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ABSTRACT: Motivated by the classical model for the binary alloy solidification
(crystallization) problem, we show the local in time existence and uniqueness of
solutions to a parabolic system strongly coupled through free boundary conditions
of Stefan type. Using a modification of the standard change of variables method
and coercive estimates in a weighted Holder space (the weight being a power of t)
we obtain solutions with maximal global regularity (having at least equal regularity
for t > 0 as at the initial moment).
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1. Introduction

The classical Stefan problem is a simplified model for the solid-liquid phase
transition in a pure material taking into account the heat diffusion in each
phase with latent heat at the sharp transition interface, which is supposed
kept at a given constant temperature [R, M2]. The melting or the crystalliza-
tion of a two component material, like a binary alloy, differs in an essential
way from that free boundary model problem in several aspects. Firstly, the
temperature of the mixture at the interface is not constant and depends on
the relative concentration of each component, since each one having a dif-
ferent melting temperature determine the former through a thermodynamic
phase diagram. Secondly, in a mixture of two components, one constituent is
allowed to diffuse in the interior of each phase and its concentration exhibits
a discontinuity across the solid-liquid interface.

Although qualitatively there is a fairly good understanding of these phe-
nomena, there are several physical approaches to its modelling. For instance,
using the theory of nonequilibrium thermodynamics a mathematical analysis
has been proposed in terms of weak formulations (see [V], Chapt.V and its
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references). As in the simpler case of the Stefan problem (see [M2] and its
bibliography) these generalized solutions admit the degeneracy of the inter-
face into a mushy zone, giving place, even in a one dimensional alloy problem,
to non-uniqueness results as described in [Go].

In this work we are interested in the mathematical analysis of the multidi-
mensional case of the sharp interface model for the temperature-concentration
system with a smooth free boundary arising from a phenomenological model
suggested first in [R]. We shall show that, similarly to the classical two phase
Stefan problem for one equation (see [M1, M2] or [S2]), the corresponding
classical free boundary problem for the coupled system, under certain non-
degeneracy conditions, is well-posed locally in time. As far as we are aware,
this problem as been considered previously only from a numerical point of
view by several authors (see [CO, BeS, AWS, SAW], for instance) without any
rigorous mathematical analysis background, except a local existence result
in one dimensional case in [P].

Nowadays there are several methods to obtain classical solutions to free
boundary problems of parabolic type, but here we follow the approach of
Solonnikov [S2]. This method uses a suitable modification of a standard
change of variables, considered by Hanzawa for the one phase Stefan prob-
lem, that allows the transformation of the free boundary problem into an
equivalent highly nonlinear parabolic problem in a fixed known domain. This
method, and in special that modification, is very useful for keeping the solu-
tion locally in time without loss of smoothness with respect to the regularity
of the initial conditions. For the transformed problem in the fixed domain,
a linearization procedure combined with sharp (coercive) estimates for solu-
tions of the linear problem permits us to obtain local (in time) solutions by
the contraction mapping principle. For parabolic equations with free bound-
aries of two-phase Stefan and Muskat—Verigin type this method has been
developed in [BS], where rigorous proofs of the classical solvability of the
corresponding problems were given keeping the maximal regularity of the
solutions.

An important tool, that was also used previously in [B2, B4], with partic-
ular geometries of the domains, is the use of coercive estimates for the linear
parabolic problems in weighted Holder spaces, where the weight is a power
of t. This allows to reduce the initial compatibility conditions to a minimum.
Although the second order parabolic theory is now well understood in space-
time weighted Holder spaces (see [L], for instance), we use here a special
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class of weight introduced in [BZ] and studied in [S1]. For our system, the
transformed problem is of the type of a nonlinear system of parabolic type
with nonstandard transmission conditions at the initial interface, which has
been treated with precise estimates for the solutions to the corresponding
equations of second order in [B1, B3]. We notice that this approach can also
be extended to other problems like the ones considered in [RSY], yielding
improvements in the assumptions on the initial data.

In this paper after introducing the precise formulation of the free boundary
problem for the coupled parabolic linear system of second order, in Section 2,
we state the (local in time) existence and uniqueness results in weighted
Holder spaces, including in particular, the local solvability in classical Holder
spaces under more restrictive assumptions on the initial data. In Section 3
we reduce the problem to a nonstandard transmission problem for a non-
linear parabolic system in the fixed known domain by means of a suitable
transformation of variables, that reduces the free boundary to the initial
given interface, together with a translation of unknown functions in order to
work with functions with zero initial conditions. In Section 4 we show the
existence and uniqueness of the solution of the linearized problem, for which
we state precise estimates that are based in a model transmission problem
that is solved in Appendix B and in [B3]. The application of the contrac-
tion mapping principle to the nonlinear problem is done in Section 5 and it
is based on explicit estimates of the inverse Jacobian matrix of the domain
transformation, which are shown in Appendix A.

2. Statement of the problem and results

Let €2 be a bounded domain in R", n > 2, with a smooth boundary 0f).
Suppose there is a closed surface y(t) in Q, 0 < ¢t < T, dividing 2 into two
subdomains () and (t) such that 0Q(t) = 0Q U y(t), 0Q0(t) = ().
At the initial time y(0) = I' and Q;(0) = Q;, j = 1,2. We assume that
the subdomains §2; and {2, are not degenerate, for instance, by assuming the
smooth initial interface I' satisfies a uniform ball property from both sides.

Let

Qir ={(z,t): z € Q(t), t € (0,T)}, Qr=Q;x(0,7), j=12,
QT:QX(O,T), ET:aQX[O,T], FT:FX(O,T) .
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We consider a multidimensional two phases problem with unknown func-
tions u;(xz,t), ¢j(x,t), 7 = 1,2, and a common free boundary ~(t) satisfying
the diffusion equations for j = 1,2, (8; = /0t and A = 92 +--- + 02 )

(9tuj — aj Auj =0 in QjT s (21)
ath — bj ACJ' =0 in QjT s (22)

with initial and boundary conditions

V(t)|t:0 =T, (2'3)
uj‘t:O = U()j(l'), Cj’t:() = COj(x) n Qj? J=12, (24)
wlpg = p(,t), cilpg =q(z,t), t€(0,T), (2.5)

and the following conditions on the free boundary ()

w=ug, ¢ =0y, j=1,2, (2.6)
)\1 &,ul — )\2 8VuQ = —K VV 5 (27)
]Cl 8Vcl — k?g a,/CQ = —(Cl — CQ) VV , t e (O, T) . (28)
Here k, aj, bj, A\j, k;j, j = 1,2, are positive constants, v(z,t) the normal

vector to () directed to €2(t), 0, denotes the normal derivative, V, the
normal velocity of v(¢) and o2 > oy are continuous functions given as in
Figure 1.

This problem may describe the melting or the cristallization of a two com-
ponent system. The domain €2;(¢) is occupied by the liquid phase with the
temperature uj(x,t) and the concentration of the mixture ¢y(z,t); uo(z,t),
co(z,t) are the temperature and concentration of the mixture in the solid
phase occupying €s(t); () is the free boundary separating the liquid and
solid phases. The phase transition is described by the Stefan condition (2.7)
with constant latent heat x > 0.

On the free boundary 7(¢) the temperature u is continuous, but the con-
centration c is discontinuous and determined by a phase equilibrium diagram
of the type shown in Figure 1, implying the jump [[c]l, ) = (c2 — e1)], ) > 0.
The differential equation (2.8) represents the mass balance of the mixture
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and may be regarded as a Stefan type condition with variable “latent heat”.
Cc
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Figure 1

Here the functions o;(u), oa2(u) are defined on the interval U = (u*, u*"),
with ©* < u**, and their graphs represent the liquidus and solidus lines, re-
spectively, in the temperature-concentration plane.

In the classical Stefan problem for a monocomponent material, in addition
to (2.7) we have the following condition on free boundary ~(t):

U1:UQ:9,

where 6 is the phase transition temperature, which is given by a known
constant.

The Stefan problem describes physically the equilibrium process of melting
or solidification of a pure substance and in each phase it holds always

Ui Z 6 in Ql(t) , U9 S 6 in Qg(t) . (29)

The phase transition process described by problem (2.1)—(2.8) is not in equi-
librium, as in the Stefan problem, and the melting (cristallization) temper-
ature 0 is a priori unknown and condition (2.9) does not hold in general.
The presence of the unknown concentration ¢ and unknown phase transition
temperature on y(t) makes the problem a much more complex and difficult
one.

Let T € C*™ N(¢) = (Ny,..., N,) be a unit vector field on T' such that
N(€) € C*(T') and

(€) - N(E) =w(@N'(§) 2di >0 VEeT, (2.10)

where 1y(§) is the unit normal to I' directed to .
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For small ¢ < ¢, we can represent free boundary (¢) in the form ([BS])
z=E+p )N, €T, tel0t], (2.11)

where p|,_, = 0 and x = { at the initial moment. In particular, if N(§) =
1p(&) we obtain the following equation to the free boundary:

z=E+pE (), e, tel0t),

which is the representation of (¢) used earlier by A.M. Meirmanov [M1] and
E.I. Hanzawa [H].
Let the following assumptions hold:

A) oj(u) € C°(U ) = 1,2, o; are strictly increasing functions in U =
(u*,u™), oj(u*) =0, o;(u™) =1, j = 1,2, 01(u) < oa(u) Vu € U (see
Figure 1);

B)
(C()Q(ZIS‘) — 001<$)>|F > dy >0 , (212)

(Ouy coj (@) — 0 (u0;(2)) Oyuoj ()l = doy,  j=1,2, (2.13)
‘lﬁ:‘ S 50, |VU01(£E) — VUOQ(ZB)‘ |F S 50, ‘)\1 — )\2| S 50 s (214)

where ¢y is a small positive number;

Q) |
5j§C0j(CL’)§1—(Sj in Qj, O<5j<§7 g=12.

