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1. Introduction

Function spaces of generalized smoothness have been introduced and con-
sidered, in particular since the middle of the seventies of the last century, by
several authors from different points of view and different degrees of gener-
ality. We refer, for instance, to Goldman [9, 10], Kalyabin [13, 14], Merucci
[16], Cobos and Fernandez [4], the survey by Kalyabin and Lizorkin [12],
Leopold [15], Edmunds and Triebel [6, 7] and Moura [17, 18].

From the standpoint of a Fourier analytic characterization, the recent work
by Farkas and Leopold [8] represents a unified and general approach on this
topic. Following their approach, we see that, under certain conditions, the
Besov spaces of generalized smoothness can be analogously characterized via,
approximation and by means of differences.

2. Preliminaries

2.1. General notation. In this paper we shall adopt the following general
notation: N denotes the set of all natural numbers, Ny = NU{0}, R" n € N,
denotes the n-dimensional real Euclidean space and R = R!. We use the

« 7

equivalence “~” in

ag~by or  P(r) ~(r)

always to mean that there are two positive numbers ¢; and ¢y such that

crap <b, <coap  or  co(z) <Y(r) < o)

Received November 28, 2005.

The author is grateful to Prof. H.-G. Leopold for valuable remarks concerning the subject.
This work was partially supported by Centro de Matematica da Universidade de Coimbra and by
Instituto de Cooperagao Cientifica e Tecnoldgica Internacional (convénio ICCTI/DAAD).

1



2 S. MOURA

for all admitted values of the discrete variable k or the continuous variable
x, where (ay), (br)r are non-negative sequences and ¢, ¢ are non-negative
functions. If @ € R then a, := max(a,0). We consider here only function
spaces defined on R"; so for convenience we shall usually omit the “R"” from
their notation.

2.2. Sequences. In this subsection we explain the class of sequences we
shall be interested in and some related basic results.
A sequence v = (;),en, of positive real numbers is said to be admissible if
there exist two positive constants dy and d; such that
dovj < vjr1 < diyj, J € No. (1)
For an admissible sequence v = (7;)jen,, let
= }ﬂgg% and ;= il;}(f)) %, J € Np. (2)
Then clearly VTV < Yjuk < WY, for any j, k € Ny. In particular, 7, and 7,
are the best possible constants dy and d; in (1), respectively. Then, the lower
and upper Boyd indices of the sequence v are defined, respectively, by

log 7. log 7.
s(7) == lim —~ and  3(y):= lim NN (3)

The above definition is well posed: the sequence (log 73') jen is sub-additive
and hence the right-hand side limit in (3) exists, it is finite (since v is an
admissible sequence) and it coincides with inf;.log?¥,/j. The correspond-
ing assertions for the lower counterpart s(y) can be read off observing that
logy, = —log(y™);-

The Boyd index 5() of an admissible sequence vy describes the asymptotic
behaviour of the 7;’s and provides more information than simply 7, and,
what is more, is stable under the equivalence of sequences: if v ~ 7, then
5(v) = $(7) as one readily verifies. The same applies to the lower counterpart.

Observe also that for each € > 0 there are two positive constants ¢; = c¢;(¢)

and ¢y = co(e) such that

c1 9(s(v)—¢e)J < o <7, <c 2(3(7)+5)j, 7 € Np. (4)
Examples 2.1. We consider some examples of admissible sequences.
(i) The sequence v = (7;)jen,,
vi =29 (14 7)" (1 +log(1 + j))°
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with arbitrary fixed real numbers s, b and ¢ is a standard example of an
admissible sequence with s(v) = 3(v) = s.

(ii)) Let @ : (0,1] — R be a slowly varying function (or equivalent to a
slowly varying one) in the sense of [1]. Then, for each s € R the sequence
v = (29®(277)) ey, is an admissible sequence. Also here we have s(y) =
5(y) =s. -

(ili) In view of Proposition 1.9.7 of [2], the case v = (2WU(277)),en,, where
now W is an admissible function in the sense of [6] (i.e. a positive monotone
function defined on (0,1] such that U(27%) ~ ¥(277), j € Ny), can be
regarded as a special case of (ii).

Remark 2.2. The examples above have in common the fact that their upper
and lower Boyd indices coincide. However, this is not in general the case.
Examples 2.2.6 and 2.2.7 of [8], due to Kalyabin, show that an admissible
sequence has not necessarily a fixed main order.

2.3. Function spaces of generalized smoothness. Let N = (N;)jen,
be an admissible sequence with V; > 1 (recall (2)). In particular N is a
so-called strongly increasing sequence (cf. [8, Def. 2.2.1]), which guarantees
the existence of a number ky € Ny such that

Ny > 2N; forany k,j suchthat k> j+ k. (5)

It should be noted that the sequence N = (N;),en, plays the same role as
the sequence (27);cn, in the classical construction of the spaces B, and FJ .
This will be clear from the following considerations.

