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ABSTRACT: We consider strongly degenerate equations in divergence form of the
type

Ou — V- <|u|7(x’t)Vu> =f,
where the exponential nonlinearity satisfies the condition 0 < v~ < v(z,t) < 4T,
We show, by means of intrinsic scaling, that weak solutions are locally continuous.
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1. Introduction

Intrinsic scaling has proved to be a remarkably powerful tool in the analysis
of the regularity of weak solutions of nonlinear partial differential equations.
Devised by DiBenedetto in the early 1980’s, it flourished in the last few years
with applications to a wide range of nonlinear equations that exhibit some
form of singularity or degeneracy, or both (see, e.g., [5], [6], [8] or [10]).

As many fundamental ideas, intrinsic scaling is strikingly easy to grasp: it
amounts to analyze each equation in a geometrical framework related to its
structure. The precise understanding of this statement requires a knowledge
of the seminal work of DeGiorgi and Moser on regularity theory for uniformly
elliptic and parabolic PDE’s with measurable coefficients, namely the iter-
ative methods they developed. These methods consist on a fine analysis of
the behaviour of the oscillation for the solutions of the PDE in a sequence of
nested and shrinking cylinders, showing that it converges to zero and, when
possible, exactly how this happens. The conclusion is that solutions are con-
tinuous and, in many instances, that a modulus of continuity can be derived.
In the elliptic case, these results could be extended to equations with the
full quasilinear structure but, in the parabolic case, only to equations whose
principal part has exactly a linear growth with respect to the modulus of
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2 E. HENRIQUES AND J.M. URBANO

the gradient of the solution; it appeared that a degeneracy or singularity of
the principal part played a peculiar role. The clear understanding of that
role had to wait for intrinsic scaling and follows from a single unifying idea:
the diffusion processes in the equations evolve in a time scale determined
instant by instant by the solution itself, so that, loosely speaking, they can
be regarded as the heat equation in their own intrinsic time-configuration.
A precise description of this fact, as well as its effectiveness, is closely linked
to its technical implementation, namely in terms of the construction of the
cylinders in which the iteration process takes place. For a modern account
of the theory see [5].

The theory of degenerate and singular elliptic and parabolic equations is
one of the branches of modern analysis both in view of the physical signif-
icance of the equations at hand and of the novel analytical techniques that
they generate. The class of such equations is large, ranging from flows by
mean curvature to Monge—Ampére equations to infinity-Laplacian. Parabolic
equations in divergence form of the type

Dy — V- (|u|7($’t)Vu> —f in D(Q), (1)

with a variable exponent of nonlinearity -, are generalizations of the fa-
mous porous medium equation and occur as a model for the flow of electro-
rheological fluids (cf. [7]). The main feature in equation (1) is clearly the
exponential nonlinearity that makes it extremely degenerate. Recently, An-
tontsev and Shmarev [1] obtained results on the existence and uniqueness of
weak solutions of (1), together with some localization properties. Under ap-
propriate assumptions, we prove in this paper that weak solutions are locally
continuous. The technique we use is intrinsic scaling.

For the porous medium equation, that corresponds to the case v = C, an
abundant literature is available. In the case N > 1, questions of regularity
were first considered by Caffarelli and Friedman in [2]. In more generality,
DiBenedetto proved in [3] that weak solutions of

0f(u) — V-a(z,t,u, Vu) = b(x, t,u, Vu) ,

where 3(s) = |s|% sign s, m > 1, are locally continuous imposing no restric-
tions on the sign of u nor any relationship between the (possibly nonlinear)
a(z,t,u, Vu), b(x,t,u, Vu) and the graph #. Other generalizations, to equa-
tions with a double degeneracy, were considered in [8] and [10].
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2. The equation in its own geometry

Consider the equation
O — V- (|u|7<fvf>vu) —0 i D(Qr) (2)
where Qp = Q x (0,7T], Q is a regular bounded domain in RY, and 0 < T <
oo. We assume the exponent ~ satisfies the following assumptions:

(A1) y € L> (0, T;Wh2(Q)) ,  with  [|7]|z=rmwi~@) = M;

(A2) For constants v—,~* > 0,
0<vy <y, t) <~y <00, ae. (z,t)€Qr.