Now we formulate the local existence results for problem (2.1)—(2.8) in the
weighted Holder spaces C4(Qr), s < £ (with a power of ¢ as the weight), of
functions u(z,t) with the norm ([BZ, S1]):

| w5 >0,
k Q;U’Q _|_{ Qr

0,s <0,

\u\ 0y = = supt'? Q, + Z SuptLﬂzﬂ_s
t<T s<ok+jl<e =T
(2.15)
where Q) = Q% (£, 1), |v|o = sup,cq |v|,

. £=2k—|j]
Wy = Y o Y e )

2k-+]]=[¢] 0<l—2k—|j|<2
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W, = sup [olat) —o(z )] o — 27
(x,t),(2,t)EQr

[U]gngz sup  |v(z,t) —v(x, t)| [t =], ae(0,1),
(z,t),(z,t1)€Qr

|| g; denotes the norm of the classical Holder space C***(Qy) ([LSU])

. ' 0, s is integer,
ulg, = D 10/0lule, + { o
oWt |<Is] [u]g,, s is noninteger ,
|U|QT = Sup |U| 5
((L’ t)GQT

and C!(Qp) = CY Z/2(QT) if s = ¢. Similarly we define C*(T'7).

The solution to the problem in this space permits us to decrease the
smoothness of the data and to reduce the order of their compatibility condi-
tions up to [3].

We write now the compatibility conditions that the data must satisfy at
initial time.

The conditions of the zero order (for 0 < s < 1) reads

uotlpg = p(x,0),  colpg = q(x,0) , (2.16)
uotlr = voalr s cojly = ojugy)le, 7 =1,2, (2.17)
and (for 1 < s < 2), with the notation [[Ad,,u]] = A2 Oyyuo2 — A1 Oy,
1 1
— A duoll [r = % Dvcoll I ; (2.18)
K b el )
the conditions of the first order (for 2 < s < 24 «) are given by:
CL1AU01|69 = 8tp($ 0) blAC()1|aQ = &gq(l‘ 0) (219)
(o o] - u 0] [koueol ) [ =0, (220

(bj Acyj—a; o (uo;) Augj— [% O col] (Dnycoj—07;(uo;) 8”0u0j)) ’r: 0,

(2.21)

1
lco]

for j =1, 2.
Equations (2.16)—(2.18) are obtained from (2.5)—(2.8) with the initial con-
ditions (2.4); differentiating the conditions (2.5),(2.6) with respect to t and
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applying of (2.1), (2.2), (2.7), (2.8), (2.4) leads to the compatibility condi-
tions (2.19)—(2.21).

Theorem 2.1. Let o € (0,1), 1 < s <2+ a. Let 9Q,T' € C*™ and the
assumption A) hold.

Then for each functions ugj,co; € C*(Q;), 7 = 1,2, p,q € C*(r)
satisfying conditions B), C) and the compatzbzlzty condztzons of [5]-th or-
der there exists Ty > 0, such that, problem (2.1)-(2.8) has unique solutions
uj,c; € C2*Qyr,), 7 = 1,2, p € C?**(T'y,), Oip € CL(T,) and the fol-
lowing estimate holds

2

S (gl Z50 + eI + 1o + 9l Y, <

j=1

[\

< C) (Z(Woﬂgj + |C()j|§i) + \p\f;ta + |q | (2ta) ), for 0 <t <T, (2.22)
=1

Putting, in particular, s = 2 + a we obtain also the local solvability of

the alloy free boundary problem in classical Holder spaces [LSU] under more
restrictive assumptions on the initial data.

Theorem 2.2. Let o € (0,1), 0Q,T € C*™, and the assumption A) hold.
Then for any functions ug;, co; € C*7(Q;), 1=1,2, p,q € sza’lta/z(ET)

satisfying B), C) and the compatibility conditions (2.16)-(2.21), there ex-

ists Ty > 0, such that, problem (2.1)-(2.8) has unique solutions uj,cj €

CHO2(Q ), = 1,2, pe CHOTH D), Bip € CT0F (D) and the
following estimate holds

2
2+ (2+ (2+a) (1+
Z|]‘ a"“]‘ a)+|P| a+|3t:0‘ “

2
<G> uoil ™ + leosl5 ™) + 108 + 10l |
j=1

for 0 <t <Ty.

Remark 2.1. Here cj(s,t) represents the concentration of the mizture in the
alloy in phase j = 1,2. The condition C) guarantees that ¢; € (0, 1) for small
t <Ty. Condition (2.12) means that the concentration of the mizture cy(x)
at the tmitial time 1s a discontinuous and increasing function across I'.



SOLUTIONS TO PARABOLIC SYSTEMS WITH FREE BOUNDARY OF STEFAN TYPE 9

Remark 2.2. Condition (2.13) is physically compatible because o’;(u) >0,
Vue (u*,u™) and Oyupi(z)|p <0, j =1,2, due to the decrease of the tem-

perature from the liquid phase into the solid one.

Remark 2.3. In (2.1/) we suppose that the latent heat of melting k and the
gump of the initial temperature |[Vuo)l|p|, as well as the difference of heat
conductivity coefficients | A1 — Ao, are small values. These two last conditions
lead to the condition |[[A Oyl || < C360. We note also that the requirements
(2.14) are adjusted in the compatibility condition (2.18).

3. Reduction to a problem in a fixed domain

Let A\g > 0 be a sufficiently small number, such that, every point y € €2
being situated in a 2\g-neighbourhood O of I' can be represented in the form

y=E6+AN(E), £eT, [N\ <2), (3.1)

y=¢&,if A =0. Let x(A\) be a smooth cut-off function, such that, xy = 1,
Al < Xo, x = 0, |A| > 2)\;. We define the coordinates transformation
e,: y — x [BS], which is the modification of Hanzawa mapping [H|, by the
formulas:

r=y+x\)pm)NE), ye0O, (e,

(3.2)
r=y, yeOO, t=r1,

where p|__, = 0.
This mapping transforms the surface I': A =0, y = ¢ into the free bound-
ary

Y(it): =8+ p(Et)N(E), &€, tel0,t],

and the given fixed domains €2; into the unknown ones ;(¢), j = 1, 2.

To every point y € O there correspond unique coordinates £ = £(y), A =
A(y) and inversely, every coordinates (£,A), & € I, |A\| < 2)¢ determine a
unique point y € O. So, formula (3.1) sets a one to one correspondence
between the coordinates y and (£, \) of every point in O. Therefore, from
the equation (3.1) we can express the coordinates (£, \) via coordinates y:

£ =¢) = (&), &), A = My), where &(y), My) € C*7*(0), k =
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1,...,n, because I' € C**®, Thus, we can write the transformation (3.2) in
the form

r=y+xAWw)pEwy),T)NEW), veO,

(3.3)
r=y, yeNO, t=r1,

Remark 3.1. We note that the coordinate transformation (3.3) with N = 1
was used by Hanzawa [H]

r=y+xpw, y€O, z=y, yecO (3.4)

but leads to the loss of smoothness of one unit, because the normal vy(§) to T
in (3.4) is expressed via the first partial derivatives of a function setting the

surface I'. The mapping (3.3) is due to Solonnikov (see also [S2] and [BS])
and permats to avoid this loss.

The Jacobian matrix of the transform (3.3) with respect to n variables
x1, ..., Ty has the form

7 {5%} _
B 83/ i'n_
JJ1<i, j< 3y1(NnXP) o 140, (Nyxp)

= {527' + ayj(NiXP)}lgi,jgn =1+ (VT(NX P))T :

Here p|,_, =0, J|,_, = I, that is, at least, for small ¢ < ¢; the inverse matrix
J~1 exists. In Appendix A we prove this.

In the new coordinates {y} the differential operators, the normal v to ~(t)
and the normal velocity of the free boundary 7(¢) are expressed, respectively,
by the formulas:

VxT| =J! VyT , Vi - (J_T VyT>T ’ (3.6)

r=y+xpN ~ r=y+xpN ~

1+0y,(Nixp) -+ 0, (Nixp)

(3.5)

Oy — a Ay|g=ytxpn = Or — x O-pN \AAVA Y

r=y+xpN
t=T1

= 0, —x0,pNJ TV, —a(s VDTV, (3.7)

Ulpeespy = o n I (3-8)

t=1

Oplaeeiony = o J T TV, we I (3.9)

t=1
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Vi lomeron = o J "NTOplvg J Y7L (3.10)
t=1
Remark 3.2. For the sake of convenience we use again variables t and &
instead of T and &(y).

We apply the coordinate mapping (3.3) in problem (2.1)—(2.8) with the
help of formulas (3.7), (3.9), (3.10). Then we obtain a nonlinear problem
involving the unknown function p(¢,t),

uj(y + x pN,t) = uj(y, 1) ,
¢j(y+xpN,t) =7¢(y.1) ,
in the fixed given domains €;, for j =1, 2:
Oi; — x OypNJ TV 0 — a;(J TV T IVTa; =0 in Qi , (3.12)
0ic; — X OpNJIINVIE —b;(J VYT TVIE, =0 in Qr, (3.13)

(3.11)

with initial and boundary conditions

plico =0 on T Ul,g = uoj(y), Clieg = coj(y) i €5, (3.14)
Uiloo = (Y, 1), Clog =aly,t), t€(0,7), (3.15)
and with the following transmission conditions on the initial interface
Uy = Uz, ¢j=o0j(u;) on I'p, j=1,2, (3.16)
vo J LTV — Vi) = =k JTINTOp  on Ty, (3.17)

vy J T (e VTe — VTG = (6 — @)y S 'NTOp  on T'r. (3.18)

Although this highly nonlinear system has the advantage of being set in
known domains, it will be treated in a more convenient form after a reduction
to new unknowns with zero initial conditions.

We determine the auxiliary functions py(€,t) on I'y under the conditions

[k dycolllr
N [[coll|r

and V;(y,t), Z;(y,t), 7 = 1,2, as the solutions of the Cauchy problems
815‘/} — CLj AV} — Xatp()N VTV} =0 In R%, ‘/j‘t:O = ﬂ()j(y) , (320)

po‘t:() = 07 atpo‘t:() = atp|t:() = (319)

8th — bj AZJ — Xat,O()N VTZ]' =0 In erw, Zj’tzO = a)j(y) s (321)
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where 7 = 1,2, symbol “7” denotes the smooth extension of a function into
the entire space R" and R}, = R"x (0, 7).

Lemma 3.1 ([S1, BS, B2, B3, RSY]). Let 1 <s <24 a, a € (0,1).