For a fixed sequence N = (N;)jen,, as above, we define the associated

covering QY = (Q}) jen, of R” by

Qj\[:{feRn‘glgNj—Hﬂo}? jzoa"'ak0_17
and

ij = {f cR": Nj—k‘o < ‘f‘ < Nj+ko}7 J > kOa

with ky according to (5).
Definition 2.3. For a fized admissible sequence N = (N;) en, with N; > 1,
and for the associated covering QY = (Qév)jeNo of R", a system " = (gojy)jeNO
will be called a (generalized) partition of unity subordinated to QY if:

(1)
@?EC’E{O and goé-v(f)ZO if £€€R" forany j € Ny;
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(ii)
supp 90:;-\] C ij for any j € Ny;
(iii) for any o € Njj there ezists a constant c, > 0 such that for any j € Ny

DN ()] < ca L+ €)1V for any & € R

(iv) there exists a constant c, > 0 such that
o0
O<Zg0§-v(§) =c, <00 forany &eR"
j=0

Before turning to the definition of the Besov spaces of generalized smooth-
ness let us recall that S denotes the Schwartz space of all complex-valued
rapidly decreasing infinitely differentiable functions on R" equipped with the
usual topology and by S8’ we denote its topological dual, the space of all tem-
pered distributions on R™. If f € &', then Ff and F'f denote the Fourier
and the inverse Fourier transform of f, respectively. For ¢ € S and f € &
we will use the notation p(D)f = [F1(pFf)]. Furthermore, if 0 < p < oo
and 0 < ¢ < oo then L, and /¢, have the standard meaning and, if (f;);en, is
a sequence of complex-valued Lebesgue measurable functions on R"”, then

1(f5)semolba(Lp) Il = (Z 15 | Lpuq)l/q

j=0

with the appropriate modification if ¢ = oc.

Definition 2.4. Let N = (N;)en, be an admissible sequence with N; > 1
and o~ a system of functions as in Definition 2.3. Let 0 < p,q < oo and
0 = (0j)jen, be an admissible sequence. Then the Besov space of generalized
smoothness B]‘;’év is the set of all tempered distributions f such that the quasi-
norm

LABEY | = Ny & (D) fjenelal Ly)
18 finite.

Remark 2.5. Note that if 0 < p < oo then the Triebel-Lizorkin space of
generalized smoothness F7 ’qN is defined in an analogous way, by interchanging
the roles of the L, and ¢, quasi-norms.

If 0 = (2¥),en,, With s a real number, and N = (27);ey, then the spaces
Bg;év coincide with the usual Besov spaces B’ and F]f”qN coincide with the

P , ,
usual Triebel-Lizorkin spaces F;,. If we let o = (2¥V¥(27))jen,, where
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VU is an admissible function in the sense of [6, 7](see Example 2.1-(iii)),

the corresponding Besov space coincide with the space B]g,‘i}@) introduced by
Edmunds and Triebel in [6, 7] and also considered by Moura in [17, 18]. A
similarly observation holds for the F'-counterpart.

3. Characterization by approximation

Let N = (Nj)jen, be an admissible sequence with N; > 1 (recall (2)) and
ko € Ny as in (5). Let 0 < p < 0o and

Uév = {a = (aj)jen, : @5 € 8'N Ly, supp Fa; C{y: |yl < Njtp}s J € NO}.

Theorem 3.1. Let 0 = (0;)jen, be an admissible sequence, 0 < p,q < oo,
and N = (N;)jen, be an admissible sequence with N, > 1, as above.

Suppose that s(o)s(N)™t >n(1/p—1),. Then

By = {f €8 :3a=(a;)jen, €U, such that f = lim aj, in S and

k—o00

1F 1B 1 = llaol Lol + 1 (ow(f — ar))nenlbq(Ly) ]| < OO}-

Furthermore,
NiX s N
1By |7 = inf | f1B7 "
where the infimum s taken over all admissible systems a € Z/{év , 1S an equiv-

alent quasi-norm in Bg’év .

Proof: First of all let us remark that, taking into account the inequalities in
(4), if s(o)5(N)™! > § > 0 then

)
(g; 1Nj)j€N €l, forany u € (0,00].

Step 1. In this step we prove that || - |[BZN[|X can be estimated from above

by || - |Bg.Y|l. Let f € By and let (gpj-v);";o be a generalized partition of
unity, according to Definition 2.3. Then

k
ak::ngéy(D)f—>f in & as k— oo.

j=0
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Moreover, a; € 8" N L, and supp Far, C {y : |y| < Niti,}, & € Nyg. Hence,
a = (ar)ren, € U . Let p:=min(1,p) and put ¢ =0 if —/ € N. Then

00 ) 1/_
o llf = al Lyl < o (3 I (D) fALIP)

j=k+1

If 0<q<p,from (6)and using the fact that (gj_l)jeNO € {,, we get

oo o oo B l/q
(3 ot 1 - anlryle) (Z S™ oty [ (D) 1,]7)
=1 m=1

k=1

N\ 1/p
Lol DL ) (©)

Mg

m:

< H(g_l)geNo\qu 1£1B7 1| < e F1B7 Il
If ¢>p,from (6) by using the triangle inequality with respect to £,/; and

