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1. Introduction

There is a very strong and decidable conjugacy invariant of sofic subshifts,
the class of shift equivalence, but the major problem of knowing if there is
an algorithm that decides if two subshifts of finite type are conjugate or not
remains open [16, 18]. The study of conjugacy problems about finite type
subshifts is usually made in terms of matrices of non-negative integers, and
in the more general case of sofic subshifts a certain kind of symbolic matrices
is used [21]. A different approach using the algebraic theory of languages
with profinite semigroup techniques was suggested to the author by Jorge
Almeida. It is well known that a subshift X of AZ is determined by the
language L(X) of AT whose elements are the finite factors of X. As has
been observed by Jorge Almeida, X is also determined by the infinite ele-
ments in the closure of L(X) in the free profinite A-generated semigroup A+.
The algebraic-topological structure of AT s very rich, but it remains quite
unexplored; see [5, 6] for some results; in [6] a dynamical parameter - en-
tropy - is extensively used to achieve results about the minimal ideal of At
Almeida also established in [4] a strong link between minimal subshifts and
the structure of free profinite semigroups. So it seems that the exploration
of a profinite semigroup approach in symbolic dynamics deserves attention.
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Developing some tools for this purpose and showing their potentiality is one
of the objectives of this paper.

Section 2 provides preliminary definitions and results about symbolic dy-
namics and free profinite semigroups. Our main reference for symbolic dy-
namics is the book of Lind an Marcus [21]. For background on classical semi-
group theory, rational languages and finite automata see for example [20].
For profinite semigroups see the introductory text [3]. It is necessary ba-
sic background about Green’s relations R, £, J, H, and the quasi-orders
<R, <r, <7, as well about the notions of regular element and stable semi-
group [20, 2].

We study in Section 3 the effect of a subshift conjugacy in the set of pseu-
dowords whose finite factors are in the language of a given subshift. We
call this set the mirage of the subshift. The tools that we develop for this
study allow us to arrive at a structural conjugacy invariant in the mirage.
A corollary of this result is the conjugacy invariance of the Schiitzenberger
group in the [J-class associated with a minimal subshift, a result announced
by Almeida without proof in [3]; these groups have been computed for some
classes of minimal subshifts, like Sturmian subshifts [4]. Our methods rely a
lot on the pseudowords that are simultaneously R-below and L-below idem-
potents; we say that such words are idempotent-bound.

In Section 4 we introduce an effectively computable shift equivalence invari-
ant, of sofic subshifts, using the tools of Section 3. This invariant is obtained
from the syntactic image of the language of the sofic subshift: it is the labeled
poset of their idempotent-bound J-classes, labeled with their Schiitzenberger
groups. This improves the invariant introduced in [9] by Béal, Fiorenzi and
Perrin, who only considered regular J-classes. The results from [9] were an
inspiring source, but our methods are substantially different. We use profinite
syntactic methods, manipulating pseudowords, while in [9] symbolic matrices
where the main ingredient. Béal, Fiorenzi and Perrin continued in [8] the
search of conjugacy invariants in the structure of the syntactic semigroup of
the language of a sofic subshift. There they established a hierarchy of classes
of irreducible sofic subshifts closed for taking shift equivalent subshifts, and
they proved that the important class of almost finite type subshifts. This
class has pratical interest for coding with constrained channels [7].

In Section 5 we prove that the conjugacy invariant introduced in Section 4 is
a shift equivalence invariant. The proof depends on the conjugacy invariance.
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2. Preliminaries

2.1. Subshifts and codes. Let A be an alphabet. All alphabets in this
paper are assumed to be finite. The semigroup of finite non-empty words
(or blocks) on letters of A is as usually denoted by A™; the empty word is
denoted by 1 and A* is the monoid ATU{1}. The length of u € A* is denoted
by |u|. Let AZ be the set of sequences of letters of A indexed by Z. We define
in AZ the shift function o4 by the following formula:

UA((fi)ieZ) = (sz‘ﬂ)z‘ez-

Note that o4 is bijective. In general we denote o4 simply by . We endow A%
with the product topology with respect to the discrete topology of A. Note
that AZ is a compact Hausdorff space. From here on compact will mean both
compact and Hausdorff.

A shift dynamaical system or subshift is a non-empty closed topological
subspace X of AZ (for some alphabet A) that is invariant under the action
of o and o~ ! (that is, o(X) C X and o7 }(X) C X). A factor of (x;);cz is
a finite sequence Ty ;in = TiTit1* " Tiyn 1Tiyn, Where ¢ € Z and n > 0. If
X is a non-empty subset of AZ then we denote by L(X) the set of factors of
elements of X. The set of words over A with length n is A”; the set L(X)NA"
is denoted by L, (X). A language L of A" is factorial if it is closed for taking
factors, and it is prolongable if for every word w in L there are letters a and
b such that aub belongs to L. For every subshift X', the language L(X) is
factorial and prolongable. In fact, it is easy to prove that the correspondence
X — L(X) is a bijection between the subshifts of AZ and the non-empty
factorial prolongable languages of A™.

A subshift X of AZ is irreducible if for all u,v € L(X) there is w € A* such
that vwv € L(X).

A code G between the subshifts X of A% and ) of B% is a continuous
function G : X — )Y such that G ooy = op o G. Note that the identity
transformation of a subshift is a code and that the composition of two codes
is a code. Note also that the inverse of a bijective code is a code. A bi-
jective code is called a conjugacy. Two subshifts are conjugate if there is a
conjugacy between them. A conjugacy invariant is a property of subshifts
that is preserved for taking conjugate subshifts. Irreducibility is a conjugacy
invariant. See [21] for the definition and computation of ordinary conjugacy
invariants like the zeta function and the entropy.
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It is well known [13] that a map G : X C AZ — Y C BZ is a code between
subshifts if and only if there are k,{ > 0 and a map g : A**! — B such that
G(v) = (9(w[—pivy))icz. We say that g is a block map of G with memory
k and anticipation [. The code G depends only on the restriction of g to
Li141(X). We use the notation G = ¢gl™%1 : X — Y. or simply G = g~/
when X and ) are known. Note that if n > [ and m > k then G = h[_m’”],
where h(aj_p ) = g(a_xy), for all a = a_pa_pyy .. ap_1a, € Amntl (g €
A). In particular, one can always choose k = [.

Given an alphabet A and k& > 1, consider the alphabet A*. To avoid
ambiguities, we represent an element wy ...w, of (A¥)T (with w; € AF) by
(wy, ..., wy,). For k>0 let ®; the function from A" to (A*"!)* defined by

By ) 1 if n <k,
rlayg...Qy) = .
(A k1) Q2,542)s - - - Qn—k—1,n—1]> An—k,p)) i 7>k,

where a; € A and ay; ;) = a;a;41...aj-1a;. It is easy to see that, if X' is a
subshift of A% and 7,7 > 0 are such that i + j = k, then the restriction of
the code CIDE;ZJ] to X is a conjugacy between X and CIDE;ZJ](X ), whose inverse
is the code with memory and anticipation 0 given by the block map that
sends an element w of A* into its (i + 1)-th letter as an element of A*. A
one-block code is a code having a block map with memory and anticipation O.

A one-block conjugacy is a conjugacy that is a one-block code.

Proposition 2.1. For every code G there are one-block codes G1 and Go
such that Gy is a conjugacy and G = Gy o Gi'.

Proof: For a code G = g[’k’k] - X C AZ — Y C A% let G4 be the restriction

of @g;if] to X and let Gy : (I)Zi’f]()() — Y be defined by Gy = g0, -

Proposition 2.1 is well known and it is very useful because if we want
to prove that some property is a conjugacy invariant it suffices to consider
one-block conjugacies. This simplification will be used later in this paper.

2.2. Sofic subshifts. A subshift X" is sofic if L(X) is rational. We call
graph-automaton to an automaton such that all states are initial and fi-
nal. An automaton is said to be essential if all states lie in a bi-infinite
path of the automaton. One can see that X" is sofic if and only if L(X)
is recognized by an essential finite graph-automaton. We say that a finite
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graph-automaton presents the subshift X" if it recognizes L(X). A sofic sub-
shift is irreducible if and only if it is presented by a strongly connected finite
graph-automaton [12].