For arbitrary functions ugj, coj € C*(82;), j = 1,2, each one of the problems
(5.19)-(5.21) has a unique solution py € C;T(T ), Vi, Z; € C2T(RY), j =
1,2, satisfying

‘PolsiarT <0 Z ‘COk’Qk , (3.22)
2
Vilan) < G (Wg? +Zc%|$3> , (3.23)
k=1
2
1Z; |fﬂ;§?‘ <Gy lemly), i=12. (3.24)

Now using the functions pg, Vj, Z;, j = 1,2, we transform problem (3.12)—
(3.18) into a more suitable form. We make use of the following substitutions:

p(&:t) = po(§,t) +¥(: 1), (3.25)

u;(y,t) = u;(y + x pN,t) = v;(y,t) + Vi(y, 1) .
¢i(y,t) = ¢j(y+ x pN,t) = zj(y, t) + Z;(y,t), j=1,2,

where p, v;, z; are new unknown functions satisfying zero initial conditions

(3.26)

0;vjlio= 0, 9zjl,o= 0, 3k1¢|t 0=0,

0, 1<s<?2,
={ k1=0,1, 7=1,2.

0,1, 2<s<24a,

We represent the composition of the functions o;(v;+V;) in (3.16) as follows
1
oi(v;+V;) = (V)—I—J(Vj)vj—i—v?/(1—>\)a;-’(\/j+)\vj)d)\.
0

The expansion formulas (A.1), (A.2), (A.5) of Appendix A of the matri-
ces JL Jy = J*1|p:p0 and the change (3.25),(3.26) of unknown functions
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permit us to extract linear principal terms with respect to the unknown func-
tions, known functions and the remainder nonlinear terms. Thus, we obtain

problem (3.12)—(3.18) in the form, for j = 1, 2:
Ov; — aj Av; — () — a; A) x NIy T VIV, = fi(y, ) + Fj(v;, ) in Qr,

3.27
Ohzj — bj Azj — (00 — b AY) X NIy V' Z; = gi(y,t) + Gj(2, ) in gij, |
with zero initial data, translated Dirichlet boundary conditions &2
viloo = P1(: 1), 21lgq = @iy, 1), < (0,T), (3.29)

and the corresponding transmission conditions
(v1 = v2)|p=10(y, 1) , (3.30)
(2 — o5 (Vi) vi)lr = iy, t) + Ri(v))lr.  G=1,2, (3.31)
(A1 Ouyv1 — A2 Oyy0a)|p = (1(y, t) + mi(ve, v2, ¥))]r (3.32)

(1{31 81,021 — ko 8,,022 — (ZQ — Zl) NJO_TVg 81577/} —
— N[k V20 = ko V 20) Jy g T+ (20— Z2) N T o] 970 )F -
- (902(y7t) +7T2(Z17227¢))‘I‘7 te (ODT) : (333)

We note that in condition (3.33) on I' we have used the relation

VO(f) VT¢(£7{;) - 07 é € Fu

and in (3.32) we did not single out such term.

Thus, we have reduced the free boundary problem (2.1)—(2.8) in the un-
known domains € (¢) and () to the nonlinear problem (3.27)—(3.33) in
given domains €2y, 2y with unknown functions vy, vo, 21, 29, 9 satisfying zero
initial data. In the left-hand side of equations (3.27), (3.28) and conditions
on 022 and I' (3.29)(3.33) there are linear terms. The functions f;, g;, p1,
q, Mo, M4, ¢j, 7 = 1,2, are known; Fj, G, R;, 7, j = 1,2, are nonlin-
ear functions — the rests of the expressions in (3.12), (3.13), (3.16)—(3.18)
of problem (3.12)—(3.18) after separating linear terms and known functions,
which expressions (see Appendix A for notations) are given by

fi = xOpo NI VIV — 0V +a;(Jy T VDL T VIV (3.34)
g = XOpoNI; TN Z; — 0,2+ b;(J; TV 1TV Z . (3.35)
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Fy = x0(po+¢) NI " (Vv — T I T VTV
a;[V (I + D) + (I + JD) TV TV
— a;(V) VI (xNJg V'V))
+ a; V(I + JD) + (T + ID) T T T,
ajl(Jo " TV (T T VY,

= F(%7Uj7¢aaj) ) (336)
Gj = F(Zj,Zj,’gb;bj) X (337)
pr=Wt) =iy, )loa, @ =(ayt) = Z1(y,t)|se ,  (3.38)
o = (Va(y,t) = Vi(y, 1) |sq » (3.39)
n = (=2 +o;(Vj)lr, (3.40)
1
R, = v§/ (1= N o"(V) + Avy) dA (3.41)
0
o1 = 1 Jy g TV = MoVIVL) + kNTOipo] |- (3.42)

po = —woJy Iy (BiV'Z1 = koV'Z0) + (Z1 = Zo) N Oupol |p . (3.43)

m = vo(Jor + J1 + T H(Jor + J1) T T (Vv — MV 7T,)
SRRV O/ FE A M I A O VA VAR VAR VA v 1Y
— wvg(JINTORp — Iy T TENTO,py), (3.44)
Ty = —uvpJ Nz — 2) NTO,(po + ¥)
+uo((JG A+ )+ T Ty + ) T F (ki V2 — by V)
—(Zy — Zo) vy I ((Jo1 + 1) Ji1 — Ji2) Jg PN Orpy — J1 Iy ENT O]
— vy M(ky VT Z) — ke VT Zy) | (3.45)

M = J NIy + ) Jy + JL It I — gyt gt
+ TN (Jor + J1) Ji — J) Iy LIt (3.46)

For the sake of convenience, we write problem (3.27)—(3.33) conventionally
in operator form

Afw] = b+ Nl (3.47)
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where w = (Ula V2, 21, <2, ¢)7 h = (fl: f2: g1, 92, P1, 41, M0, 11, 12, 1, 902)7 A[U)] 1S
a linear operator determined by the expressions in the left-hand sides of the

four equations (3.27), (3.28) and seven boundary conditions (3.29)—(3.33),
Nw] = (F1, F»,G1,G9,0,0,0, Ry|p, Ro|p, m1|p, T2|p) is a nonlinear operator.
Moreover,

A: B(Qr) — H(Qr),  N: B(Qr) — H(Qr)
where
B(Qr) = C2 () x 2P x o) x o2 () x D2 (Ty)

represents the space of functions w = (vq, v9, 21, 29, p) With the norm:

[\V]

2+ (2+0) (2+ (1+a)
lwlls@n = Y (vl +zlian) + lolirs” + 19wl

Jj=1

H(Qr) = O3 o( Q) x CLo(OF ) x Coo (U ) x Cy () x 20 (3r) x
X CL(8r)x CE (D) < 3 (Dr)x O () x O () < O (Tr)

denotes the space of functions h = (fi, f2, g1, 92, P1, @1, M0, M1, M2, 1, P2) With
the norm:

2
(2 (24 (2+

]:1
2
2+
+ 3 (gl + i)
j=1

Here, Co’g(QT) is the subset of C/(€2r) consisting of functions u(x,t), such
that, dful,_, = 0, 2k < s, if s > 0, C4Qr) = CYQy), if s < 0; and
1032+°‘(F ), a € (0,1), s <2+ q, is the space of functions p(§,t) € (i‘ngO‘(FT),
dpeC S (Tr).

We consider first the vector-function h. We see from formulas (3.34), (3.35),
(3.38)—(3.40), (3.42), (3.43) they are expressed via the auxiliary functions V;,

Zj, j =1,2, py and the inverse matrix J, . In Theorem A.2 of Appendix we
prove the existence of J;* for t < to. Now we show that h € H ().
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Lemma 3.2. Let the conditions of Theorem 2.1 be fulfilled. Then the vector-

function h = (f1, f2, 91, 92,01, @1, Mo, M1, 01, 2) belongs to the space H(SY,)

and satisfies the estimate:
2

Al < Cs <Z<|u0j|§;’j + leogle)) + Iples” + qi?;f‘>> tSty (3.48)

j=1
Proof: To show that h € H(€);,) and to obtain an estimate (3.48) we take into
consideration the estimates (A.12), (A.56) and (3.22)—(3.24) of the product
of functions in weighted Hélder spaces; using matrix J; ' and functions py,
Vi, Zj, j = 1,2, respectively, we derive the required inequality (3.48).

We prove that the components — functions of the vector h satisfy zero
initial conditions. The functions f;, g;, 7 = 1,2, are equal to 0 at ¢t = 0, if
s > 0, by the condition J;!|,_, = I and equations (3.20), (3.21).

On the basis of the initial data (3.19)—(3.21) and compatibility conditions
(2.16), (2.17) we have p1],_y = 0, q1,_o = 0, noli—g = 0, njl,=g = 0, @j],_g = 0,
j=1,2.

Let s > 2. We show that the time derivatives O;p1, 0:q1, 0o, O, j = 1,2,
are also equal to zero at t = 0. We consider the functions

Op1ly—g = (O — OV1 | 90)li—o >
3tQ1\t:o = (3tq — 02 ‘89)‘t:0 :
From equations (3.20), (3.21) we obtain
OVil_g = a1 Augr, 01 Z1|,_y = b1 Acor

by the assumption on the initial interface I' and the definition of x. Then,
from (3.49) on the basis of the compatibility conditions (2.19) we find O;p1|,_,
= O, 8tq1\t:0 = 0.

We consider the time derivatives of the functions ny, n; (7 =1,2)

o = Vo= OVilp,  Omy = =025+ o5(Vi) OV; |- -
We substitute here 0;V;, 0,Z;, Oipy found from formulas (3.19)-(3.21)

(3.49)

_ [k Oyyco]]
Oinoli—g = —la Augllp + (Onuor — Onuge) Vo N o] ‘F : (3.50)
OMjli—g = —bj Acoj |y + a; 0 (uo;) Aug; |y
[k Oyyco]]

+ (8Ncoj— 0}»(qu) aNqu) , ] = 1, 2. (351)

voNT o] ‘1“
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We express the derivatives on the direction N via normal derivatives. Let
¢ € T be an arbitrary point. The vector N(£) may be represented in the
form

N() =ar1vp(&) +a7(§) (3.52)

where 14(£) and 7(§) are normal and tangential unit vectors at the point
& and a1, as denote some numbers. Multiplying both parts of the identity
(3.52) by the vector v (£) we obtain a; = Nyl > d; (see (2.10)) and N (&) =
NVgVO + Qo T.

