+d)|20] % + K Zp + 1 2
! (’qu,’l)gq) 1- |Z9| 2

which is a boundary point of W(B |rw ), ¢ > 0. If ¢p+dp < 0, the discussion is
similar. From (33), we get the following relation between the boundary points
wg of W(B |rw), ¢ > 0, and the boundary points wf of W(B |ro): wz =
(14 q)wf + qd. This means that the boundary generating curve of W (B |r),
g > 0, is obtained from the boundary generating curve of W (B |rw) by
a dilation of ratio 1 + ¢ and a translation associated with ¢d. Hence, the
equality in (32) holds for ¢ > 0. That is, W(B |rw), ¢ > 0, is bounded
by a branch of the hyperbola with o}, and a;]' as foci, and transverse and
non-transverse axis of length (1 + ¢)v/N and (1 4 ¢)v/M, respectively.

b) If |k| # |I|, then (14 ¢) W +¢d is an open half-plane defined by the line
l;. By similar arguments to those in the proof of Theorem 4.3 iii), it can be
shown that the boundary of this half-plane does not belong to W (B |« ) and
so W(B |pw) coincides with (1 + q) W + q¢d, for ¢ > 0. If |k| = |I| # 0, then
(1+q) W +dq is the line [;. In this case, Ag = (cy+ dg)* — 4]ky|? and cp + dy
vanish only in one direction, and so the equality in (32), ¢ > 0, follows.

c) Since W = C, it is clear that W (B|rw) = C.

d) In this case, the Set (1 + q) W + qd degenerates into a closed half-line
in Iy with endpoint o, or ajj'. Since Ay > 0 for § € [0,27), by analogous
arguments to those used above the equality in (32), ¢ > 0, is proved to hold.

(f2—Z2pg1). Using analogous

= (149 + qd, (33)
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e) As in the proof of Theorem 4.5, we have |k| = |I| = }|c+d|. If k = 0, we
conclude that W (B |pw) = {qd}. If k # 0, (1+q)W + ¢d is an open half-line
in [ with endpoint af; and we may conclude that W (B |pw) = (1+q)W +qd.

If ¢ < 0, the proof is similar. [

Remark 4.3. The pairing operator B = ¢ fig1 + d fags + k f1fo + 1 g1go res-
tricted to T'9) is represented by the tridiagonal matrix Tc‘fd in Remark 3.1.
Thus, W(Tc(fd), q > 0, is characterized by Theorem 4.6. For ¢ < 0, the pairing

operator B = ¢ fig1 + d fogs + k fif> + 1 g1g restricted to I'@ is represented
by the tridiagonal matrix 7, 7, and so W(ch 4) is given by the same theorem,

replacing ¢, ¢ and d by —q, d and ¢, respectively.
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