Definition 1. We say that a measurable function u is a local weak solution
of (2) if

o uc L>®(0,T; L)) with u(x,t) € [0,1] a.e. in Q;

euc(C (O,T; L2(Q)) and w3 Vu € L? (O,T; LZ(Q));

e for every compact K C € and for every subinterval [ty,ts] C (0,T],

ta ty
/ up dr| + / / {—u@tqﬁ + @Dy - ng} dzdt =0 , (3)
K t1 t K
for all functions ¢ € H\_(0,T;L*(K)) N L% (0, T; H}(K)).

loc

It is convenient to our purposes to have at hand a definition of weak solution
involving a discrete time derivative. Making use of the Steklov average of a
function (see [4] for more details) we obtain the following formulation which
is equivalent to (3):

o for every compact K C 2 and for all 0 <t <71 — h,

/ Byup, ¢ da + / (zﬂ(wr)vu) Védr =0, (4)
Kx{t} Kx{t} h

for all ¢ € HJ(K).

In the recent paper [1], it is proved, under less restrictive assumptions on
v, that there exists a unique solution to the initial boundary value problem
associated with this equation and that the solution is bounded. It is also
shown that the solution is nonnegative if the initial data is nonnegative; that
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is why the assumption u(z,t) € [0,1] a.e. in Qp included in Definition 1 is
reasonable.

Observe that the equation is degenerate at points where u = 0, since for
v verifying (A2), the diffusion coefficient u”®?) vanishes at those points. To
deal with this fact we need to define an intrinsic geometric configuration for
this specific PDE. We start with some notation. Given z, € R", define the
N-dimensional cube

[0+ K] = {az D max |z — xo| < p} :

1<i<N
Given the pair (zg,%y) € RV, define the cylinder

(w0, t0) + Q(7, p)] := [0 + K] X (to — 7, t0) -

Now, let (xg,%p) be a point of the space-time domain €2y that, by transla-
tion, we may assume to be (0,0). Consider small positive numbers ¢ > 0 and
R > 0 such that the cylinder @) (RQ_E, R) C Qp and define

p = essinf w ; puTi= esssup u ; w:i= essosc u=p —pu"

Q(R2_€7R) Q(R2—67R) Q(R2—€7R>

Recalling that (2) is degenerate at the points where u = 0, the interesting
case to investigate is when p~ = 0 and, consequently, u* = w. From now on,
we will assume this is in force.

Construct the cylinder

+

Q(agR* R) , ap = (é)” :

w

and assume that

w > 4R . (5)
This implies that Q(agR?, R) C Q (Rz_e, R) and then
essosc u < w . (6)
Q(aoR*,R)

For technical reasons, we make the extra assumption that e < 27,

Remark 1. If (5) does not hold, then the oscillation w goes to zero when
the radius R goes to zero, in a way given by the reverse inequality, and there
is nothing to prove. Note that, in general, (6) is not verified a priori for a
given cylinder. The cylinder dimensions had to be defined in terms of the
oscillation of the solution within it.
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When v = 0, ag = 1 and we recover the standard parabolic cylinder with
the natural homogeneity of the space and time variables.

The proof of the main result of this paper relies on the study of two com-
plementary cases that can be described as follows: either u is essentially away
from its infimum in the constructed cylinder, or this does not hold. In either
case, we are able to reduce the oscillation of v within a smaller cylinder with
the same "vertex”. The alternative can be formulated as

Given 1y € (0,1), to be determined in terms of the data and w, either
’(x,t) € Q(agR?* R) : u(z,t) < %’ <1y |Q(ayR*, R)| (7)

or, noting that p* — ¢ = %,
’(y::,t) € Q(aoR%, R) - ule,t) > pu* — g‘ < (=) |QR:R)| . (8

The analysis of this alternative leads to the following result.

Proposition 1. There ezist positive numbers vy, o € (0,1), depending on the
data and on w, such that

€ss 0SC  USOoW . (9)
Q(Fa(4) %)

An immediate consequence is

Theorem 1. Under assumptions (Al) — (A2) any locally bounded weak so-
lution of (2) is locally continuous in Qp.