Then we can write

(Onuor — Onugs)|p = vo NT (Oygtior — Ouyin2) | + aa(Oruor — Oruge)|p, (3.53)

(Oncoj — 0 (uoy) Onuos)|p = vo N (yycoj — 0 (ugy) Buytiog) I
+ 042(8Tcoj — O'j(U()j) 8Tqu)|F . (354)

We differentiate the compatibility conditions (2.17) with respect to the
tangential direction 7

(({9TU()1 — (9Tu02)|r = 0, (aTCOj — U;-(U()j) 6Tu0j)|1" = O, j = 1, 2.
On the basis of these identities from (3.53), (3.54) we find the formulas

(Onuor — Onuge)|p = vo NT[[0vuo]]|p

(Onco; — oy (uog) Dvuog) = vo N (D05 — 0 (uoz) Do) lp,  7=1,2.

We substitute these expressions into (3.50), (3.51) and, by the compatibility
conditions (2.20), (2.21), we finally have dynol,_,=0, Om;l,—,=0, j=1,2. =

4. The linear problem

In order to solve the nonlinear problem (3.47) we consider first the linear
operator A: B(Qr) — H(r) and the equation

Alw] = h

with unknown functions w = (vi(x,t), va(z, 1), 21(x, 1), 22(x, t), (£, t)) satis-
fying zero initial data, so that for j =1, 2:

Owj — a; Av; — x(AN(x)) o (x,t) (O0p — a; AY) = fi(x,t) in Qp, (4.1)
Orzj — b Azj — x(A(2)) B(x,t) (Onp — b; AY) = g;(z,t) in Qr, (4.2)
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with Dirichlet and transmission boundary conditions for ¢ > 0:

vilgg = pie, 1), 2zl = @z, 1), (4.3)

(0 = )l = mo(.t) (1.4)

(zj = v, D) vj)lp = mj(x,t),  j=12, (4.5)

(A1 0hy01 — A2 Oyyv2) | = w1 (x, t) (4.6)

(k1 Oyy21 — ko Oy 22 + d(w,t) VIp — k1 (2,1) ) |p = oz, t) (4.7)
where y(A(x)) is a cut-off function; a;, b;, A;, k;, 7 = 1,2, are positive

constants; and d = (dy, ..., d,) is a given vector function.
Let the following assumptions hold:

a) 00,1 € C?*, 90N T = 0

b) a; € Csljla(QT), v € C§+Q(FT), k1,d; € Csljla(FT), j=121=1,..n;

c) F1(,0)|p > d3 >0, (4.8)
5]'(.1’,0) — ’yj(x,O) Oéj(.I,O) |I‘ Z dg, j = 1,2 , (49)
|051(x70) - &2(x70) |F| S 50 ) (410)

where ¢y is sufficiently small value.
The conditions in c¢) correspond, respectively, to the conditions (2.12),
(2.13) and to the second condition (2.14).

Theorem 4.1. Let o € (0,1), s € (1,2 4+ a]. We assume that conditions
a)—c) hold.

Then for every functions f;,g; € C% o(Qr), P1,q1 € C*(2r), no,m; €
CO*§+O‘(FT), p; € 5’?[?(1%), j = 1,2, problem (4.1)-(4.7) has a unique so-

lution v;, z; € é’g*o‘(QjT), j=12 9 € 5’?*“(1}), o € Co'iff‘(FT), which
satisfies the estimate
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2
2+ (2+a) 2+ (1+a)
lwllsan = Y (vilvan + 12l ae) + [l + 10w,

j=1

2

(2+a) (24a)

S Cl <Z ‘fj s— 2QT + |gJ’s 2,07 + ‘nJ‘SFTa +’ JlsFTa)

= (4.11)

(24a) (24a) (24

+ ‘p |s ZTa + |C] ‘s ETa + |770 SI‘Ta)>

= C1 |23y -

Proof: We rewrite the equations (4.1)2, (4.2)2 in the form
Opvy — az Avy — x i (2,1) (O — ay Ay) =
= f2 - X(Oél(a?, t) - OéQ(ZU, t)) (8t¢ — a9 Aw) in QQT s (412)

(91522 — bQ AZQ — X[ﬁg(ﬂ?, t) -+ ’72(%‘, t) (Oél(l', t) — 042(.%', t))] (aﬂ,ﬁ — b2 A@D) =
= g2 — x(@,t) ( (2, t) — as(2,1)) (O — by Ag) in Q. (413

—

o(, 1
are small. We have written equations (4.1)2,(4.2)2 in the form (4.12),(4.13
to obtain the model problem (B.1)—(B.7) for convenience.

We construct a regularizer to prove the solvability of problem (4.1)—(4.7)
and apply Schauder’s method to find the estimate (4.11). Since this is a
standard procedure (see [LSU], for instance) we give only the sketch of a
proof.

We cover the domain 2 with balls K;s and Kj;; of radia 6 and 20, re-
spectively, and with a common center (). Let {¢;(2)}, {ui(2)} be the sets
of the smooth functlons subordinated to this overlappmg by the balls, such
that, GG = 1, if | — 2| < 8 and ¢; = 0, if |z — 2| > 26, supp p = K,
S G = 1 and |07¢|, |0 ] < Crg 67 m = (my,...,m,). Let O = {x €
Q:x=E+AN(), € €T, |A] <2)p}, be the 2)\g-neighbourhood of T.

We define a regularizer R by the formula

Rh = {Rih, Roh, R3h, Rah, Rsh}

— {Zﬂivl,ia ZM@'UZM Z/LZ'ZLZ', Zuiz2’i’ Zulwz} (414)
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where the functions v;;, 24, ¥4, j = 1,2, are found as follows.

Let a ball K, ; intersect the surfaces I' (i € Z;) or 02 (i € Zy), the point
¢ belongs to I' N K5 or 002N K;5. We pass to the local coordinates {7}
with the center in £) and the axis 7,, directed on the normal v(£®) to the
surface I' into 2y or 0€) into €2;. We choose a radius ¢ sufficiently small so
that the boundary I' N K 25 or 92N K 95 can be expressed by the equation
U, = ¢i(¥'), where ¢; € C*** and %(0) =0, V'g; = 0.

Here we set y = (y1, ..., yn) and ¢ = (Y1, ..., Yn—1)-

We denote by ¢;(7) the extension of ¢;(7') into R"™! which preserves reg-
ularity. Then we “straighten” the boundary 7, = ¢; by the formulas ¢y =7,
Yn = T, — q- Let y = Y;(x) be the transformation of the coordinates {z}
to the coordinate {y} consisting of the rotation of a coordinate system {7}
around the point £) to turn an axis 7, on a normal Vo(f(i)) and “straight-

ening” of a boundary 7, = ¢;. We put Gifj, Gigjl,—y—1(y= fii(y, 1), 9i(y, 1);

Cinks Gy Gpry Gl /0 =i (Y. 1), iYL 1), pu(y t) @iy, 1), j=1,2,
yl’L
k=0,1,2, and extend by zero the functions f;;, g;; into S; (i € Z;) and

fi,i, g1, into Sy (z € Z,) and Niis Piir Pli, 1 into R"™ 1 retaming the pre-
ceding notations and we set

Slsz, SQZRT_;_ and SjT:SjX(O,T), j:1,2.

1. We define the functions v’ ,(y,t), 27,;(y,t), j = 1,2, ¥i(y',1), i € I,
satisfying zero initial data, as the solution to the following problem:
atv;‘,i — 4 Ayv;’,i - X(A(f(i))) Ofl(x(i)v 0) (O — a; A'y) = fi(y,t)
in SjTa ] - 1727 (415)
071, — b Azt — x(AMED)) Bi (@™, 0) (9] — by A') = gri(y, 1) in Sir
(4.16)
Opzy; — ba Azh; — X (A (£D)) [B2(27,0) + 72(27, 0) (a1 (2, 0) — az ('), 0))]

X (O — ba A'y) = goi(y, 1) in Sor, (4.17)

(V15 = v23)ly0 = Ma(Y's 1) (4.18)

(2 — (D000, o = na(y t), j=12, (4.19)
(A1 aynvll,i — Ay aynUQ,i)’yn:O = SOl,i(y,at) . (4.20)
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(k1 0y, 21,5 — k2 0y,25,)], o+ di V') — k1 (€9, 0) 0} = a(y/, 1) (4.21)
where

X()\(g(l>)) = 17 d; = (di,la "'7di,n—1)7
d; v, ) = d(€9,0) Vi, )] oy, -

r=£el
Here we consider the equations (4.15)9, and (4.17) in accordance with the
representation of the original equations (4.1),(4.2)5 in the form (4. 12) (4.13)
respectively. We have also used the standard notations A’ = @2 +- 82
and V' = (0y,,...,0y, ,).

-1

2. If i € I, we find the functions v} ;(y,t), 21,(y,t) as the solutions to the
first boundary value problems

atvll,i —a A”/Lz' = fLi(y,t) in Sr, Vyil=o = 0, Uiz‘ = 0(4.22)

Yn=0
Oz — i A2 = gi(y,t) i Sop, 2l =0, 214l _o=0.(4.23)
We note that (4.15)—(4.21) is the model problem (B.1)—(B. 7) studied in Ap-
pendix B. So, by Theorem B.1, it has a unique solution v} ;, 2 ; € 5§+a(8jT),

Jg =12 . € C?“LO‘(RT) o € CHO‘( r), i € I7, and it satisfies the esti-
mate (B.9) (here R is the plane y, = 0). The solutions vy ;, 21 ;, i € Iy, to

the problems (4.22),(4.23) exist and belong to the space 8§+a(82T) [S1].
The estimates for the solutions to problem (4.15)—(4.21) and to the first
boundary value problems (4.22),(4.23) in coordinates {x} take the form

2
2+ (2+ (24 (14-a)
D (osal 2 + il i) + Wil + 10w Y, <

2
(24+a) (1+ (24a)
Z 06 Fil 7, e+ 16031, oy + 1Gam S5 + G L2, )+ IG5

i€y, (4.24)
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(2 (2 .
o) < CUGHL, o + G55, i€ T,

(4.25)
(24« @ (24« .
21,4 ;;(12 < C(|C¢91\i_2K1> + \Czp1| . )), 1 €1y,
where Uj@? 237 y=Yi(x) — vj,i(xvt)a Z]Z(:C t), 1 € Ty Uy, Wy:Yi(:c) - ¢i(€7t)7

A\_/

yn:O
£ € I'NKig, i € Ty, where K = (K;25 1 Q)x(0,7), j = 1,2, and

T
Fi,T = (F N Ki’g(;) X [O, T], Ei,T = (8Q K )X [0, T]

3. Let the ball K, i € Z, be entirely inside € or 9, but K;51 O # ()
(here O is 2)A¢-neighbourhood of I'). We determine the functions v;;(x,t),
zji(x,t), i € I3, as the solution of a Cauchy problem

Opii — a; Avj; = Gfi(x,t) + x(A@)) a1 (27, 0) (9 — a; Agy)
in R%, Ujai’t:0 =0 ) (426)

where j = 1,2, 7 € K;5 € K;5N O, R} = R"x(0, T);

atzl,i — b1 Az i ngl(l‘ t) + X( ( )) ﬁl( ) (&f@bz‘ — b A%‘)
mn R%, ZLZ"L‘:O = O ; (427)
5t2’2z' — by AZ% =

= Giga(z. 1) + x(A@)[B1 (2, 0) +72(2'", 0) (@1 (27, 0) — @z (2", 0))]
(8t¢2 — bg sz) n RT? 2272"1%:0 = 0 , (428)

here the functions f;, g; defined in €2; N K 95 are extended to K; 95 by pre-

serving its regularity 53_2 and then the products (;f;, (;g; are extended by
zero into R" (we keep the same notations for them).