A subshift of finite type is a subshift X such that L(X) = AT\ A*FA*
for some finite set F. Therefore finite type subshifts are sofic. A subshift
presented by a finite graph-automaton in which every letter acts in at most
one state is called an edge subshift. An edge subshift is a subshift of finite
type, and every subshift of finite type is conjugate with an edge subshift.

We are going to use the usual definition of a deterministic automaton: let-
ters act on states as partial functions, and there is a single initial state. By
the minimal automaton of a rational language we mean its minimal determin-
istic automaton. The Krieger cover of X is the essential graph-automaton
R(X) obtained from the minimal automaton of L(X') by deleting states that
do not lie in bi-infinite paths. Call Krieger edge subshift of X the edge sub-
shift obtained from K(&X’) by labeling with different letters different arrows
in the graphical representation of &(X'). Krieger showed in [19] that if X
and ) are conjugate sofic subshifts, then their Krieger edge subshifts are
also conjugate. If the sofic subshift X is irreducible then £(X’) has a unique
terminal strongly connected component which is a graph-automaton §(X)
presenting X' [10]. This graph-automaton is named the Fischer cover of X.
The right context of a state ¢ in an automaton is the set of words that label
paths starting at q. A reduced automaton is an automaton such that differ-
ent states have different right contexts. The Fischer cover of X is the unique
graph-automaton presenting X that is strongly connected, reduced and such
that every letter acts on the states as a partial function [12].

2.3. Free profinite semigroups. A compact semigroup is a semigroup
endowed with a compact topology for which the semigroup operation is con-
tinuous. Finite semigroups are assumed to be endowed with the discrete
topology. A profinite semigroup is a compact semigroup 7' such that, for
every pair of distinct elements v and v of T, there is a continuous homomor-
phism ¢ from T into a finite semigroup F such that ¢(u) # p(v). Note that
finite semigroups are profinite.

Let u,v € AT. If u # v then there is some finite semigroup S that does
not satisfy the identity u = v. Let r(u,v) be the smallest possible cardinal
for such an S. Let d(u,v) be 277V if 4 # v, and let d(u,u) = 0. Then d is
a metric.
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Let AT be the completion of A' with respect to d. We call its elements
pseudowords. The topological space A* has a continuous semigroup opera-
tion that extends the concatenation product in A*. The resulting semigroup
At s profinite. In fact we call A* the free A-generated profinite semigroup
because for every map ¢ from A into a profinite semigroup S, there is a
unique continuous homomorphism ¢ : A+ — S whose restriction to A is ©.
The elements of A™ are isolated points of A*. The elements of A \ A" can
not be the limit of a sequence (u,,), of elements of A" such that the sequence
(|tn|)n is bounded. For this reason we say that the elements of At \ A" have
infinite length.

The definition of the free A-generated profinite monoid A* is similar to that
of AT: we just substitute “semigroups” by “monoids”, and “semigroup ho-
momorphisms” by “monoid homomorphisms”. Con51der1ng the empty word
as an isolated point of AT U {1}, we may see AT U {1} as being A%

A clopen subset of a topological space is a subset that is open and closed.
The following proposition [l]\ makes the connection between rational lan-

guages and the topology of A*. For a proof see [2, Theorem 3.6.1].

Proposition 2.2. If L is a subset of A" then L is rational if and only if the

closure of L in AT is clopen. Moreover, the topology of AT is generated by
the closures of the rational subsets of A™.

We say that a subset T" of a semigroup S'is factorial if it is closed for taking
factors. This extends the notion of factorial language.

Lemma 2.3. If L is a factorial rational language of A* then the closure of
L in At is factorial.

Proof: Suppose that xvy € L, where z,y € A* and v € AV, Let (Zn)n,
(yn)n and (v,), be sequences of elements of A" converging to z, y and
v, respectively. The set L is an open neighborhood of zvy by Proposi-
tion 2.2. Since (z,v,Y,), converges to zvy, there is N such that n > N
implies z,v,y, € LN AT. The elements of A" are isolated points of A+ thus
LN A"t = L. Since L is factorial, if n > N then v, € L, thus v € L. |

A subset K of AT is prolongable if for all u € K there are a,b € A such
that aub € K.



CONJUGACY INVARIANTS: AN APPROACH FROM PROFINITE SEMIGROUP THEORY 7

Lemma 2.4. If L is a prolongable language of AT then the closure of L in AT
15 prolongable.

Proof: Let u € L and let (u,), be a sequence of elements of L converging to
u. Since L is prolongable, for each n there are letters a,, and b, such that
anunb, € L. Since there is a finite number of letters, the sequence (a,, b, ),
has a constant subsequence equal to (a,b). Then aub € L. u

A prefiz (respectively, suffiz) of a pseudoword w of At is a pseudoword u
of A* such that w = ur (respectively, w = 7wu) for some 7w in A*.

Lemma 2.5 ([2, Exercise 10.2.10]). Let 7, p € At and u,v € A* be such
that ur = vp or mu = pv. If |u| = |v| then u =v and ® = p.

For every positive integer n and for every pseudoword w of ;11, let i, (w)
(respectively t,(w)) denote the unique longest prefix (respectively suffix) of
w with length less or equal to n. The maps i,, and t,, are continuous.

The next lemma is a particular case of Lemma 7.2 of [6]:

Lemma 2.6. Let p,q, f € AT with f idempotent. If u 1s a finite factor of
pfq then u is a factor of pf or is a factor of fq.

2.4. Idempotent-bound semigroup elements. If s is an element of a
compact semigroup S, then the closure of the subsemigroup generated by s
has a unique idempotent [14], which we denote by s*. For profinite semi-
groups we have s = lim s™. Let e and f be idempotents of S. We say that
an element u of S is bounded by e and f (by this order) if u = euf. An
element is idempotent-bound if it is bounded by some pair of idempotents.
Regular elements are idempotent-bound.

Lemma 2.7. If S is a compact semigroup, then an element u of S is idempotent-
bound if and only if u € SuS.

Proof: The “only if” part is trivial. Conversely, let x,y € S be such that
u = zuy. Then u = x™uy" for all positive integer n. Hence u = x“uy*, since
z¥ and y¥ are adherent points of ("), and (y"),, respectively. |

Lemma 2.8. A J-class J of a compact semigroup S contains an idempotent-
bound element if and only if all elements of J are idempotent-bound.
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Proof: Let u be an element of J bounded by the idempotents e and f. If
v € J then v = zvy and v = zut for some z,y, z,t € S'. Then v = zut =
zeuft = zexvy ft € SvS, and the result follows from Lemma 2.7. |

For compact semigroups, Lemma 2.8 allow us to refer to an idempotent-
bound J-class. The elements of an idempotent-bound J-class are not nec-
essarily bounded by the same idempotents; on the other hand, the elements
of an H-class are bounded by the same idempotents.

Lemma 2.9. Let m be an element of AT such that T = en f for some idem-

potents e and f of AT If s is a suffix of e and p is a prefix of f then the
pseudowords m and swp are J -equivalent.

Proof: We want to prove that 7 is a factor of smp. Let ey and fy be such
that e = egs and f = pfy. Then m = ey(smp) fo. |

Lemma 2.10. Let m be_an element of AT such that m = emf for some

idempotents e and [ of AV, Let p be an element of A% such that m = = xpy
for some x,y € A*. Then w and p are J -equivalent.

Proof: We want to show that 7 is a factor of p. Since enf = xpy, we have
i,(e) = z and t,(f) = y. Hence there are ey and fj such that e = zey and
f = foy, thus zegm foy = xpy. Therefore eqm fy = p by Lemma 2.5. |

Of course, every homomorphic image of an idempotent(-bound) element is
also idempotent(-bound). We have a sort of converse in the compact case:

Lemma 2.11. Let ¢ : T' — S be an onto continuous homomorphism between
compact semigroups. If e is an idempotent of S then o~ '(e) contains an
idempotent. If s is an element of S bounded by the idempotents ey and es,
then there are t € p~1(s) and idempotents f; € o Y(e;) such that t = fitfs.

Proof: Let x € ¢ !(e). Since T is compact we can consider the idempo-
tent x*, which is an adherent point of the sequence (z"),. Since ¢ is contin-
uous and e is idempotent, we have 2 € p~!(e).