The proof of Theorem 1 is a (now standard) consequence of Proposition
1. Indeed, from (9) one can recursively define a sequence @), of nested and
shrinking cylinders and a sequence w,, converging to zero, such that

ess osc u < wy, .

n

Continuity of u follows. For a proof of these facts, the reader is invited to
read the survey paper [5].
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Remark 2. We stress that we only obtain continuity of u, and are unable
to derive a modulus, since the constant o appearing in Proposition 1 depends
on the oscillation w. See [9] for the details.

3. Reducing the oscillation

Assume that (7) is verified. In the following, we determine the number v
and guarantee that the solution u is above a smaller level within a smaller
cylinder.

Proposition 2. There exists vy € (0,1), depending only on the data and w,
such that if (7) holds true then

u(z,t) > % ae. (z,1) € Q <a0 (g)z,g) . (10)

Proof. Define two decreasing sequences of positive numbers

R R P Y w
§+2n+1’ n_z+2n+2’
and construct the family of nested and shrinking cylinders Q,, = Q(agR?, R,,).
Introduce the function u, = max {u,%}. In the weak formulation (4) take
¢ = — ((uy), — kn)_ &2, where 0 < &, < 1 are smooth cutoff functions defined

in ), and satisfying

R, =

n=20,1,...

=1 in Qpaq &, =0  on the parabolic boundary of @),
42 2(n+2) 2(n+2)
‘vgn‘ S 2R 9 |A€TL‘ S QT 9 O < atgn S 2a R2

and integrate in time over (—agR2, t), for t € (—agR?,0). We obtain (omit-
ting the dz and dt in all integrals from now on)

LoD, — / D [— (), — kn)_ €2

—a0R2 KR

/a0R2 /K (W'Vu), -V [= ((u), = ka)_&] =0

Concerning the first mtegral, we have

t
I = / O [— (), = kn)_ €] X{(us),—un]

—ao R% KRn



PDE’S WITH AN EXPONENTIAL NONLINEARITY 7
! 2
+/ Orup, [_ ((uw)h - kn)_ 571} X[(uw)h:%]
—aoR% KRn

B %/;Rg Kn, % [((u”)h a k”)j &

+ (2;12) _:OR% /KRH % [(uh - %)] &

Next, we integrate by parts and let A~ — 0. Using Lemma 3.2 of Chapter I
of [4] we get

% /KRnx{t}(uw )6 - /—;R;; /KRn (s = k)60
t
+(3m) /KRM («-7) &-2(3) / o /K (v=%) o,

2 2(n+2)
2 s () S [ ]
- 5 - uw kn] »
2 KRn X {t} 4 aOR2 a0R2 KRrL :

since the third term is nonnegative and, for 0 < u < %

&

w:_<kn
Uu 1=

and, for ¢ < u =u, < k,,

4

(uw_kn)—Skn_uw:kn_u<kn__: <

Concerning I, we first pass to the limit in h to get

!
Iy — / / WV V(= (uy — kn)-&)
—agR? J K,

/ /KRHU”WVH i) -€2) X
/ /KR WV (g~ ) €) Xy

/ / WVt — k) €2
7(L0R?L KR”
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42 /K WV (1 = o) - Vnbn (s — kin)

—aoR%

w

—a7
2(53) [ g o, 1 TN

+

1 t
> —/ / u7|V(uw - kn)—‘2fi
2 —a0R2 KRn
t
_2/ / ul| V] (uy — k)2
*aOR2 KRn
w % ~
+2(33) /aoRz /I(an</u ’ ds) VénbnXfuss)
W t i
) / / (/ —Ins)s? ds) V- VE&n X<
(2n+2) —aoR? JKg, U ( ) [ 4]
>

5/ R [ v =)
-2 / L avep
=)/ e (/ 1 ds) (61061 + [T6) ey
(5 /?mzlg ([:-—msmvmﬁyvVH;n .
() [ o ([ o) e