In the right-hand sides of the equations of the problems (4.26)—(4.28) there
are functions ;(¢,t), i € Z3. We choose them as follows. Let 2 be an
arbitrary point in K;5N O, i € T3, and £ € T be the origin of the vector
N (£%), on which the point 2° is situated. In the point £° there is determined,
at least, one function ¢;(£), j € Z, because each point £ € T is contained,
at least, in one ball K5, 7 € Z;. For all z € K;5sN O, i € I3, we have the
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corresponding functions ¢;(&,t), j € n(i) C Iy, n(i) # 0. For i € T3 we set

= 2 wlens) (3 6) I,

jen(i jen(i

and put it in the right-hand sides of the equations of problems (4.26)—(4.28).

4. At last, if K5, ¢ € Zy, is entirely inside € or Qs and K; ;N O = () we
find the functions v;;(z,t), 2;i(x,t), i € Iy, 7 = 1,2, as the solutions of the
Cauchy problems

8tvj,l- — CLj Avj = Q‘fj(l’, t) n Rgﬂ , /Uj»ilt:() =0 s (429)
({“)th,l' — bj Azj,i = Qg] (a:, t) n R%, Zj,i’t:() =0 5 (430)

for j = 1,2, the functions (;f;, (ig; are extended into R" as in problems
(4.26)—(4.28).
The Cauchy problems (4.26)—(4.30) have unique solutions

i 20 € CPTORE), i € T3UTy, j=1,2,

and the following estimates hold

|v] Z| 2;;(0; — (’CZfJ’ J + |wl|521:‘t0;> )
(4.31)
(24+a) (24+a) . .
|Z‘7’Z|5,K1(J% — (‘glg]‘ 2K(] + |¢2|5F T) (S I3a J = 172 )
(24«
|sz| ;;(J — C‘le]‘ g) )
e . . . (4.32)
|Z]Z| K(J) —C‘Clgj‘ 2K(]}7 ZEIKL) J :172 .
Thus, we have constructed the regularizer Rh in (4.14).
We introduce the norms [LSU]
WyBQr) = SUP ||W||B(K; 1) » .
{w} p [|w] (4.33)
{h}nr) = sup [|Plln, ) 5 (4.34)

where Kz’,T = (KZ',Q(; N Q) X(O, T)
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The norms (4.33),(4.34) are equivalent to the norms ||wl|gq,), ||2|lx©m
determined in formula (4.11).

Lemma 4.1. The operator R: H(Qr) — B(Qr) is bounded

{Rh}nar) < C{hinr) -
This estimate holds on the basis of estimates (4.24), (4.25), (4.31), (4.32).
Lemma 4.2. For any vector h € H(Q2r) the following identity is fulfilled:
ARh=h+ Ph=(E+ P)h, (4.35)

where Ph = {Pih, Pyh, Psh, Pyh,0,0,0, Psh, Psh, Prh, Psh} is fully defined
vector and E the identity operator.

Proof: We substitute R1h — Rsh (see (4.14)) into equations and conditions
of the problem A[w]| = h instead of the functions vy, v, 21, 29, respectively.
After some computations taking into consideration that v;;, 2;;, 1; are the
solutions of the model problems (4.15)—(4.21), i € Iy, (4.22),(4.23), ¢ € Iy,
(4.26)-(4.28), i € I3, (4.29),(4.30), i@ € Z4, we obtain formula (4.35), where
the functions Pih — Psh are the rests of ARh after extraction of the vector
h. We note also that a function P>h contains the additional term

X(A) e (,t) —ao(w, 1)) Z [1:(Osti — az Avpy) — ag by Ap; — 22 Vb V'
1€11ULy

(4.36)

the term similar to (4.36) with Ba(x,t) + y2(x,t) (a1 (x,t) — ae(z,t)) and by

instead of a; — as and a9 is included in Pyh by the representations of the

equations (4.1)2,(4.2)5 in the form (4.12),(4.13). |

Lemma 4.3. Under the assumptions of Theorem 4.1 there exists Ty > 0,

such that, the operator A has the right inverse bounded operator A ' =
R(E + P)_li H(QTl) — B(QTl)

Proof: With the help of the estimates (4.24), (4.25), (4.31), (4.32) for the
functions v;;, 24, j = 1,2, 1;, we estimate the norm of Ph. Choosing the
radius 0 of the balls K;s and ¢t < Tj sufficiently small and making use of
condition (4.10) we obtain the estimate

{Phine) <elhlue) VE<Ti, (4.37)

where € € (0,1) (see (4.34)).
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We consider an equation h + Ph = hy, where hy € H({2r). By estimate
(4.37) it has a unique solution i € H(Qr,) and {h}ya,) < 1= {hi}n@r,)
for every vector hy € H(Qr,), that is, the inverse operator (E + P)~! exists
and is bounded on the space H({d7,). Substituting h = (E + P)"'h; into
the left-hand side of the identity (4.35) and taking into account that h +
Ph = hy, we obtain the identity AR(E + P)~thy = hy for Vhy € H(Qg,) or
AR(E+P)'=E.

From here it follows that an operator A has the inverse right bounded
operator A-1 = R(E + P)~! determined in the whole space H(Qr, ). m

Therefore, problem A[w] = h has a solution w = (v1,ve, 21, 29, %) € B(Qr,)
for every vector h € H(Qp,).

To find the estimate (4.11) to the solution we multiply both parts of the
equations (4.1), (4.12), (4.2), (4.13) and conditions (4.3)—(4.7) by a cut-off
function (;(x). After some computations for the functions (v;, (;2;, j = 1, 2,
(Y, we obtain a model transmission problem of the type (B.1)-(B.7), or
the first boundary value problem, or Cauchy problem in connection with
the position of the ball K;;, 1 € T = Uizlfk. In the right-hand sides of
the equations and transmission conditions of these model problems we shall
have given functions multiplied by (; and the operators similar to Pih — Psh,
depending on w. We write the estimates for the solutions to these model
problems. Evaluating the so obtained operators, choosing radius 0 of balls
and t < T, sufficiently small, applying the estimate (4.10) and taking into
account that (;(z) = 1 in K;;, we can achieve the estimate

HwHB(wi,t) < C HhHH(Wi,t) +e ||wHB(wi,t) )
t <Tj, where e € (0,1),i € Z, w;j; = (QN K, 5)x(0,%). From here we find

{w}se,) = sup |wllsw,,)
€T
< C(1 —e) " sup ||a|pe,)
1€

= C(l — 8)_1 {h}'H(Qt) , t S T2 .

By the equivalence of the norms (4.33),(4.34) to the norms ||w||z,) and
|2 |0,y we derive the estimate (4.11) for ¢ < T5.

Thus, we have proven the Theorem for ¢ < min(7},73). We extend the
solution into segment [0, 7] as, for example, in [BS] and obtain Theorem 4.1
fort <T. [}
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5. Proof of Theorem 2.1

We have transformed the free boundary problem (2.1)—(2.8) into the non-
linear problem (3.27)—(3.33) in fixed given domains:

Afw] = b+ Nl (5.1)

where w = (v1,v9, 21, 22,1) is unknown and h is a given vector function.

In Theorem 4.1 we have proved the existence and uniqueness of the solution
to the linear problem A[w] = h defined by (4.1)—(4.7) in the space B({r)
and established the estimate (4.11)

lwlB@y) < Cillhllng,y  Vh e H(Qr),

that is the linear operator A has the inverse bounded operator A~ in H(Qr).
Under the assumptions of Theorem 2.1 all the conditions of Theorem 4.1
hold, so we can write problem (5.1) in the form

w= A" [h+ Nl (5.2)
and apply the estimate (4.11)
lwlise) < Ci(llhllr@) + INW]llney), t<T,

where A~! is the inverse operator.
Let K (M) be the closed ball in the space B(Qyp):

K(M) = {w e B(Qq,): [lwlsa,) <M},

where M = Cl”hHH(QTO)(l —q) L qe(0,1).

We shall prove that the nonlinear operator A~1[h+ N[w]] acts from K (M)
into K (M) and is a contraction for small ¢ < Tj. For that we shall estimate
the following norms:

I = ||A7 A +N[w”||8((2t) < Cilllhll#en) + IV w]lln@y) - (5-3)

I = A [h+ Nw]] = A7 R+ NT@] || 5,
= |A ' N[w] — Nl < Cr1[INw] = Nw]llyyq, (5.4)
Vw,we K(M), t<Tj.

We rewrite in details the norms in the right-hand sides of the inequalities
(5.3),(5.4) substituting there the corresponding functions from the right-hand
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sides of the equations and conditions of the problem (3.27)—(3.33)

2
(24a) (14+a)
7=1

2
I < O Y (1B, 9) = By, 0)| i, +1G5(2,0) = G55, 9)| Y,
j=1
(2—|—a ~ ~ (14+a)
+ [Rj(v;) — Rj(vj)|sp, " + [Pr(v1,v2,%) — Py, B, )|\ 11} (5.6)

+ | Pa(21, 22,7) — P2(51,z2,¢)‘£1_+1?4r)t>

Vw,w € K(M), where the functions Fj, G;, R;, Pj, j = 1,2, are defined by
formulas (3.36), (3.37), (3.41), (3.44), (3.45).