Let ty € ¢ 1(s). As we have proved, the set p~!(e;) contains some idem-
potent f;. Let t = fitofo. Then ¢(t) = e1se9 = s and t = fit fs. |

3. Infinite pseudowords and subshifts

3.1. Coding of infinite pseudowords. One of the main reasons to inves-
tigate links between profinite semigroups and symbolic dynamics is that if A
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and ) are subshifts of AZ such that L(X)\ A" = L(Y)\ A" then X = ). In
other words, we can recover X from L(X)\ A*. So it seems a good idea to in-
vestigate the set L(X)\ AT. This program has been initiated by Almeida [4].

Our goal is to find algebraic-topological conjugacy invariants in A+ related
to L(X) \ A*. We want to understand the changes of L(X)\ A% when a
conjugacy is applied to X.

In [2, Lemma 10.6.1] it is proved that ®; : AT — (A*™)* has a unique

continuous extension AT — (AF+1)" which we also denote by ®. Let G :
X C A” — Y C BZ be a code having block map ¢ : A?**! — B, and memory
and anticipation k. Let g be the unique continuous monoid homomorphism

—_—

from (A2¥+1)" into B* that extends g, and consider the map g = go ®9;,. The
map g extends the coding process described by g to every pseudoword of A*.
For all u,v € At we have:

g(uv) = g(u)g(tor(u)v) = gluin(v))gv) = g(uir(v))g(ts(w)v).

This property is easily seen to be true when we have @, instead of g, which
suffices to prove the general case since A" is dense in A*. The following
properties are also inherited from the properties of ®o5: we have g(u) = 1 if
and only if |u| < 2k + 1; if u € AT and |u| > 2k + 1 then |g(u)| = |u| — 2k;
and u € A* \ A" if and only if g(u) € B+ \ BT. In general g is not a
homomorphism (but it is so if £ = 0). However it shares some nice properties
with homomorphisms:

Lemma 3.1. Let G = gI"%*" . x C A — Y C B% be a code. Then:

(1) For K € {J,R,L} and u, v€A+ if u <g v then g(u) < g(v).

(2) If w is a reqular element of AT then g(w ) is a reqular element of B

(3) If w is an idempotent-bound element of A* then g(w) is an idempotent-
bound element of BT,

Proof: Suppose that ©u <7 v. Then u = xvy for some z,y € A*. Hence
g(u) = gzv) - gltar(zv)y) = glaizk(v)) - g(v) - gltar(zv)y).
Thus g(u) <7 g(v). The proof for the relations R and L is similar.
If w is a regular element of A* then w = wxw for some x. Hence
g(w) = glwrw) = g(w) - g(tar(w)zw) = g(w) - g(tap(w) igr(w)) - g(w),
which proves that g(w) is regular.
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Let e and f be idempotents such that w = ewf. Then g(w) = g(eig(w)) -
g(w) - g(top(w) f). Since eigr(w) and top(w)f are infinite pseudowords, we
conclude that g(eigx(w)) and g(tor(w) f) are different from 1 (in fact they are
infinite). Hence g(w) is idempotent-bound by Lemma 2.7. |

3.2. The mirage. Given a subshift X of A% let Mir(X) be the set of
pseudowords of AT whose finite factors belong to L(X). We call Mir(X)
the mirage of X in A*. Note that Mir(X) is a union of J-classes. It is
not surprising that in order to understand the changes of L(X)\ A" when
a conjugacy is applied to X', one is lead to the mirage, because block maps
operate “locally” on elements of A%, and the definition of the mirage reflects

this “locality”. In general the sets Mir(X) and L(X’) do not coincide.

Example 3.2. Consider the sofic subshift Z with the following presentation:
b
a C [ T [
\_//
b

The finite factors of ab**'a are a, ab™, b" and b"a, with n > 1. Hence
ab*tla € Mir(Z). If n > 2 then ab™'a ¢ L(Z) because n! + 1 is odd. Hence
ab“"ta ¢ L(Z) because, by Proposition 2.2, the set L(Z) is open.

The shadow of X in AV is the set Sha(X) =, .7 |u] 7. If X is sofic then

T ueL(X)
L(X) = Sha(X) by Lemma 2.3.

Let Mir,(X) be the set of pseudowords whose finite factors of length n
belong to L(&X'). Note that Mir(X) = (,~,; Mir,,(X). We have

Mir,(X) = A*\ (| AwA?),
WEA™M\ Ly (X)

The set A wA* is clopen because it is the closure in A+ of the rational set
A*wA*. Hence Mir, (&) is clopen and Mir(X') is closed. It is clear that

L(X) C Mir(X), thus L(X) C Mir(X), and so L(X) C Sha(X) C Mir(X).
We do not know if L(&X) = Sha(X) implies that X' is sofic. If X' is of finite
type then for all sufficiently large n we have L(X) = Mir, (X)NA". Since A"
is dense in AT and Mir, (X) is clopen, this implies L(X) = Mir,,(X) = Mir(X)
for all sufficiently large n.

Lemma 3.3. Let G = g[*k’k] - X C AZ - )Y C B% be a code. Then
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(1) g(Lp (X)) C Ly ok (Y) for alln > 2k + 1;

(2) g((L(X)) € L(Y)U {1},

(3) g(Sha(X)) C Sha(y) U {1};

(4) g(Mir, (X)) C Mir,_9x(Y) U {1} for alln > 2k + 1;
(5) g(Mir(X)) C Mir(Y) U {1}.

Proof: If v € L,(X), then v = xp, for some v € X. If n < 2k +1
then g(u) = 1. Let y = G(x). If n > 2k + 1 then ypy1,-4 = g(u), thus
g(u) € L, _9x(Y). This proves ( ) from which we deduce that

(LX) = JaL < U Loau{l}=r)u{i}.

n>1 n>2k+1

Then (2) follows from the continuity of g, and (3) follows from (2) and from
Lemma 3.1 (1).

Let x = z1...2, € Mir,(X)N A", with z; € A. If m < n then g(z) is a
word of length less than n— 2k, and all such words belong to M,,_o1(})U{1}.
We suppose that m > n. Let w be a factor of length n — 2k of g(x). Then
g(z) = pwq for some p,q € B*. Let |p| =1, |q| = s. We have

pwq = g(x) = §(T11,26-041) 9 (T rs1,m—5)) G (T pm—s+1-2k,m]) -
Since ‘g(x[1,2k+r])| = r and ‘g(l‘[m—s+1f2k,m])‘ = s, we have p = g(x[1,2k+r])a
q= g(x[m—s—l—%,m]) and w = g(x[r—&—l,m—s])' Hence |37[7“+1,m—8}| = ’w| +2k=n
and therefore (1 y,—g € L,(X). From item (1) it follows that w € L, 91 (Y).
Hence g(z) € Mir,,_9,(Y). This proves that g(Mir, (X)NA") C Mir,_9,(Y)U
{1}. Hence g(Mir, (X)) € M, _2x(Y)U{1} because A is dense in the compact
space AT, and Mir,,(X') and Mir,_9x()) U {1} are clopen.

From item (4) we deduce the following'

g(Mir(X)) € () g(Mir, (X)) € (] Mir,_x(Y) U {1} = Mir(Y) U {1},
n>1 n>2k+1
which proves (5). |

The following lemma and its two corollaries are crucial since they are the
basic tools to be used in this article.
Lemma 3. 4 Let G = g*k’k] - X C A2 - Y C B% be a code. Suppose
that G = g1 - gg Y and that k > [. Let u be an element of AT with
length greater or equal to 2k + 1. Let r = ix_(ga(u)) and s = ty_i(ga(u)). If
u € Mirgg1(X) then ga(u) = rg1(u)s.
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Proof: If v € X then gi(2_px) = g2(z[—1y)). Every element of Loy y1(X) is of
the form z_y ;) for some x € X. Therefore,

if pwg € Logi1(X) and [p[ = [q| = k — I then gi(pwq) = go(w).  (3.1)

Since u belongs to the open set Mirg,1(X) and |u| > 2k + 1, there is a
sequence (uy,), of elements of A™ N Mirg,1(X) converging to u all of whose
terms have length greater than 2k. Let u,, = 21... 2, with z; € A. Then,

t—k—l t—21

k—l
go(un) = Hg2(z[i,i+2l]) H gz(z[z’,z’+2z1) H gZ(Z[i,i+2l])
3’:1 , i=k—I+1 z:t—k:—l—l—l

Tn Sn
t—2k
=Tn H 92(2[1+k7l,i+k+l])8n
i=1
t—2k

=Ty H 91(2iivon))sn  (by (3.1))
i—1

7

= 1,G1(up) Sp.-
We have r, = ip_1(go(u,)) and s, = tp_1(go(uy,)). Hence go(u) = rgi(u)s,
since i_;, ty_; and g; are continuous. [ |

Corollary 3.5. Let G = gl™"" . x C A2 — Y C B” be a conjugacy,
and let H = hl7W - Y — X be its inverse. Consider an element u of
AT with length greater or equal to 2k + 21 + 1. If u € Mirg 941(X) then
u = ippr(u)hg () trr(u).