The first inequality is obtained by means of Cauchy’s inequality with € = %,
and the observation that, within the set [u < ],

v ([ sds) =miwu ([

The second inequality is a consequence of integration by parts and again

Cauchy’s inequality, this time with € = %

S

ME

—

= 2

NS
INES

(—Ins)s? ds) Vry.
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Next, observe that for & < u = u, < k;,, we get

W W
(uw—kn)_:kn—uw:kn—u<2n+2§2;
1 gl
—g(f) <ul<1 using (A2),
ag 4
and for u < %, we get
Uy = — > Rp 3
4

i w\7 /W w
/u sTds < 1 1 u) < 10

w

/Z(—IDS)S’Y ds < <%)7/f(—lns) ds < /u4(—1ns) ds

u

w w w w 4 w\ 4
EOWE S Ca A R ST
4ln(4)+umu+4 u—(4 “>{ln(w)+ }— 1) w

Using these inequalities, recalling the conditions on &, the fact that w <1,
and the following consequence of (5) and the choice € < 2y
1 w
S _ 4
R = RiF

>1,

I} is bounded from below by

1 t
-—/‘L/|w%—MM%
2ay —aoR2 JKg,

C(M) fw\2 222 [t
SO T LS e

Combining the above results, we obtain the energy estimates

1 0
sup / wwwm¢+—/ L/IW%—%M%
7(10R72L<t<0 KRnX{t} aO —CloR?I KRn

w2 22(n+2) 0
4 CLORQ —aoR% J Kp, Aokl

O(M) W 222(n+2) 0
) S [ o e
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Let us now consider the change of variables

z = —
ap

and define the new functions

Uy(x, 2) = up(r,a0z) Ealm,2) = &2, a02) .

Then the above estimates read

0
sup / (aw - kn)Q—gTLQ + / / |v(aw - kn)—‘zgn
—R2<2<0JKg, x{z} —R?2 JKpg,
6 w 222(n+2) /O /
< - Xlay,<ky,
4 R | okl

REERIE
w1+7+ R2 KR uw<k

C(M,~") (_)2 22(
4

Wl—i—v+ R2 An )

2

0
for A, = / / XJa,<k,]- Lhese estimates imply the inequality
_R% KRTL

) C(M,y") w2 2200+2)
2 Y
||(uw - kn)—llVQ(Q(Ri+1,RrL+1)) - W <Z> TATL ’

where V2 = L>(L*) N L?*(H"). Using Corollary 3.1 of [4, page 9], we get
W 2 1 o 2 — 2
(Z) mAnH = (kp — kpy1)"Apsr < //CQ(REL+1,Rn+1)(uw —kn)”

< O(N) |[ty < k] N QRS 4y, Rigt)| ™ | (0 — kn)—”%ﬂ(Q(RELH,RnH))

< C(N) AT ||(@ = k)~ [Daqre, o)) -
and consequently

C(M,N,~") 24”141+N%r2 .

Anig <
+1 < n
wit™  R2
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I+ 525
Defining Y,, = @(}%ﬁ and noting that lQC(Q?I%%i?i'%i;IQ < 2N R? we arrive
at the algebraic inequality
Yy < SN punyttata

wltt

Now, by Lemma 4.1 of [4, page 12], if
Yy < C(M, N,yt)— 2 2m (Vi
then Y,, — 0 as n — oco. Taking
N+2

vy = C(M, N, )57 2= (V+2)7 (1407552 (11)

the above inequality is valid since it is no other than our hypothesis. Since
Rn\g, kn ™\, 7, and Y}, — 0 as n — oo implies that A, — 0 as n — oo,

we obtain )
‘(:c,z) cQ ((g) §> ()< &

ue )22, ae (@0)eQ <a0 (Ij)?,lj) |

The reduction of the oscillation of u follows at once. Indeed, we have

that is,

Corollary 1. There exist constants vy € (0,1), depending on the data and
w, and oy € (0,1), such that if (7) holds then

ess 0s¢c U< oow . (12)
Q(ao(%)"%)
Proof. From Proposition 2 we know that

ess inf w(z,t) =
Q(ao(4)"4)
Thereby, since u* > esssup w,

Q(w(£)"%)

< w (1 1)
eSSOS2C Us>spup —— = — = W =0pWw .
Q(ao( )" #) 4 4

2

=~ &
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4. The alternative

Now we assume that (7) does not hold, so therefore (8) is in force. We will
show that, in this case, we can get a result similar to (12). Remember that
vy was already determined and is given by (11).