To estimate the norms in (5.5),(5.6) we apply the estimates (A.7)—(A.12)
for the norms of the functions and their products, the estimates (A.13)-
(A.16), (A.19)—(A.29), (A.38)—(A.43), (A.44), (A.56) and (A.58),(A.59) for
the matrices Jyi, J1 = Ji1 + Ji2, Jo1J1, J_l, Jo_l and J_l(lp) — J_l(iz) re-
spectively, then we obtain

|Fj|goi)2,(z]t <

1 t% 1l<s<?2 (14a) (24+a) (24+a)
< )
‘C[(t2+{t, 2<s<2+4a + HIOWLIY, + 7 LY, )' il
F (et e [ 1<s<2 R (5.7)

the estimate for the function G; is like (5.7) with z; instead of v;;

|RJ| 2+a < Ct2(|v]‘s2(—£a ) ) j — 172 ) (58)

s 2
t2, 1<s<2 (2+a) (2+a)
({t, QSSSZ—I—Oz ’¢|5F, ) E | k|5Qt

k=1

+ Sl + |atw|:*f},>] (5.9)

!Pﬂgl_?r)t <C
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(1+
P9 <

s t%, 1<s<?2 (2+a) (14a) (2+a)
<<t2 " {t, 2§s§2+a> I+ 1o ”f) Z|Z i

2.1 2 a a a
+({“ SIS (B g ) ) 2 )] (5.10)

<C

t, 2<s<24«

the estimates for the norms of the differences of the functions Fj, G, R;, P;,
j =1,2,1in (5.6) are analogous to the estimates (5.7)—(5.10), they contain

2+ (2+a) (2+a) (1+
the norms ’U] Uj‘s Qta ) ’ % |5 Qfa7 |¢ ¢|s Ftav |at¢ aﬂb‘s laF Here
C' > 0 denotes some constant independent of t € (0,7).
We substitute those estimates into inequalities (5.5),(5.6), then we derive

I < Cy||hllne) + i) [[wllpe,) and I < 72(t) ||w — wl[p@,) ,(5.11)

where

q@:JAHC%+ﬁ+(ﬂf+ﬁ+#?+{ﬁ’1<3<2 )M),
j=1,2, and

lwlls@y, 10lls@) <M = Crlhlhyam,) (1—a)™"  qe(0,1), &b <1.

We find 73 > 0 from the inequalities

ri(t) <q, qe€(0,1), j=1,2.
Then, from (5.11), we obtain
L < Cillblnor) +aM =M, L <qlw—wlpgq, Vt<Ty,

where Ty = min(to, t1, t2, t3,T3). We remind that the parametrization of the
free boundary by the equation (2.11) is valid for ¢ < ty; in Theorems A.1-A.3
we prove the existence of the inverse matrices J ! and J; L for t < #; and
t < t, respectively and the estimates of the difference J=1(¢)) — J~L(4) for
t < ts.

Thus, we have

IA

AT A+ Nw]]llgq,) < M,
A A+ N[w]] = A7 7+ N{@)] g0,y < allw — Bl

for all w,w € K(M), t <Tj.
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Whence it follows that the operator A~![h+N[w]] is a contraction from the
closed ball K (M) into itself. Therefore problem (5.1) (i.e. (3.27)—(3.33)) has

a unique solution w = (vy, va, 21, 22,9) € B(Qr,) and it satisfies the estimate
lwlis) = A7 h+ Nwllllge,) < Ci(L=a) 7 hllney Yt <To. (5.12)

Now we return to the problem (2.1)—(2.8). From formulas (3.11), (3.25),
(3.26) we have

p=po+v,
uj(z,t) = vj(x — Nxp,t) + Vi(z — Nxp,1) , (5.13)
¢j(z,t) = zj(x — Nxp,t) + Zj(x — Nxp,t), j=12,

where the auxiliary functions V;, Z; and py belong to C27*(R%) and C}F*(T'r),

respectively, and v;,z; € 52*0‘(%%), j = 1,2, ¢ € Co“nga(FTO), o €

CHO‘(FTO) Then the compositions of the functions v;, z;, V;, Z; with p
belong to C***(Q;1,), j = 1,2.
From formulas (5.13) we derive

2

(24
§ , | ]‘SQO: +| Cils
J=1

2
(24« (24« (34«
< Cs(llwllsoy + V2D + 1255 + ool 0), ¢ < Ty, (5.19)
j=1

(24a) (24a)

(24
7th )+| |3Ft " <

SFt —

where w = (v, vg, 21, 22, 1) satisfies the estimate (5.12) with

h = (f17f27g17927p17q177707771777279017 902)

For this vector h we may use the estimates (3.46) of Lemmas 3.1 and 3.2 to
complete the proof of Theorem 2.1. [

Appendix A.Expansions and estimates of the inverse
Jacobian matrix J!

We consider a Jacobian matrix (3.5) J of the transformation of coordinates
(3.3)

J = {5117' + ayj(Nif(PO + ¢))}1gz7jgn =1+ Jn+J1,
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with
Jor = {ayj(NiXPO)}lgi,jgn = (VTNX pO)T
and
J1 = {ayj(Nz‘Xw)}lgmgn ;
where N(f) - (Nh "'7Nn)7 X(A(QD,NZ € Cl’a, 1=1,...,n, el
We denote

Jo=1+Jn, J1=Ju+ 2,
Jiu = {N; x 0y, h<ijen = N'x V¥,  J = (V'¥) Ny,

Jiz = {8y, (Ni x) h<i jen = (VN X)) .

We note that J|,_, = I, Jo|,_, = I, because py|,_, = 0, ¢|,_, = 0. That
is for the small ¢ the inverse matrices J~!, J; ! exist (see Theorems A.1, A.2
below).

Now we write the expansion formulas of the matrices J 1, J; I by linear
algebra straightforward computations.

Lemma A.l. Fort <t; the matriz J~' can be represented in the form

Jrt=Jt =t h Tt =0t Tt gt (A1)
Jt=I1-BJ ', J'=I1-J'B, (A.2)
Jt=I-B+B*J'=1-B+J'B*, (A.3)
Jl=I-BI-B)'=U-BH'(I-B), (A.4)
where B = Jo1 + Ji. [}

Lemma A.2. Fort <ty the matriz JO_1 can be represented in the form
Jot=1—JnJyt, Jit=1-Jy I, (A.5)
Jol=U—-J) " U=Ja)=U—-Jo)T—J5)"" = (A6

To estimate the norms of the functions in the weighted Holder spaces we
shall use the following results. We denote by C' different positive constants.

Lemma A.3 (Imbedding Theorem [BZ]). If q(x,t) € CY(Qr), ¢ a positive
number, s < {, and k = 2i + |j| < [(], then 0idiq € C'=F(Qr) and

i /—k V4
Bi00q 5k, < lally, - (A7)
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Lemma A.4 ([B2]). Let ¢ be positive noninteger, r a nonnegative number,

<l shr >0, filwt) € CL), flet) € U, alet) € CLIO),
@z, t) € C’f(QT), then for t <T the following estimates hold:

A1, <ot alGn, (A.8)
hally, < ClAIGT, sup 7 laslo + ¢ ) (A.9)
fifollh, < CEFIAIT 115, | (A.10)
eal'h, < ORI EF 0l + lala) | (A.11)
@120, < Clarlh laolly, - (A12)

We estimate the norms of the matrices Jo1, J1 = Ji1 + Ji2, then we prove
the existence of the inverse matrices J 1, JO_1 and evaluate the difference

T Y po + 1) — J M (po + ).

Lemma A.5. Let py(&,t) € CiT(Tr), a € (0,1), 1 <s<2+a, pol_y =0

(3+
and |p0|1+saI‘ < Ml, My > 0.

Then for the matriz Jy, the following estimates hold fort < T':

t 1<s<?2
HJ01H3 2.1, _nmax|8 (pr()”g or, < O M {t, 2<s5s<2+aq,
(A.13)
1
J 1+Oé <CM t2_75 1<8<2 A14
Il som {15022

Proof: We write the norms of the element 9, (IV; x po) in accordance to their
definition (2.9), for example,

) 24+a—s

00, (Nix o)l o, = sup T E 0y, (Nox po)l

2—s

tz2, 1<s<?2

and evaluate each term taking into account that pg|,_, = 0 (here I =
I'x[Z,7]). u
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Corollary A.1. Let f(y,t) € CHO‘( T), then

1ts
J <CM 1+OZ tQ, 1<S<2 A15
Iy, < CoRIAC, {47 12022

(1+a) (1+a) [ 12, 1<s5<?2
< C'M,; ’ .
||fJ01||s 11—‘,5 ¢ ’fl‘s 1,Iy {t, 2§S§2—|—Oz7 (A 16)

fort <T.
9)

Proof: We apply estimate (A.
HfJ01Hs o, < C‘f‘s 1F) [SUPTQNTHE;XW (N xpo)lr +t7 HJ()le 2Ft] ,

\V%Nfﬁy_CVEﬁﬂmeMMﬁ(zxmﬂ+t2WMMﬁ%L
On the basis of the estimates (A.13), (A.14) and
K%UWXPQ\SU/|@J@UWXMmdﬁ
0

2—s 2 5
2 1 <s<?2
< sup ( 07,0 (N; n’, 1<s<2 s T
—ﬁ£<hlﬂ XWM{L 2<s<24a/ T 25ss2ta

we obtain (A.15), (A.16).
We note that these estimates can be derived with the direct evaluations of
the corresponding norms or with the help of an estimate (A.10), because 9, pg

may be considered as the function belonging to CHO‘(FT) by the condition
poli—o = 0. [

Corollary A.2. For the matriz J3, the following estimates hold for t < T

24s

J2 (@) <CM2 tQS, 1l<s<?2 A17
Bl < o {12 1S0<2 )

1+

« 1<s<?2
J2 M) o2 4t A18
Hmmm 1t272§“ﬂ+a' (A.18)

@

Proof: These estimates are found with the help of the inequalities (A.10),
(A.13), (A.14). |
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Lemma A.6. Let (&) € é’i“‘(FT) o) € CHO‘( 7), a € (0,1),1 <s<
2 + «, then for the matriz Ju = Ji1 + Jio the following estimates hold for
t<T:

Tl Py, = nmax | Nix 0,91 Dy, < CHOVETE, . (A19)
1Tl < O |8 (A.20)
2], = nmax |1 9y, (N; v)| Wy, < Ct2 |00, (A21)
H‘]12Hsl_|ial—‘ < Ot|aw|sl—zaf‘ . (A22)

Proof: The estimates (A.19), (A.21), (A.22) are derived with direct eval-
uation of the corresponding norms and applying an inequality |9;'¢| <

Jo 10-,0¢] dri, Im| = 0,1; an estimate (A.20) follows from (A.7). u
Corollary A.3. For the matriz J, = J11+ Ji2 the following estimates are valid
fort<T:
HJle 2,y — < Ct ’at¢|sl—garf ) (A23)
(14« (24« (14«
LAY, < Clwleh® + 1w liH,) - (A.24)

Corollary A.4. Let f(y,t) € §+§+k(FT), k = 0,1,2, then the following
estimates are valid fort < T':

(24«
f Tl yr, < CET [ 5 | F1 Yy, k=0, (A.25)
« (14« (k+a
F Tl ™y, < 0] 1 £ +2+k r,, k=12, (A.26)
(14« 5+’€ 2 (24« (k+a
IFTal, < ot w1 MY, k=12, (A.27)

s+k+1

« « (k+a
Hf‘]u”s—? Ty < Ct = ’atd)'sl_'i T ’f|s _;+kF ’ k= 07 17 2 ) (A28)

(14+a) (14+a) (k+a)
IfTel{5, < CtF P Sy, k=12 (A29)

Proof: These estimates are derived with the help of the inequalities (A.10)
and (A.19)—(A.22). |
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Corollary A.5. Fort < T the following estimates hold:

1T, < CEF (10707 (A.30)
TR IEY < ot (w32 (A.31)
1T, < CEF (10707 (A.32)
7RI < et (ol 7)? (A.33)
iz < CEE (Ol (A.34)
1 JiallS5%, < O |8 o)L (A.35)

Proof: All inequalities can be derived with the help of direct evaluations
of the corresponding norms. An estimate (A.31) follows from (A.10) and
(A.20). We can find inequalities (A.32), (A.34), (A.35) applying (A.10) and
estimates (A.19)-(A.22) of the matrices Ji1, Jio. |

Corollary A.6. For the matriz J1 = Ji14,, the following estimates hold for
t<T:

« 1 «
12\, < CEF (0] (A.36)

121 < T (198 + o )2 (A.37)

Corollary A.7. Let py € C;1(Tr), poli_g = 0, |p0\1itaFT < M. Then for
t < T the following estimates hold:

24s

@ t2 , 1l<s<?2 (14«
o i1l gCMl{tz ) <z< - O] (A.38)

o t 1 2 o
[P el VR S | &) (A.39)

5, 2<s5<2+a

3+s
iy, < {15 L2022 it )

(14+a) t2 , 1l<s<?2 (14+a)
T a5, < € My 2 2<z<2+ 01, (A.41)



SOLUTIONS TO PARABOLIC SYSTEMS WITH FREE BOUNDARY OF STEFAN TYPE 35

a LR 1<s<?2 (14a)
s, < o e {57 12022 awlln) L (e

(14+a) t%, 1 <s<?2 (24+a) (14a)
Inl 5, < omn{ e S22 el v o). (A
Proof: We consider the matrices Jy; and Ji;. With the help of an estimate
(A.10) for the product of the functions we derive

| Jor [Py, < CFF !

s— 11} HJHHS 2. 9

(1+ (14+a) (1+
1T IS5D, < 6% ol 1l -

On the basis of the estimates (A.14) for Jy; and (A.19),(A.20) for Ji; we
obtain (A.38),(A.39). The inequalities (A.40),(A.41) are derived analogously
by applying the estimates (A.10) and (A.14), (A.21), (A.22) for Jy, Jio.
Formulas (A.42), (A.43) with the matrix J; = Jy; + Jio follow from (A.38)-
(A.41). |

Remark A.1. All these lemmas and corollaries are applied in the proofs of
the Lemma 8.1, Theorem 2.1 (Section 5) and Theorems A.1-A.8.

Now we prove the existence of the inverse matrices J ! and J; L

Theorem A.1. Let ¢(§,t) € CO'2+O‘(FT) o € CHO‘( r), a € (0,1), s €
1.2+ o], pol&.t) € CYITT), polycg = 0 and [GIF7 + 001537, < M,
ool < M, M >0, M; > 0.

Then there is t; € [0,T], such that, the inverse Jacobian matriz J~' exists,
15 bounded

TS S CA+ M), v =01, (A.44)
and it can be represented in the form
J7= "o+ 1) = (Jon + 1)) - (A.45)
k=0

Proof: We consider Jacobian matrix J = I+Jy;+.J;. We have found formally
the inverse Jacobian matrix J ! in Lemma A.1
J == Jn+1)) U=+ 1)) (A.46)

To prove the existence of J~! we show the existence of an inverse matrix
(I —(Jo1+ J1)?)~L. For that we estimate the norms of the matrix (Jo; + J;)2.
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By the estimates (A.17), (A.18) for J3, (A.36), (A.37) for J? = (Ji1 + Ji2)?

and (A.42), (A.43) for Jy;J; we obtain

1(Jor + T2 r, < NI r, + 1o Tl %o r, + 1ol s, + (T2
< (t), (A.47)

1(Jor + TP, < pal®) (A.48)

where
2+s

12 1<s<?2
) =C (M + M,;)? O el
i (t) ( 1){K*+fa 2<s<24a,

o t3(1412), 1<s<?2
t :C M+M 2 t21+ —57 .
Hall) = O 1) ( {t(1+t32 ), 2§s§2+a,)

Let D = (Jo1 + J1)?. Applying the estimate (A.10), we find

+ + (1+
HDQHS&Q‘T'VB < C48t 2 SQQ—VH/Ft HDHS laFt v= 071 .

By mathematical induction, we have

+ +
HDkHsa 2—V|—yl—‘t < HDHSQ 2—Vi—yl—‘t(

(I+a) k-1
S— 1aI‘ ) )

Here we make use of the estimates (A.47), (A.48)

a+v s—1 k—1
DM, < e (D(CET (), v=0,1.
We find ¢; > 0 from the inequalities
Ct7 () <q mu()<q, v=0,1, g€ (0,1),
then we obtain
(o + )50 L <qf, v=0,1, k=12, t<t;. (A49)

From here it follows

+
S o+ ) 5 <
k=0

v=20,1.

1
qk:_l . v=01, t<t;. (A50)
—q
0

]2

e
|

On the basis of these estimates we shall have that the inverse matrix (I —
(Jo1 + J1)?) 7! exists, is expressed in the form

oo

(I = (Jor+ )3 = (Jor + J)* (A.51)
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and is bounded

TV 1
I = (on + T3 T, < T_g V0L isth. (A.52)

But then the matrix in the right-hand side of the formula (A.46) exists and is
bounded by the estimates (A.13), (A.14) and (A.23), (A.24) of the matrices
Jo1 and Jy, respectively, and (A.52)

1= Gor+ 20D (= o+ IS0 < CAHM), v=0,1, t<t,.

(A.53)
Now we show that the matrix
(I = oo+ ) (= Jor— 1) =Y (Jor + J0)* (I = Jon — )
k=0

is equal to the inverse Jacobian matrix J~!. For that we consider an identity
m
(T4 Joo+ 1) > (Jor+ J0)* (I = Jo = J1) =
k=0

= zm:(Jm + ) (L= Jor = 1) (I + Jon + 1) (A.54)

k=
=1—(Jo+J)"?2 VYm,

where I + Jy1 + J1 = J.
By the estimate (A.49) we have

| (Jo1 + )QmHHSQJQFiVFt <¢"™ -0, m—oo, v=0,1, g€ (0,1).
(A.55)
Moreover, the series Y 1", (JoipJ1)?* converges to the bounded matrix sat-
isfying the estimate (A.50). So we can pass to the limit as m — oo in the
identities (A.54) taking into account (A.55), then we obtain

oo

(I + Jo1 + Jl) (J(n + Jl)%(] —Jo1 — Jl) =
k=0

= (Jau+ )T =Jo = H) I+ Jn+ ) =1
k=0
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These identities mean that the matrix > p(Jor + J1)** (I — Jo1 — J1) is
the right and the left inverse matrix to the matrix J = I 4+ Jo; + J1, i.e. it is
the inverse matrix J 1.

Thus we have proved that the inverse Jacobian matrix J ! exists, satisfies
the estimate (A.53) and is expressed in the form (A.45), which follows from
the formulas (A.46) and (A.51). |

We consider now the matrix Jy = I + Jo;.

Theorem A.2. Let po c (&,t) € CHYTr), a € (0,1), s € [1,2 4 a,

3 1+s
J’_
poly—g = 0 and |,00\1+50‘F < M.

Then there is ty > 0 such that the inverse matriz Jy ' exists, is bounded

atv 1
HJ011H5 ;Jﬂ/n < 1—q’ v=0,1, g€ (0,1), t<ty, (A.56)
and can be represented in the form
T =) (DRI (A.57)
k=0

Proof: To prove the existence of the inverse matrix J; ' it is sufficient to
show that the series in (A.57) converges to a bounded matrix, i.e. satisfies
the estimate (A.56). On the basis of the estimates (A.13), (A.14) for Jy we
obtain

a+v s—1 _
||<]01H3 ;rt < 3 () (T2 Mv(t))k 17 k=1,2,...,
where

53" 1<s<?2
v CM d—s—v 5 2071
M3+() 1{752, 9<s<2+a v

We choose ty > 0 from the inequalities
s—1
ps(t) <q, wa(t) <gq, t7u@)<gq, qe€(0,1),
then we shall have
HJOleOH;/}—yFt < qk Vit < o, v = 071 )

and

Z H‘]01Hsa—’2_—¢y—uft Zq t S tQ .