Proof: Let f the map that associates to each element of A?FH2+1 the letter
hj(u). Then H o G = fl-k+D++1 — 1q00 and f = hg. Applying Lemma 3.4
with g; = fEEDAH and gy = 1A% we deduce the result. |
Corollary 3.6. Let G = gl""* . x C A2 - Y C B% be a conjugacy and let
H = hl=t Y — X be its inverse. Consider an element v of A*. If r and s

are words of length k + | such that rvs € Mirgy, 9:11(X) then v = hg(rvs).

Proof: By Corollary 3.5 we have rvs = rhg(rvs)s, thus v = hg(rvs) by
Lemma 2.5. ]

The following lemma provides a tool for dealing with idempotent-bound
pseudowords in the mirage.
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Lemma 3.7. Let G = ¢%% : X — Y be a one-block conjugacy with inverse
H = hl=FF. Let e and f be idempotents of Mir(X) and let ¢ = g(e) and
¢ = g(f). Suppose that v is an element of Mir()) such that v = eve.
Consider the pseudoword w = h[tp()vig(¢)]. Then w is an element of
Mir(X) such that g(w) = v and w = ewf.

Proof: The map g is a homomorphism, hence € and ¢ are idempotents. By
Lemma 2.9, t;(e)vir(¢) is J-equivalent to v, and therefore it is also an ele-
ment of Mir())). Thus w € Mir(&X’) by Lemma 3.3. Hence, by Corollary 3.6,
g(w) = v. We have the following chain of equalities:

w = hltg(e)e-cvg- pir(9)]
= h[te(e) eix(e)] - h[te(e) cvdin(@)] - h[t(¢) D ik(0)]
= hfte(e) ein(e)] - w - Altr(d) 9 in(9)].

Since g is a homomorphism, we have

w = hgtr(e)eir(e)] - w- hg[tu(f)fi(f)]. (3.2)

Again by Lemma 2.9, the pseudowords e and tx(e)eix (¢) are J-equivalent,
and therefore they are both in Mir(X). For the same reason ty(f)fix(f)
belongs to Mir(X). We have hg[ti(e)eir(e)] = e and hg[te(f)fic(f)] = f
by Corollary 3.6. Hence by (3.2) we conclude that w = ewf. |

3.3. An invariant partially ordered set defined by the mirage. The
expression partially ordered set will be abbreviated by the term poset. Let
S be a semigroup. If T is a union of J-classes of S, then we denote by T
the poset defined as follows: the elements of T are the idempotent-bound
J-classes of S that are contained in T; the partial order of T is the one
induced by the quasi-order < ;.

Let G be a code between the Subshi/fgs X of A% and Y of B%. Let g be a
block map of G. If J is a J-class of AT then all the elements of g(J) lie in
the same J-class by Lemma 3.1. Moreover, if J is idempotent-bound and is
contained in Mir(X), then [g(J)] 7 is also idempotent-bound and is contained
in Mir()), by Lemmas 3.1 and 3.3. We can therefore define the map G' from
Mir(X)" to Mir(Y)' that sends J to [g(J)]7. The map G is order-preserving
by Lemma 3.1.

Remark 3.8. The map GT depends only on the code G.
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Proof: Suppose that G = g%ﬁk’k] = ggl’l] and that £ > [. Let u be an

idempotent-bound element of Mir(&’). Then gs(u) is idempotent-bound. By
Lemma 3.4, there are words r and s of length k£ —{ such that gs(u) = rgi(u)s.
By Lemma 2.10, the pseudowords g;(u) and go(u) are J-equivalent. |

We denote by Idq the identity function on a set Q).

Proposition 3.9. Let G : X — Y and H : Y — Z be codes between subshifts.
Then H' o GT = (H o G)'. Moreover, (Idy)" = Idngir ()t -

Proof: It is clear that (Idy)" = Id g2yt

Let G = gl™"" . ¥ - Y and H = 74 1 Y — Z be codes, with X C A%,
Y C B%Z and Z C C%. Let f be the map that associates to each element
w of A2+ the letter hg(u). Then fIZ¢:+04+ is a block map of H o G
with memory and anticipation k + [, and f = h o g. Therefore if J is an
idempotent-bound J-class of Mir(X') then

HY(G'(J)) = H'([9())]7) = Ma(I)]s = [f(])]g = (H o G)I(J).
Hence H' o GT = (H o G)'. |

Corollary 3.10. The posets Mir(X)' and Sha(X)" are conjugacy invariants.

Proof: For any code G : X — ) we have G'(Sha(X)") C Sha(Y)!, by
Lemma 3.3. By Proposition 3.9, if G is a conjugacy then G' is an iso-
morphism of posets (with (GT)~! = (G=1)1). |

3.4. The Schiitzenberger groups in the mirage. Let H be an H-class
of a semigroup S. The right stabilizer of H is the submonoid of S! given by

T(H)={zxeS'":Hr=HY={xcS': HxnH # 0}
In T(H) we can consider the following equivalence relation:
r~y< dhe H:hr=hy< VYhe H hr=hy.

The relation & is a monoid congruence on T(H). Let I'(H) = T(H)/~ and
let £ be the quotient homomorphism T'(H) — I'(H). The following theorem
is proved in [20, Theorem 3.3] in a non-topological version; see [14] for the
topological part.

Theorem 3.11. Let H be an H-class of a compact semigroup S. For the
quotient topology, the monoid I'(H) is a compact group of permutations of
H with the same cardinal as H. If Hy and Hy are two H-classes contained
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in the same J-class of S, then I'(Hy) and I'(Hy) are isomorphic compact
groups. If H is a maximal subgroup of S, then H and I'(H) are isomorphic
compact groups.

The compact group I'(H) is called the Schiitzenberger group of H and of
the J-class of H. It is easy to prove that the Schiitzenberger groups of
profinite semigroups are profinite groups. The non-topological version of
Theorem 3.11 speaks about D-classes, but in compact semigroups a D-class
is a J-class.

Proposition 3.12. Let X and ) be subshifts of A% and B” respectively. Let
G = ¢l . X =Y be a one-block conjugacy. Let U be an zdempotent bound
H- class of A% contained in Mir(X). Consider the H-class V' of B that
contains g(U). Then the Schiitzenberger groups of U and V are isomorphic
compact groups.

Proof: The reader should have present within this prove that g is a homo-
morphism. Let u € U and let e and f be idempotents of AT such that
u = euf. Consider the set

P:{:Befljf:x:fxfanduer}.

Every element of U has the form ux for some x € P. Let n be the map
from U into V' that maps an element of the form ux with x € P to g(uz).
Let h be a block map such that G=! = =%k, By Corollary 3.5 we have
ux = ir(e)hg(ux)ty(f). Therefore 7 is injective.

Let v € V. Then there is y € B* such that v = g(w)yand y = g(f)yg(f).
Since y € Mir()), by Lemma 3.7 there is x € Mir(X') such that g(x) = y and
r = fxf. Thus g(ur) = v, and ur € Mir(X’) by Lemma 2.6. Dually, there is
x’ such that 2’ = ex’e, 2'u € Mir(X') and g(z'u) = v. Since ux and z'u are
bounded by the idempotents e and f, by Corollary 3.5 we have

ur = ig(e)hg(uz)ti(f) = ir(e)h(v)ti(f) = (e)hg(z'u)ts(f) = 2"u.