Lemma 1. Assume that (8) holds true. There exists a time level
Yo

tg € {—CL()RZ, —gaoRQ] (13)
such that

1 —
‘xEKR :u(z, o) >,u+—g < ( Zg) | K| . (14)

Proof. In fact, if not then

)(g;,t) € Q (aR%R) « ulz,t) > put — g‘

—%anRz w
> / ’xEKR:u(x,t)>ﬂ+—§‘ dt

ag R2

1—V0 IZ0) 9
> Kl (1= ) aoR
> (1) el (1= )
= (1-1)|Q (aR* R)|

contradicting (8).

|

Accordingly, at time level tj, the portion of the cube Kp where u(z) is

close to its supremum is small. In what follows we will show that the same
happens for all time levels near the top of the cylinder () (aORQ, R).

Lemma 2. There exists 1 < s;1 € N, depending on the data and w, such
that, for all t € (ty,0),
2
< (1 - (%) >|KR\ . (15)

Proof. Consider the cylinder @ (ty, R) and the level k = ™ — §. Define

w
:L’GKRZU(.%',t)>/L+—§

u—kSH,jEesssup (u—k)+§£,
Qto,R) 2
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which we assume to be strictly positive (otherwise there will be nothing to
prove). Select n, € N big enough so that 0 < ¢ = 557 < H;. Then the
logarithmic function " given by

1 i if k
n m 1 u > +c

0 if w<k+ec

Y=

is well defined and satisfies the inequalities
HF < H

— o
Hf —u+k+c™ ¢ FaerT

SIS

YT <In(2™) =n,In2, since

and, for u # k + c,

1 1 2mtl
c

0< (ph) < <

T H—u+k+c W

and
2 / 2
(@) =[] 0.
In the weak formulation (3) [to be rigorous we should consider, as before,
formulation (4), integrate and take the limit as h — 0; to simplify we proceed
formally at this stage| consider the integration over Kp X (to,t), with t €

(to,0), and take ¢ = 20 () €2, where z — £(2) is a smooth cutoff function
defined in Kz and verifying

(0<¢<1 in Kg;

s £€=1 in Kq_sp, forsomeo e (0,1);

C
Then, for all ¢ € (ty,0),
¢ ¢
0 — / o2t (1) €2+ / / WYy, . v (21/# (¢+)’52)
to Y Kg to Y Kg
=. Jl + J2 .

The two integrals can the estimated as follows:

J = +\2 ¢2 +12 2
1 /KRX{f} (w ) ¢ /KRX{fo} (¢ ) ¢
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2 I -1
> / (7)€ —nin®2 (1_—_) | Kal
Kgrx{t} 2

using the estimate for ™ and Lemma 1;
¢ 2
— / / lﬂ(“)\Vu]? 9 (1 4 ¢+) {(W)’} £2
to JKg

t
~(x,t) . + +\/
+2/t0/KRu V- VE 2 (1) ¢

t
NG
to v Kgr

using Cauchy’s inequality. Putting these estimates together, using the bounds
for |[V¢| and ¥, and recalling what ¢y and ag are, we arrive at