1—q’
That is the matrix > p,(—1)% J§; ex1sts, is bounded and equals J;!. |
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In Section 4 we make use of the contraction principle. For that we have to
estimate the difference of the matrices J~ V' J=1 where J = I + Jy1 + Ji,

J =1+ JOl + Jl; Jl {8%( zxw)}lﬂ J<n, Jl {831]( zxw)}lﬂ Jj<n-
Theorem A.3. Let py € (€,1) € CHE(Tr), polisy = 0; (&, 1), DI, ) €

C2e(Tr), O, O € CHa( r), @ € (0,1), s € (1,2 + ], and |Po|s+1 rr S
My, I+ 105, < MY + 1002, < M.
Then there is t3 > 0 such that for t < t3 the following estimates hold:
17" = T2, < Ctlow — 041553, (A.58)

7= T < O — 015 + 10 — 0l Y) - (AB9)

Proof: We compare the difference J~! — J~1 of the inverse Jacobian matrix
J~1, which we take in the form (A.3)

J_l—j_lz—(Jl—jl) (J01+J1)2J_1—(J01—|—J~1)2j_1 ,
where Jy — Ji = {0, (N; x(¥ — ¥)) h<i,j<n.

After some computatlons we shall have
JP =T V= (T =+ ) [~ = T) + (Jor + 1) (Jy— ) J !

+ (Jl — Jl) (J(n + J1) J_l] , (A.GO)
where the matrices (I — (Jo1 + J1)2)%, J ! exist (see Theorem A.1). We
evaluate the norms of the matrices in the right-hand side of the identity
(A.60) with the help of the estimates (A.12) for the product of the functions,

(A.23),(A.24), (A.42),(A.43), (A.36),(A.37) for the matrices Jy; Jo1Ji; J?
respectively and (A.52), (A.44), then we find

Hj_l — j_1|‘ioi)2 T, <t (C+ ps(t)) |0 — atwlsHlaFt ’ (A.61)
170 = TS, < (C+ ) (10 = 9155 + 10 — a1 |
where

fisen(t) = C T (Mt12V+M1 {?2 ;zzzira) (1+M), v=0,1.

We choose t4 > 0 from the inequalities

ps(t) <1, pe(t) <1,
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and then from (A.61) we obtain the estimates (A.58), (A.59) for t < t3 =
min(tl,t4). |

Appendix B.The model transmission problem

Let §; = R” and & = RY be half-spaces x, < 0 and z,, > 0 in R"
respectively, S;r = §;x(0,7); R a plane x,, = 0, Ry = Rx|[0,T].

In Section 4 we study the linear problem written in the form (4.1);, (4.12),
(4.2)1, (4.13), (4.3)—(4.7). The proof of the solvability of this problem is
based on the following model transmission problem for the unknown functions
uj(x,t), ¢j(x,t), j = 1,2, ¢¥(a',t) satisfying zero initial data:

8tUj — aj Auj — Oél(at’lﬂ — CLj A%ﬁ) = fj(ﬂf, t) n SjT7 ] = 1, 2 s (Bl)
Orcr — by Acy — B1(0) — by A'Y) = gi(x,t)  in Sir, (B.2)

Orcy — by Acy — [Bo + Y21 — a)](O) — ba A'Y) = ga(z,t)  in Sap, (B.3)

(w1 — ug)l, —y = m(2',t) , (B.4)

(¢j = Yjtj)la,—0 = mi(2,1),  j=1,2, (BS5)

(A1 Oy, u1 — Ao aanZ)’xnzo = o1(2',1) , (B.6)

(k1 Op,c1 = k2 0p,02)|, o +d' V'Y — k1 Onp = a(a’,t), t€(0,T), (B.7)

where all coefficients x1, aj, bj, v;, Aj, kj, j = 1,2, are positive constants and
d = (dy,...,d,_1).

Theorem B.1. Let a € (0,1), s € (1,24 «a]. We assume
'%1>O7 szﬁj_aj7j>07 j:172 (B8)
Then for every functions f;,g; € CO’?_Q(SJT), M0,1; € COEJFO‘(RT), ;i €

CO*;JFO‘(RT), j = 1,2, the problem (B.1)-(B.7) has a unique solution u;,c; €
Coszra(SjT); W e éngrOé(RT); o) € - 1YY (Rr) and it satisfies the estimate

S
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(2+a) (2+ (2+ (1+
S (uslPa + e Ze D) + [ e + ol L, <

j=1
2
(24« (14« (24«
< Cl (Z(|f3|s 2,87 + ‘g]‘s 2,87 + |77]|ng + |(p]‘s —ERT) + ‘770|ng)) (B9)
j=1
Proof: In the equations (B.1) and conditions (B.4), (B.6) we make the change

uj =vj+aryp, j=12, (B.10)
and then we obtain the problem for the new unknown functions vy, v9

Oy —a1Avy = f; in Dip

Oy —ag Avy = fo  in Dare
(B.11)

(v1 —wv2)l,, —o =10,
()\1 8%1)1 - )\2 8%1}2)\%:0 = Y1 .

We note that (B.11) is the transmission (or conjunction) problem [B1], it’s

solution v; belongs to é’ 24%(S;r), 7 = 1,2, and satisfies the estimate
2
2+ (2+a) (2+a) (1+
Z sSJ: = (Z ’f]’s zasT + [no |s R: + |901\S ng) : (B.12)

We have represented the equations (4.1)s, (4.2)5 in the form (4.12), (4.13)
to obtain problem (B.11) separated from other unknown functions.

We construct auxiliary functions Z7, Z5 as the solutions of the first bound-
ary value problems in half-space S;

3,52]' — bj AZJ =g in SjT )

Zj|t:0 =0, Zj‘a:nz() - (77j + Uj)
where j = 1,2 and known functions v;. Each one of the problems (B.13) has

a unique solution V; € é’§+o‘(8jT) [S1, LSU] and the following estimate holds
for j =1, 2:

(B.13)

z,=0 >

(2+ (1+ (2+a) (14-a)
121852 < C (1051 Phs,, + InilE f“RT+Z|f % s+ Il + Len 5, ).

(B.14)
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After the substitution (B.10) and the following ones
a=xn+2Z21+phvy,

co =29+ Zo+ (B2 + 2(a1 — )

in the equations (B.2), (B.3) and conditions (B.5), (B.7) we obtain the prob-
lem for the functions z;, 2o, ¥ with time derivative in the transmission con-
dition

(B.15)

021 —bi Az =0 in Dyir,

Orzo —ba Azo =0 in Dyp |

Zjly ot =0, =12,

(k1 Oy, 21 — ko 5xn22)|xn:0 +d V' — kg Opp = p(a',t)

where p; = 8 —vja; > 0,5 = 1,2, p = 2 — (k10x, 21 — ko aanQ)Lrn:O <
ClJroz(RT)

2
(14 (14 (14a)
‘90’5 laRT — |90 ‘s laRT (Z |f.7 s— 28T+ ‘gj‘s 28T+|n]’3 laRT)
J=1
(2+ (1
+ ol Zae) + el %, ) (B.20)

We apply Fourier transform on 2’ and Laplace transforms on ¢ to the
problem (B.16)—(B.19)

~ 1 o0 el
(& 20, p) = (27r)—”;1/o e Phdt /R 711}(1‘,25) e dy

2

Then from the heat equations of the problem, we find the solution in the
images of Fourier and Laplace transforms

Z21=DBe" x, <0, Zy=DBye ™™, x,>0, (B.21)

where 7; = bl(p +0;£%), B; = B;(¢,p), j = 1,2, are unknown functions.
J
From the conditions on the plane x,, = 0

Bj+pujv=0, j=12,

kiri B1+ karo By — (K1p — Z'd/f/){; ©
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we find Bj, 1
,uj1~ ~ 1 ~
B — T ¥ j_1727 ¢:_— )
’ chgo filfgp
where " " .
1
C:p—i- 1M1 1+ 2 2 2——d/£l,
K1 K1 K1

Re( > 0 by conditions k; > 0, u; > 0, k1 > 0. So we can represent the
fraction * in the form

1 o0

- = / e do .

¢ Jo

¢
Substituting the functions B; into formulas (B.21) and applying this ex-
pression of % we shall have

,LL' o

~ _ M) ~ —Co—rj|Ty,

zj——go/ € il 4o
R1 0

- 1 [
qp:——go/ e % do .
K1 0

With the help of the inverse Laplace and Fourier transforms [BE] we find
zj and 1 in the closed form

zi(x,t) = /dT/R - o, 7)Gi(a" =y |zl t — 1) dy', 5 = 1,2, (B.22)
P(2't) = ,ill dr /Rn 1 oy, 7)Gi(z' =/ ,0,t —7)dy", (B.23)
where
G = 4b1b2/ da/ dm ox,I'; <x —n' + i/ /<31,u10 — Ty, t—0— 71>
Rn-1 K1
X 9y, Iy (777 e Mfa s 7’1> i A e <0,

t t—o d/ k
Gy = 4b1by / dO/ dry onnI'y (77+_07 LA + M, 7_1)
0 Rn—1 K1

K1 77n=0

k
x 0, (' =, =£22
K1

+scn,t—0—71)dn', Tp >0 .
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Here I'j(z, t) is the fundamental solution of the heat equation dyv —b; Av = 0:

1 2
Fi(z,t) = ————==¢€ *W'.
(2 ™ bj t)
As it was proved in [B4] the potentials (B.22) with the kernels G;(z,1)

belong to the space 8’3*“(8}7) and satisfy the estimate

(24a) (14-a)
51889 < C el (B.24)

SS]T -
The function ¢ (2', t) ((B.23)) as a trace of potential z; on the plane x, =0
also belongs to COE*C“(RT) and the estimate for it holds

(24a) (14+a)
9ICh < C el (B.25)

From the boundary condition (B.19), by the above conclusions and esti-
mates (B.24), (B.25), we have

1
O = H—(kl Oy 21 — ko Oy 20+ d' V'Y — ) € CH(Ry)
1

(24+a) (14+a) (14+a)
sRT +|90|s 1RT) <Clp |5 1RT (B.26)

O] < C(Z 21l
Recalling the substitutions (B.10), (B.15) we obtain that the functions u; =
vitony, j=1,2, ¢ = 21+Z1+511/) (J=1), 0 = 21+ Za+(Batr2(1—2))h
(j = 2) belong to the space CQ+O‘(8 7), 7 = 1,2. Applying estimates (B.12),
(B.24), (B.14), (B.25), (B.26) and (B.20) of the functions v;, z;, ¥, 0 and
¢ respectively leads to the required estimate (B.9). [

Remark B.1. The conditions on the coefficients (B.8) correspond to the
conditions (4.8), (4.9) of the Theorem /.1 respectively.
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