We have G'[uz]s = [g(u)]7 = G'[u] 7. Therefore ux and u are J-equivalent,
since G is bijective. Moreover, uxz and u are H-equivalent because compact
semigroups are stable and ux = 2’u. Hence ux € U, thus x € P. This proves
that 7 is bijective, since v = n(uzx).
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Every element of I'(U) has the form £;7(z) for some z € P. The correspon-
dence

Y :I(U)—T(V)
Ev(x) — &v(g(x)), x € P.

is a well-defined map. An element of I'(V) has the form &y (y) for some
y € T(V). Since g(u)y € V and 7 is onto, there is z € P such that g(u)y =
g(uz). Therefore &y (y) = v (g(2)), thus ¥ is onto. The fact that the map 1
is one-to-one also follows easily from the fact that n is one-to-one. ]

A labeled poset is a poset in which every element is labeled by an element
of a certain class. A morphism between two labeled posets ./ and £ is an
order-preserving map ¢ : &/ — % leaving the labels unchanged.

For a J-class J of a compact semigroup S, we define the ordered pair
(€7,%y) as follows: the symbol €; is equal to 1 if J is regular, and is equal
to 0 otherwise; in both cases ¥ is the isomorphism class (in the algebraic-
topological sense) of the Schiitzenberger group of J. If T is a union of
J-classes of S then we denote by Ti the labeled poset that results from 7'f
by labeling each [J-class J with the ordered pair (e¢;,%9;).

Theorem 3.13. The labeled posets Mir(X)' and Sha(X)! are conjugacy
mnvariants.

Proof: Let G : X — ) be a conjugacy of subshifts. By Proposition 3.9
the map GT : Mir(X )T — Mir(y)Jr is an isomorphism of posets. Moreover,
G'(Sha(X)) = Sha(Y). It remains to prove that GT preserves labels.

By Lemma 3.1, the maps G' and (G~1)' send regular [J-classes into regular
J-classes. Moreover, (G~!)T = (G")~!, by Proposition 3.9. Therefore G
sends non-regular J-classes into non-regular J-classes. Hence G preserves
the labels €.

By Proposition 2.1 there are one-block conjugacies G; and G4 such that
G = Gy0G;'. Let K be an element of Mir(X)". By Proposition 3.12
the Schiitzenberger group of (G;!)T(K) is isomorphic to the Schiitzenberger
groups of G{ o (G{HT(K) and G; o (G{H1(K). By Proposition 3.9, we have
Glo (GTHI(K) = K and Gl o (GTHY(K) = GI(K). n

Notice that Mir(X)!, = (Mir(X) \ A")!, since idempotent-bound pseu-
dowords are infinite.
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Almeida proved in [4] that if X is a minimal subshift of AZ then all infinite

pseudowords in L(X) are in a common J-class of ;11, which we denote by
J(X); furthermore J(X') is regular and the correspondence ) +— J(J) is
a bijection/laetween the set of minimal subshifts of AZ and the set of 7-
classes of AT that are J-maximal among J-classes of infinite pseudowords
over A. Therefore, if X is minimal, then Mir!, (X) has only one element,
which is labeled by the isomorphism class of the Schiitzenberger group G(X)
of J(X). The conjugacy invariance of G(&X’) was announced in [3], but no
proof was given. That result is now a particular instance of Theorem 3.13.
The group G(&') is computed in [4] for several classes of minimal subshifts.
For example, if X' is Sturmian (see [22] for background) then G(X) is a free
profinite group on two free generators.

We can generalize the results of this section to a large class of relatively free
profinite semigroups. See [3] for background about relatively free profinite
semigroups and pseudovarieties. Let V be a pseudovariety containing the
pseudovariety of finite semilattices and such that V =V x D, where D is the
pseudovariety of finite semigroups with a right zero. Denote by Q4V the
free A-generated pro-V semigroup. For a subshift X, one could consider the

closure L(X )V of L(X) in Q4V, as well the closed set Mir(X; V) of elements of
24V whose finite factors are in L(X'), and the set Sha(X;V) = Uuem\/ [u] 7.

The proof that Mir(X’; V)T>< and Sha(X; V)T>< are conjugacy invariants can be
treated in the same way as we did for Theorem 3.13, with the appropriate
adaptations. For instance, one should prove that the map ®; : A* — (A1)
has a unique continuous extension Q4V — (Que1V)! and that Lemma 2.5
remains valid for elements of 24V. The proofs of these results are easy once
we are familiarized with the results from Section 10.6 of [2] about semidirect
products with D.

4. The sofic case

4.1. The syntactic semigroup of a sofic subshift. A binary relation
KC in a semigroup S is stable if r K s implies tr K ts and rt K st for all
r,s,t € S. The semigroup congruences are the stable equivalence relations.
The following quasi-order is stable:

v<pu<s Ve,y e A" zuy € L = zvy € L.
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The equivalence relation generated by < is a semigroup congruence, the
syntactic congruence of L. The quotient of AT by the syntactic congruence
of L is called the syntactic semigroup of L. We denote it by Syn(L). Let
dr, be the canonical homomorphism from A* into Syn(L). The relation in
Syn(L) also denoted <;, (or simply <) and given by
dr(v) <p dr(u) & v <pu,

is a well-defined partial order. The semigroup Syn(L) equipped with the par-
tial order < is an example of an ordered semigroup: a semigroup equipped
with a partial order stable for multiplication. There is a generalization of the
theory of finite semigroups to finite ordered semigroups [24]. The language
L is rational if and only if Syn(L) is finite, and if Syn(L) is finite then 7, has
a unique extension to a continuous homomorphism 4y, : At Syn(L).

Lemma 4.1. Let u and v be elements of At If L 1s a rational language of
AT then

or(v) <p, 0p(u) < [Vz,y € ;1\*, zuy € L= zvy € L.

Proof: Let (uy,), and (v,), be sequences of elements of A% converging to u
and v respectively. There is an integer p such that if n > p then 67 (u,) =

dz(u) and 07 (v,) = 0(v). We have then the following equivalence:
v) £ op(u) & [Tk :Vn > k,00(v,) £ 0r(uy)].
We want therefore to prove the equivalence of the condition
Ak :Vn > k,3x,,y, € A zpuny, € LA x00y, € L (4.1)
with the condition
Az,y € A*:auy € LAavy ¢ L. (4.2)

Since the elements of A are isolated points, we have LN AT = L. From the
fact that L is a rational language, it follows from Proposition 2.2 that the set

L is clopen in A*. Moreover, A* \ L is also rational and A+ \L=A\L.

These properties of L, together with the compactness of A+, make an easy
routine the veriﬁcation of the equivalence between (4.1) and (4.2). |

Let X be a subshift of AZ and let Syn(X) be the syntactic semigroup
of L(X). Note that X" is sofic if and only if Syn(X) is finite. We denote
respectively by d y and Sy the homomorphisms 07,(x) and 5 L(x)- Knowing that
the transition semigroup of the minimal automaton of a rational language is
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isomorphic to its syntactic semigroup, one can see that for a sofic subshift X
the transition semigroup of its Krieger cover (and its Fischer cover, in case
X is irreducible) is isomorphic to Syn(X’). This fact is used in [9, 8].

If X = AZ then Syn(X) is the trivial semigroup. The subshift AZ is usually
named the full shift of AZ. Suppose that & is not the full shift. Then Syn(X)
is a non-trivial semigroup with a zero (denoted by 0). One can easily prove
that 0x(u) = 0 < u ¢ L(X) for all w € A" [11]. This implies that if X is
sofic then dy(u) = 0 < u ¢ L(X) for all u € A*. The zero is the maximal
element of Syn(X') for <p(x), because if u € A™\ L(X) then zuy ¢ L(X) for
all x,y € A*.

4.2. Tools for dealing with the syntactic semigroup. For u € A",
r,v,s € A* if u=rvs and |r| = k — 1, |rv| = [ then we denote v by any of
the following notations: wp, ), wjg—1.1], Uk 141[-

Proposition 4.2. Let G = gl%F - x € AZ — Y C B” be a conjugacy
between sofic subshifts. Let e and f be idempotents of AT and u an element

of L(X) such that u = euf. If dx(u) > dx(v) then dy(g(u)) > dy(glevf)).