22 [ 2125 (11 ¢
/KRX{t} (v)’ e < _n*ln 2<1__)—i—2n*1n2 oy (—to)] | KR

[ 11— C
< |n%n?2 (1_V_> —|—2n*ln2—a0} | KR|

[ 1-— C(y*
< |n%ln%2 ( 1:0> Ny In 2 (7 )] |KR| ,
I =3 oWy

valid for all ¢ € (ty,0).
The left hand side is estimated from below considering integration over the
smaller set

w
S = {xEK(10>R Cuz,t) > pt - 2n*+1} :
On S, (=1 and ¢+ > (n, — 1) In2, because
H o H_HI-5t% L.
Hf —u+k+c™ H+——+2n* H;—%qt;j*_ ’

since one has H;” —% < 0 and % > 5%, Vn, > 1. Therefore, for all t € (ty,0),

Ty 1—V0 C
< —— | KpR| .
|S|_{<n*—1> <1—%>+02n*uﬂ+} Al

Consequently, for all ¢ € (¢, 0),

‘:I:EKR:u(x,t)>,u+ ‘<|S|—|—NU|KR\

on,+1
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2
< —+ N Kp| .
—{<n*—1> (1—%)+02n*w+ "}' g

The proof is complete once we choose o so small that No < %Vg , then n,
so large that

C 3 5 ne \’
n*a%ﬂ+ S gVO and n, — 1 (]_ — 5) (1 + V()) ﬁ > 1 ,
and finally take s; = n, + 1. [ |

Remark 3. Note that, from the choice of o, we get o < g VO and from the
two conditions on n, we obtain

4
N, > max {C’V()_@‘cu_’er ; —5 + 2} .
Yo
Clearly the number s1 depends on the data as well as on w.

Recalling that ¢, € [—aORQ, —%aoRﬂ, the previous lemma implies

Corollary 2. There exists 1 < sy € N, depending on the data and w, such
that, for all t € (—%aORQ, O),

2
‘xeA@:u@¢>>u+—§gy<<1—(§)>|Km. (16)

The conclusion of Corollary 2 will be employed to deduce that, within the
cylinder () (%aOR2, R), the set where w is close to its supremum is arbitrarily
small.

Lemma 3. For allv € (0,1) there exists s1 < so € N, depending on the data
and w, such that

‘@ﬂe@(am?@: u(w, t) > u* —

<o o (o)

Proof. Consider the cylinder () (VQCL()RQ, 2R) and the levels k = ™ — &, for

s > s1. In order to obtain energy estimates for the functions (u — k) over
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this cylinder, in (3) we take ¢ = (u — k)£, where 0 < £ < 1 is a smooth
cutoft function defined in () (VQCL()RQ, QR) and satisfying

(£=0 on 0,Q (V0a0R2,2R) ;

£=1 in Q(%aoR2,R) ;

o\

\‘v§‘§%7 0<8t£<’/0 agR2 7

where 0,Q) (VoaoRz, QR) denotes the parabolic boundary of () (I/oaoR2, QR).
Then, for t € (—Z/anR2, O), we obtain (again formally)

t t
/ Aou (u— k)L €2+ / / Wy -V (0 — k)4 €2) =
—voaoR2 J Kop —vpaogR? J Kap

Now, since (u — k)4 < 5%,

! 1
/ du(u-0.¢ = 3 [ (-
—V0a0R2 KQR KQRX{t}
/ / u—Fk fatg
—I/()GJ()R2 KQR
> (=
- 28 %CLORQ /_VOGOR2 /I(QR X[u>k‘}

t
/ / WYV (0 — k)4 €2)
—I/anR2 KQR

w
= 2ag / / V(= k). 6 =2 () / / Nl
ao voagR?2 J Kop voaoR? J Kag

using Cauchy’s inequality with € = Z and the fact that when (u — k) is not
zero, then

and

w w
u>k= ,u—§>u 2:§>

since s > s; > 1, and therefore
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We then have

2 1
— k)< (3) / / X[u
2ap / / “0agR?,R) (u=h)-| 2% 5} Clo (voaoR2,2R) -

: <§>2 (s 2) 2o (puen)

and consequently, multiplying by 2a,

//Q(?GORQ’R) V(u— k)" < (%)2; (4 + day ) 2N+1\Q( YagR?, R)‘

2N+3 2 1 )
- T (2) Rz (1 + o ‘Q ( aoft, R)‘
C(M,N,~
e (5) e (et m)|
recalling the definition of 1 given by (11).
Now we consider the levels | = % — 555 > k=p*t — 2, s =51,...,5 — 1,