Proof: Suppose that zg(u)y € L(Y). By Lemma 2.4 there are words r and s
of length k+1 such that rzg(u)ys € L(Y). Let p = igrr2(e) and g = tyra(f),
and let €, € AT be such that e = pe and f = ¢q. Then

reg(u)ys = rrg(peugq)ys
= 12g(Ppar)) - G(P12k akt20EUPGN 26+21)) - G(Q21,4k420) Y

Let H = hl=" be the inverse conjugacy of G. Since the words g(p 12k 4k+-21])
and g(q q1,2k+2) have length 21, we have then

]
h(mg( Jys) =
[ zg(p 14k) (p 2kz4k+21])] ‘hg(p]2k,4k+21]5U¢Q[1,2k+21])‘
[ 12k+2l (Q]2z 4k+2l])3/3]

[ xg(p 14k+2l)] hg( ]2k4k+2z€u¢Q12k+2Z])‘h[§(9[1,4k+2u)ys}
h[mg(p[mmzn)] " P)3k+1,4k421€ U - </5Q1k+u h[9(9[1,4k+2l])ys}a

where the last equality is justified by Corollary 3.6. Let z be the pseudoword

B[Txg(p[1,4k+2l])} * D3k Ak420)E * U PG k+1] B[g(%,zxmzn)ys]-
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Since rxg(u)ys € L(Y), we have h(raxg(u)ys) € L(X), by Lemma 3.3. Hence,
since dy(u) > 0x(v), from Lemma 4.1 we deduce that z € L(X), thus g(z) €
L(Y). Again by Corollary 3.6,

Bﬁ(p[1,4k+21}) = Dlk+1,3k+1]5 B@(Q[1,4k+2l]) = Qk+1,3k+1]-

Hence the suffix of length 2k of B[Txg(p[1’4k+2”):| iS Pi41,3%+1, and the prefix
of length 2k of h[g(q[174k+2”)ys] iS q)j+1,3%41- Therefore,

9(z) = 971[7“@(]?[1,4k+21})] - G414k 20EVPY 341]) - gh [@(Q[1,4k+21])y<9]- (4.3)

For m € {p, q} we have (71 ax+21) = G(T13%+0) (Mt 1,4k+20). With these fac-
torizations and observing that the length of each of the words r, s, G(pjp41,45-+21)

and g(qp 3k4y) is k + 1, Corollary 3.6 allows us to perform the following sim-
plification of equality (4.3):

g(z) = xg(p[1,3k+z]) ',(7(p]k+z,4k:+2l]5")@(][1,3%1]) : g(Q]k+z,4k+2l])y
= 29(P[1ak420E0Pq 4k+21)Y
= ﬂfg(evf)y

Therefore zg(u)y € L(Y) = zg(evf)y € L(Y). Then, from Lemma 4.1 we
deduce that 0y(g(u)) > dy(g(evf)). |

Theorem 4.3. Let G = gl . X C AZ — Y C B” be a conjugacy between
sofic subshifts. Let e and f be idempotents of;ﬁ Let u and v be elements
0]”;1\+ such that w = euf, v = evf, u € L(X) and v € Mir(X). Then
dae(w) > S (v) if and only if by(g(u)) > dy(g(v)).
Proof: The direct implication follows immediately from Proposition 4.2. Con-
versely, suppose that dy(g(u)) > dy(g(v)). Then,

oylg(tr(e)uir(f))] = 0y[g(ti(e) iar(e))] - oy (g(w)) - oy[g(tar(f) ix(f))]
> dy[g(tr(e) ian(e))] - 9y (g(v)) - dy[a(tan(f) in(£))]
= dy[g(t(e)vir(f))]- (4.4)

For w € {u,v} let wg be ty(e)wir(f). By Lemma 2.9, the pseudoword wy
is J-equivalent to w, hence uy € L(X) and vy € Mir(X) since L(X) and
Mir(X') are unions of J-classes (for the former set see Lemma 2.3). Hence
g(up) € L(Y) and g(vg) € Mir(Y). The pseudowords ¢ = g(tx(e)eir(e)) and
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g(te(f) fik(f)) are idempotents such that eg(wg)¢ = g(wg). Therefore,
= hl= is the inverse conjugacy of G, then by Proposition 4.2 we have:

dx(hg(ug)) = dx(hg(vy)). (4.5)
By Corollary 3.5 we have wy = ij4;(wo)hg(wo) tesi(wo). Note that iy (wo) =
tr(e)ii(e) and tpii(wo) = 6(f)ik(f). Let r = eie) and s = t(f)f. Then
rhg(wy)s = w. Multiplying on the left both members of (4.5) by dx(r), and
on the right by dx(s), we obtain dx(u) > dx(v). |

¢
if

Tl

Corollary 4.4. Let G = ¢gI=%* . x C AZ? — Y C B% be a conjugacy between
sofic subshifts. Let e and f be idempotents of A, Let u and v be elements
gf;ﬁ such that u = euf, v = evf, u € L(X) and v € Mir(X). Then
bx(u) = B(v) if and only if Sy(g(u)) = Sy(g(v)).

Proof: Suppose that dy(u) = dx(v). Then v € L(X), since u € L(X).
Applying Proposition 4.2 twice, we conclude that 0y(g(u)) = dy(g(v)). Con-
versely, suppose that 0y(g(u)) = 0y(§(v)). From Theorem 4.3, we deduce
ox(u) > dx(v). If v ¢ L(X), then dx(v) = 0 > dx(u). If v € L(X) then we
apply again Theorem 4.3, interchanging the roles of v and v. u

4.3. A syntactic conjugacy invariant of sofic subshifts. Let X be a
sofic subshift. If X is the full shift then Syn(&’) is the trivial semigroup, and
if not then Syn(X) \ {0} = 0x(L(X)). Note that dx(L(X)) is a union of J-
classes. The labeled poset of the idempotent-bound [J -classes in the syntactic
image (LPLJSI) of X is the labeled poset dx(L(X))%. In this section we prove
that the LPIJSI is a conjugacy invariant of sofic subshifts.

Proposition 4.5. Let G = ¢gl™%* . x C A — Y C BZ be a conjugacy
between sofic subshifts. If in what follows J is an idempotent-bound [J -class
contained in L(X) then the correspondence

G 1 5x(L(X))" — dy(L(Y))f
()] 7 — [oy(GI())]7

1s a well-defined order-preserving function.

Proof: By Lemma 2.11 and since 63! (3x(L(X))) = L(X), every element of
Sx(L(X))T is the J-class of an idempotent-bound element of L(X). Let u
be an element of L(X) such that u = euf for some idempotents e and f of




22 ALFREDO COSTA

A*. Suppose that w is such that ox(u) <7 dx(w). Then there are elements
p and ¢ of A* such that dx(u) = dx(pwq). By Corollary 4.4, dy(g(u)) =
oy(gGlepwqf)), thus dy(g(v)) <z déy(g(w)), which proves that G* is order
preserving. In particular, if u J v then dy(g(u)) J 0y(g(v)), which proves
that G* is a well-defined function. ]

The following is an immediate corollary of Proposition 3.9.

Proposition 4.6. Let G : X — Y and H : Y — Z be conjugacies between
sofic subshifts. Then H® o G* = (H o G)*. Moreover, (Idx)* = Ids,((x)-

Corollary 4.7. The poset §x(L(X))" is a conjugacy invariant of sofic sub-
shifts.

Proposition 4.8. Let G : X C AZ — Y C B” be a conjugacy between sofic
subshifts. If K is a J-class of dx(L(X)) then K is reqular if and only if
G*(K) is regular.

Proof: By Lemma 2.11, if K is a regular J-class of dx(L(X)) then there is a
regular J-class J of A+ such that K = [6x(J)]7. We have J C L(X). Since

G preserves the regularity of a J-class, the J-class G5(K) = [0y(GT(J))]4
is regular. Hence G* sends regular [J-classes to regular J-classes. The same
is true with (G~1)°, which is the map (G*)~!, by Proposition 4.6. |

Proposition 4.9. Let G : X C A? — Y C BZ be a conjugacy between
sofic subshifts. If K is an idempotent-bound J-class of dx(L(X)) then the
Schiitzenberger groups of K and G*(K) are isomorphic.

Proof: By Propositions 2.1 and 4.6, we are reduced to the case where G is a
one-block conjugacy. Suppose that g is a block map for G with memory and
anticipation zero. Note that g is a homomorphism. Let U be an idempotent-
bound H-class of K. By Lemma 2.11 there is an element u of 5;(1(U ) bounded
by some idempotents e and f. Consider the set

P:{zefli:z:fzfand&((z) eTU)}.

By the definition of G¥, since u is idempotent-bound, we have dy(g(u)) €
G*(K). Let V be the H-class of y(g(u)). Every element of U has the form
dx(uz) for some z € P. Consider the correspondence:

n:U — Syn())
dx(uz) — 6y(§(uz)), z € P,
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Let z; and 25 be elements of P. Note that uz; € L(X) and that uz, =

euz f. Therefore dx(uz) = dx(uz) if and only if dy(G(uz1)) = dy(G(uzs))
by Corollary 4.4. This shows that n is a well-defined injective function.

Let z € P. Then there is 2/ € A" such that dx(uz) = dx(z'u) and 2'u =
ezuf. From Corollary 4.4 we deduce that dy(g(uz)) = dy(§(zu)). From
this equality and the fact that, according to Proposition 4.5, dy(g(uz)) is J-
equivalent to dy(g(u)), we deduce that dy(g(uz)) is H-equivalent to dy(g(u))
because finite semigroups are stable. Hence n(U) C V.

Let v € V. Then there are p;,ps € B* such that v = oy(g(u)pr) =
Oy(p2g(w)). Since dy(G(u)) = dy(G(uf)) = dy(g(eu)) we can assume that
m = g(f)pg(f) and p» = g(e)pg(e). Since p; € L(Y), by Lemma 3.7
there is ¢; € Mir(X) such that g(¢;) = p; and ¢ = farf, ¢ = ege. Then
ugi, gu € Mir(X) by Lemma 2.6. Since v = = 0y(7 (ug1)) = oy (G(qgou)), we
have dx(ug)) = dx(gau) by Corollary 4.4. Let w = dx(uq). Note that
w is R-below and L-below dx(u). On the other hand we have G®[w]y =
0y(g(uq1))]s = G5(K). Therefore w is J-equivalent to dy(u) since G* is
bijective. Thus w € U, because Syn()) is stable. Hence ¢; € P and n(w) = v.
This proves n(U) =V, thus |U| = |V|.

Note that every element of I'(U) has the form fU[S;\{( )] for some z € P.
Let 21,2 € P. Then &[ox(21)] = &u[dx(22)] © dx(uz) = dx(uz) and

Ev[0y(9(22))] = &v[op(g(22))] & mlda(uz1)] = n[dx(uz)]. Therefore, since 7
is an injective map, the correspondence

&uldx(2)] = &vloy(g(2))), = € P,

is a well-defined injective homomorphism from I'(U) into I'(V). And since
ID(U)| = |U| = |V|=|I'(V)], it is an isomorphism. u

From Corollary 4.7 and Propositions 4.8 and 4.9, we finally conclude that
the LPIJSI is a conjugacy invariant of sofic subshifts.

Example 4.10. Consider the sofic subshifts X and ) with the following
Fischer covers:

b b }/\ b b }/\

X: o—e0—0o e —~0——> o

\/ \_/ \/ \/
c a
a a



24 ALFREDO COSTA

Subshifts X and Y have the same zeta function and the same entropy. These
imvariants are also equal in their Krieger edge shifts. The LPIJSI of X and
Y are not isomorphic (see Figure 1), hence X and Y are not conjugate.

(1,Zs) (1,7Zo)

(1,7Z3) (1,7Z5)
\ / S /
(0,7Z4)
0.7, |

(17 Zl)
Fi1GURE 1. The LPILJSI of X and ).

The LPIJSI is of no use for detecting non-conjugate irreducible subshifts
of finite type, since in such cases it is reduced to a single point labeled (1, Z;)
(see [9]). On the other hand, both subshifts of example 4.10 belong to the
class of almost finite type subshifts [7].

4.4. Krieger and Fischer presentations. For a = (z;);cz- € AT 3 =
(Ti)iezs € A% and v = 2 ...z, € A" (where n € ZT), we denote by a. the

sequence (z;);ez and by avy the sequence ...z _sr_or 121 ...2, of AL Let
X be a sofic subshift of A%. Consider the set

“={rcA? :x.yc X for some y € AZ+}-

The future in X of a sequence z of X~ is the set {y € A% : z.y € X},
The relation on A% that identifies sequences with the same future is an
equivalence relation. We denote by [z] the equivalence class of z. The Krieger
cover of X is isomorphic to the graph-automaton whose states are the classes
[z] with x € X7, and whose transition homomorphism 7 is defined by [z]-a =
[za], for a € A such that za € X~ [19]. Let 7 be the unique continuous
homomorphism extending 7 to AT. We have 7(u) = 7(v) if and only if
dx(u) = dx(v), for all u,v € A*. We denote by Im gy u the image of 7(u)
and by Img x) u the image of the restriction of 7(u) to the states of F(X'). It
is well known that J-equivalent elements in a semigroup of partial functions
have the same rank (the rank is the cardinal of the image). For a J-class K of
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Syn(X) let rankg x) K (respectively rankg vy K') be the rank of K considering
Syn(X) as the transition semigroup of R(X') (respectively F(X)).

Proposition 4.11. Let X and ) be sofic subshifts of A and B%, respectively,
and let G : X — Y be a conjugacy. If K is an idempotent-bound [J-class
of 0x(L(X)) then rankg x) K = rankgx) G*(K). If X and Y are irreducible
then rankgyy K = rankgy) G*(K).

Proof: If we prove the inequality rankgy) K < rankgx) G*(K), then we just
apply it to G~!, deducing the converse inequality:

rankg(y) G*(K) < rankgy)(G)°G*(K) = rankgx) K.
Let G = ¢gl"%# and G' = bl Let u € A* and e, f € A* be such that e

and f are idempotents and 0 x(euf) € K. There are elements ey and fj of
AT of length greater than 2k + 2[ and such that

dx(eo) = dx(e), dy(gle)) = dy(gle)), tar(f) = tar(fo),
Ox(fo) = 0x(f),  6y(a(fo)) = ox(a(f)), iakle) = inu(eo).
Then
0y(gleatufo)) = dy(g(eo)g(tar(eo)u iz £0))g(fo))
0y(g(e)g(tar(e)uis(f)I(f))
= 0y(g(euf)).

For x € A% | let g(z) = (9(®igisk))icr € AZ; and for z € A% et

§(x) = (9(@ipisr))isk € A% Let F = (Vg)getmg ) couf D€ a family of
elements of X'~ such that ¢ = [v,] - equfy. Consider the map

Yr : Imgx) eoufo — Imgy) gleoufo)
q = [g(vgeoufo)]-
This map is well defined, because [g(v,eoufy)] = [g(vqi2k(eoufo))] - gleoufo).
Since 8y (g(eoufo)) = dy(gleuf)) € G*(K), our goal of proving the condition

rankgvy K < rankgyy G°(K) will be achieved if we prove that ¢ is injective.
Suppose that ¢ and r are distinct elements of Imgy) K. Then, without loss

of generality, we can suppose that there is s € AZ" such that:

veeoufo.s € X, veepufy.s ¢ X. (4.6)
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Hence
9(vgeoufo)-g(tar(vgeoufo)s) € V. (4.7)
We want to prove that
g(vreou fo)-g(tar(vgeoufo)s) ¢ . (4.8)
Suppose the contrary. Then for all i > 1 we have
G((vr)mi—k—1,-neoufospirirary) € L(Y). (4.9)

Note that (v,)—;_r—i—1jeoufo € L(X) (because v.equfy € X~) and that
fosp,it14e+y € L(AX) (because vgegufy.s € X). Hence, since fy has length
greater than 2k + 21, we have (v,.)[—;—g—1,—11€0%f05(0,i4+1+k+1) € Mirogyo41(X).
From Corollary 3.6 we deduce that

(vr) (=i —11€0ufos0i+1] = PG((V3)[—i—k—1-11€0US0S[0,i411+k+1])-

Therefore (v,);—; —1j€oufosp,i+1] € L(X) by (4.9). Since i can be taken ar-
bitrarily large, this implies that v.equfy.s € X, which contradicts (4.6).
Hence (4.8) is true. Comparing (4.7) and (4.8), we conclude that ¥ r(q) #
Yx(r). Hence £ is injective, and in fact bijective, since we have proved that
rankgyy K = rankgy) G*(K).