and define, for ¢t € (—%aoR2, 0),

Ay(t) = {:E € Kp : u(w,t) > p’ ;}

0
A, = / A, (8)] dt
—VTOCLQRQ

Using Lemma 2.2 of [4, page 5] applied to the function u(-,¢) for all times
t e (—%QORQ, O), we get

and

RN+1

w
_ < .
(300) M0 £ O e |19
Since p* — 5 > pt — 3%, for s > s,
< — -
A1) < 1A, ()] < (1 (3) >|KR\ vt e (—FaR,0) |

by virtue of (16). Then, for all ¢ € (—%aoR2, 0),
w C(N
(o) el < SR [ vl

[k<u<l]
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and finally, integrating in time over (—%aORQ, O) and using Holder’s inequal-

ity, we arrive at
Agy § / / |Vl
(23+1) Vo %402 J [k<u<l]

0[] T 0) 0

According to the previous energy estlmates we get, for s = s1,...,89 — 1,
C(M,N,~*
Az—‘rl (1+7+ N+2 ’Q ( a'OR2 ) ’ |AS \ AS+1| )
and we then add these inequalities for s = sq1,..., 89 — 1.
Since u* — 555 <t — 55, Ag > Ay, and therefore
8271
> AL > (ss - s1)AL
S§=3S1
So— 1
Note also that Z |As \ Agiq| < ‘Q( agR?, R) ‘ Collecting results, we
§=81
arrive at
C(M,N,~* 2
SO g (s )
wa ) (N+2) (82 _ 81

and the proof is complete if we choose s; < so € N sufficiently large so that

+
i C(M,N,v") <2
w2 IN+2)(

S9 — 51)
[ |

Remark 4. It is clear from the indicated choice of sy that it depends on w.

Lemma 4. The number v € (0,1) can be chosen (and consequently, so can
S ) such that

R\’ R
<ut- 2 e. 2 =
uet) <t - e (xt>e@<2ao(2),2)
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Proof. Define two sequences of positive real numbers

R R n w w
Rn:§+ﬁ’ k”:'u _282+1_252+1—|—n’ ’I’L:O,l,Q,---

and construct the family of nested and shrinking cylinders
Qn=Q (Fa0k2 Ra) .

Consider the function u, = min {u, 1" — 57§ and, in the weak formula-
tion (3), take ¢ = (u, — k)&%, where 0 < &, < 1 are smooth cutoff functions
defined in @),, and verifying

=1 In Quu, &=0 on 0,0y ;

‘vgn‘ < 2n+2 |A£n| < 22(n+2) j 0 < atgn S 22(n+2)

0]
7(LOR2 ?

where 0,0, denotes the parabolic boundary of ).
Then, for t € (—%aOR%,O), we have formally (again, to be rigorous we
would have to argue with the Steklov averages and pass to the limit in h)

t
0= / Drtt (1t — k) 1£2)
7V70a0R%, KRn

t
+/ WU (g — k)2 €2) =T+ 1 .
VOCLQRQ K

Observe that

t
I = / Oy ((uw - kn)—&-gi) X [u,=u]
—V?OCL()R% KRn

t
0 o — kn) &2 .
+ /_ o S, ru ((u )+§n)x[uwzﬂ+_ﬂ+l]

:%/K (uy — kn)2E2 —/ O / )3 0iEnkn
Ry X {t} —LagR% JKp,
(o) / oo (- 2;:1))55

1 5 .o 2 22 (n+2)
— Uy, — k -3 ( X[u :
2 LR?L X{t}( “ n)+£n 282+1 L a/OR2 /VOCLOR2 /[(Rn w>kn

Vv
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arguing as in the proof of Proposition 2 (with the obvious changes). Con-
cerning [, we have

t
12 — / / uV(x’wVU -V ((Uw - kn)+€r21) X[UWZU]
—%(LQR% KRn

t
+/ / u’Y(x,t)Vu -V ((uw — kn)+£§) X[uw=M+—
KRn

w
() 2 2s2+1]
2 aoRn

t
1/ / Uz(m’t)\v(uw - kn)+|2€2
2 —FaoR? JKg,

t
—2 / UZ(JC’” (uy — kn)i|v€n|2
oR2 JKg,

()
5 a

w t u
_2< >/ / / PRlCEINE
2208 ) agms Jicn, \ e

PEPRE

(|A£n| + ‘vfn‘Q) X[u2u+_ <]