Again, to prove that rankgy) K = rankgy) G°(K) it suffices to show that
rankgy) K < rankgy) G*(K). Let r be a state of §(Y). Since F(V) is
strongly connected, there is z € BT such that r - 2 = r, which implies
r-z¢ =rand 2¢ € L(Y). Let 2/ = ij4(2%) 2 tju(2%). The pseudowords
2% and 2’ are J-equivalent by Lemma 2.9, thus 2z’ is an idempotent-bound
element of L())) by Lemma 2.3. Hence h(2') is an idempotent-bound element
of L(X) and g(h(2')) = z¥, by Corollary 3.6. We may therefore consider a
map g : Img h(') — Imgy) 2* for some family G. Since vg is onto, we
have r = [g(x)] for some z € X~. For each ¢ € Imgy)eoufy, let v, € A%
be such that [v,] is a state of S( ) and ¢ = [v,] - eoufo Because §(X) is
the unique terminal strongly connected component of K(X') there is w, € A"
such that [v,] = [z] - wy = [rw,]. We have already proved that the map

¢ : Imgy) eoufo — Imgy) gleoufo)
q — [g(rweounfy)].
is injective. On the other hand, ¢(q) = [g(z)] - g(tar(z)weeoufy)) and [g(z))
is a state of (). Since F(Y) is the terminal component of K()), this shows
that ¢(q) € Imgy) gleowfo). u



CONJUGACY INVARIANTS: AN APPROACH FROM PROFINITE SEMIGROUP THEORY 27

Consider a sofic subshift . For an idempotent-bound J-class J of  x(L(X))
we add to the label (¢;,%;) of J in the LPIJSI a third element, the rank of
J in K(X). We call the resulting labeled poset the Krieger LPIJSI of X. If
X is irreducible, then we add a fourth element, the rank of J in F(X), and
we call Fischer LPIJSI to this labeled poset. The invariance of the LPIJSI
and Proposition 4.11 are be summarized in the following theorem:

Theorem 4.12. The Krieger LPIJSI is a conjugacy invariant of sofic sub-
shifts, and the Fischer LPIJSI is a conjugacy invariant of irreducible sofic
subshifts.

If we delete the non-regular [J-classes in the Krieger and Fischer LPIJSI we
still have a conjugacy invariant. The existence of these weaker invariants was
proved in [9]. They are ineffective to prove that the subshifts of Example 4.10
are not conjugate. The authors of [9] used a substantially different approach,
one that used symbolic matrices, the main tool being Nasu’s Classification
Theorem for sofic subshifts [23].

It seems hard to find examples in which the Krieger and Fischer LPIJSI
detect non conjugate sofic subshifts with the same syntactic LPIJSI, the same
entropy and the same zeta function. The pair of of Example 1.4 in [15] is
an example of this kind, but another invariant (of no use for irreducible sofic
subshifts) is given there.

Note that in the proof of Proposition 4.11 the property of the Fischer
cover that intervened was the fact that it is the unique strongly connected
terminal component of the Krieger cover. Hence, if X and ) are conjugate
sofic subshifts whose Krieger covers have unique strongly connected termi-
nal components then Proposition 4.11 holds for the rank on such terminal
components. Note that there are in fact non-irreducible subshifts with a
unique strongly connected terminal component in its Krieger cover: the two
subshifts of Example 1.4 in [15] are in such conditions.

5. Shift equivalence

Let X be a subshift of AZ and let [ > 1 be an integer. Consider the alphabet
Al of the elements in A* with length [ and let 4; be the map X — (A’)Z such
that (vi(2)); = @pri4-1. The image of 4 is a subshift of (A")Z referred as
the [-th power shift of X and denoted by X’. Two subshifts X and ) are shift
equivalent if there is [ > 1 such that X! and )' are conjugate. If X! and !
are conjugate then for all k& > [ the subshifts X* and Y* are also conjugate.
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Conjugate subshifts are shift equivalent, but the validity of the converse in
the finite type case was a major open problem for a long time, until Kim
and Roush found examples showing that the converse is false [17, 18]. There
is an algorithm for deciding if two sofic subshifts are shift equivalent or not,
but it is very complicated, even for finite type subshifts [16, 21].

Let X be a sofic subshift of AZ. Recall that dy(u) is the equivalence class
of u in A" for the syntactic congruence of L(X). Consider an integer [ > 1.
We can naturally embed (A))™ in A, It is easy to see that if u € (A')* then
Sxi(u) = dx(u) N (AT, so that the map that sends dy:(u) into dx(u) is a
well-defined one-to-one homomorphism from Syn(X!) into Syn(X), for which
reason we can consider Syn(X') as a subsemigroup of Syn(X). The following
lemma isolates and generalizes an argument in the proof of the last theorem

of [9]:

Lemma 5.1. Let X be a sofic subshift of A and consider an integer | > 1.
Let E be the set of idempotents of Syn(X). For each e in E let w, be an
element of A™ such that dx(w.) =e. Let ' =1 x [[,cp|we| + 1. Let s be an
element of Syn(X) for which there is an idempotent f such that s = sf or
fs=s. Then s € Syn(X").

Proof: Suppose that s = sf (the other case is similar). Let v € A" be such

that ox(v) = s. Let k = |v|(l|/w—7fl|) Consider the word u = v(w;)F. Then

lu| = [v| x I and Sx(u) = dx(v)x(ws)* = sf = s. u

Proposition 5.2. Let X be a sofic subshift. For an integer | > 1, let I’ be
as in Lemma 5.1. Then X and X' have the same LPLJSI.

Proof: Let P = Syn(X) and Q = Syn(X"). By Lemma 5.1 the set of
idempotent-bound elements of P equals the set of idempotent-bound ele-
ments of ). We denote this set by B. For K € {J,R,L, H} let Kg be
the relation K in a semigroup S. Let u,v € . Clearly if u <, v then
u <z, v. We prove the converse. Suppose that v <,, v. Then u = zv for
some z € P'. Since v is idempotent-bound, there is an idempotent f in P
such that v = fv. The element xf of P belongs to ), by Lemma 5.1. Then
u <r, v, since v = (zf)v. Similarly, u <g, v if and only if u <z, v. Hence
the Green’s relations Kp and K¢ coincide in Z. In particular PT = Q1.

Let U be an ‘H-class contained in #. The proof will be complete if we
show that the Schiitzenberger group I'” of U in P is isomorphic to the
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Schiitzenberger group I'? of U in Q. For R € {P, Q} let T'® be the right stabi-
lizer of U in R, and let £¥ be the quotient homomorphism 7% — I'®. Suppose
that U is L-below the idempotent f of P. The set Z = {s € TT : s = fs}
is a subsemigroup of P. If s € TF then fs € Z and £7(s) = £P(fs), thus
'’ = ¢P(Z). By Lemma 5.1 we have Z C @, thus Z C T%. Therefore
we can define the function from I'” to I'® mapping an element of the form
¢P(s) with s € Z to £9(s). This map is an isomorphism because it is clearly
injective and ' and I'? have the same cardinal as H. u

Let & be a graph-automaton with alphabet A and transition homomor-
phism 7. For an integer [ > 1 denote by &' the graph-automaton with the
same set of states as &, with alphabet A' and whose transition homomor-
phism is the restriction of 7 to A!. Note that if u € (A")* C A" then u has
the same rank in ® and in &'. It is not difficult to see that if X is a sofic
subshift then R(X) = &(X)! and F(X!) = F(X)!, the latter case if X is also
irreducible. From this fact and from Proposition 5.2 and Theorem 4.12, we
deduce the following theorem:

Theorem 5.3. The Krieger LPIJSI is a shift equivalence invariant of sofic
subshifts, and so is the Fischer LPIJSI in the case of irreducible sofic sub-
shifts.

This result was proved in [9] for the invariant obtained from the Krieger
and Fischer LPIJSI by removing the non-regular [J-classes.

We do not know if the structural conjugacy invariant in the mirage pre-
sented in Section 3 is a shift equivalence invariant.
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