9so+1
w 4 U
G ([ o)
~%ayR2 JKp, \Jut— e

(|V’Y|2 + ’vgnP) X[uzlﬁ— w ] )

282+1

Y

using Cauchy’s inequality and integration by parts.
Noting that, when k, < v =u, < p* — 557 < 1,

woow w w
—<—=pt o<yt ——<puyt—— <k, <u, <1
R e T T !
(since 1 < 51 < s2) and then
1 w
il (1) _ :
” <yl <1 and (uy — kn)y < Dot

w

when u > % — 52

w
_ .t :
Uy = [ il > ky ;

u
y(z,t) w
/M . S ds < Seatl

R
282+1

and also that
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and

/ '@ (—1Ins) ds < / (—Ins) ds
pt—— pt——

282+1 282+1

w L w

< (gur) (-0 (0~ 50))
w 2

< =

- <252+1>w

(since, as s > 51 > 1, p — 587 > ™ — 55 > pt — ¥ = ¢), we obtain, with
a reasoning similar to the one employed in the proof of Proposition 2, the
estimate

wp [ kg [ 0k,
—VTanR%<t<O KRnX{t}
W 222(n+2)
= (232+1) R? {—ao }// X2k

Introducing the change of variables

t
14
Fan

z =

and defining the new functions
v

—anz) : En(z, 2) = &l aOZ) ’

Uy(x, 2) = uy(z, 5

the previous estimate reads

_ Y _
sSup / (thy — kn)igr% + ?0 // |V (1, — kn)+‘2§2
—R%<Z<O KRnX{Z} Q(ngRn)

<( W )222(n+2){6+CM) }//
< Voo Xt >k,
201/ R Q)

Multiplying the above estimate by % > 1, we arrive at

g W

_ 9 w 2 22(”+2) 1 ay
H(uw B k”)+||VQ(Q(R%+1,Rn+1)) S C(M) (282+1> R2 R + e An

C(M N, ,er) w 2 92(n+2)
W) <2S2+1> R?
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0
AnE/ / Xio>kn]
_R% KRn

Observing that, on the one hand

2 1
ey — kn c > kn - kn 2An - < - > An

and, on the other hand, using Corollary 3.1 of [4, page 9],

//Q(R2 R )(aw ~ )i < C(N)AT (@ - k”)”'%/Q(Q(R%H,RnH)) ’
n+111tn+1

we obtain

where A,, is defined as

C(M,N,~") 24n 1+ 525
An—i—l S w(1+ + (N+2) R2A
Defining Y,, = L)' and noting that QU F,)| < 2VNHR? we get the

— |Q(RE Ry
algebraic inequality

QRS 41, Bnt)]

Yo < Jgmy

C(M,N,v*
)

Using a well known result on the fast geometric convergence of sequences,
namely Lemma 4.1 of [4, page 12], the result is proved if we can assure that

Yo < C(M,N,y") Futer g (v
= C(M,N,y"w" S V.
For this value of v, by Lemma 3, there exists s; < sy € N such that
|(z,2) €Q(R%E R) : uw,2) > pt — 55
Q (2, R)|

which implies Y; < v. Then we can conclude that Y,, — 0 when n — oo, and
the result follows.

<v

Proposition 3. There exist positive numbers vy, 01 € (0,1), depending on
the data and on w, such that, if (8) holds true then

€ss 0s¢ U< o1w . (17)
Q(Hao(£)"%)
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Proof. The proof is trivial and similar to the proof of Corollary 1. We have

1
Ulzl—m.

|
Proof of Proposition 1. Recalling the conclusions of Corollary 1 and
Proposition 3, we take

o =max{0y,01} =01,

since 09 = 1 — 1 < 1 — 551 = 01, because 5o > 1. As vy € (0,1)

2 2
Vo R R R R
Q ECLO (§> a5} C Q| ao (5> 53

and the result follows.
[
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