(Qj_l)jeNo € {5 , we obtain
N 1 — /% p/ay1/p
(S atis - alyl) ™ < {3 o (3 ot heitnD1LI) '}
k=1 1

< eg semol Gl 11 | < 1B

]

(with the usual modification if ¢ = 0o0). Since we also have
laolLyll = llwg" (D) FILll < eI 187 |,
then
IAB N < cllfIBy N, f e By
Step 2. Let f € §" and a = (ag)ken, € Z/{p be such that

f=1lma, in & and \!fIBZ’év||“ < 0.

k—o00

Let Iy = lo(N) € N be such that ﬂlf’ > N, and let 9,0 € S be positive
functions such that

po(€) =1 if |§] < Ny, supp po C{{ € R": || < NN}
and

| — . . .
pe) =1 if Ny <[/ <Ny, supppC{EeR": N;" <[¢] <Ny}
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For each j € N define y;(§) == ,LL(Nj_lﬁ), ¢ € R". Putting a; =0 if —[ € N,
we have

D) f = Y F U mF(arsj — arja)), k€N,

j=1—lo—ko

and hence, with p as in step 1, we get

- N\ 1/p
(DAL < (D2 1F e F (s = ane)IL I ) 7 k€ No. (7)

j=—1

Recall that supp F(ag+; — ar+j—1) C {€ : |€] < Npijir}- By hypothesis
s(c)5(N)™t > n(1/p—1),, so that we can choose a real number \ satisfying
s(0)s(N)™' > X—n/2 >n(1/p—1),. Then the inequality (13) of [19, 1.5.2,
p. 28] yields

1FH e F(ansy — arsj—1)] | Ly
< ¢l (Nigjong ) HR || laws; — arja|Lyll, k€ No, (8)

where c is a positive constant independent of £ and j. Using Proposition 1
of [5, p. 33] we obtain, for k € N,

||Mk(Nk+J+k())|H2>\H = ||M(Nk+]+k0Nl;1)|H2>\H
A -z
< a (Nk+j+koNk 1) * lu(a) [Hy || < e N; (9)

where a = a(N) and ¢y, ¢o are positive constants independent of j and k. In
an analogous way, for k = 0 we also have

A 2
k0 (Njsig ) Hy || < ¢ N2 (10)

Inserting (8), (9) and (10) in (7), leads us to

A—2) N\ 1/p
l1(D) 1Ly |\<c(2 NS lagss = anigal L)
j 1— lo k‘o
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(with the understanding that Nj =1if —jeN). If 0<q<p, it follows

oo

S" ot (D) 1L
k=0

_/\_ﬂ
<ad ol S N ary - apeal Lyl

(0.9]

~7(A-%)
< (N7 g jenollll” > 0% lam — am-1] L]
m=0
< csllaolLyll +cx D ol If = aml Lyl (11)
m=0

(A2 o
where we have used the fact that (N§ Q)Jj_l)jeNO € {4, which is a conse-

quence of the choice of A\. On the other hand, if ¢ > p, reasoning as in step
1, we obtain

(e.¢]

S ol k(D) fIL||

k=0

0
—(A=2) _
< e [N gy em Gl > ob lam — am|Ly|°
m=0

< e llaolLyll +es > ol [1f = am|Ly||* (12)
m=0

(with the usual modification if ¢ = 00). Using now the Theorem 4.2.2 of [§],
by (11) and (12) we get, for any ¢ € (0, oc],

IAB N < cllf1By N f € By

YU

where c is a positive constant independent of the chosen system a = (ag)ken, -
Therefore,

IF1By I < ellf1By 1Y, f € Bry
m
Remark 3.2. For N = (2/),en, and 0 = (2¥),en, or 0 = (29®(277))en,

(cf. (i) and (ii) of Examples 2.1), the above theorem coincide with Theorem
2.5.3(i) of [19] and Theorem 2.4 of [11], respectively.
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A characterization as above is valid for the space F qN , replacing the condi-

tion s(o)s(N)™! > n(1/p — 1), by s(o)s(N)™t > n(1/min(p,q) — 1); and
interchanging the roles of the L, and ¢, quasi-norms.

4. Characterization by differences

Next we recall the definition of differences of functions. If f is an arbitrary
function on R"”, h € R" and k € N, then

Zk: <> DA f(x 4+ jh), x€R™

Note that A’,j can also be defined iteratively via
(Af)(@) = f(z+h) = f(z) and (A3Tf)(z) = AL(ALf)(2), kEN.

Furthermore, the k-th modulus of smoothness of a function f € L,, 1 < p < oo,
k € N, is defined by

wrl(f )y = sup JALFIL, ), ¢ > 0.

Ih|<t

Theorem 4.1. Let 0 < p,q < 00, 0 = (0j)jen, and N = (N )JGNO be admissi-
ble sequences, the latter satisfying N, > 1, such that s(o)s(N)™! > n(1/p—1),.
Let M € N with M > 35(0) s(N)™L. Then

o,N .
Bp,q - {f S Lmax(l,p) .
= _ 1/q
IABEN D = AL + (3 otwn (£ NE) < oo},
=0

(with the usual modification if ¢ = 00) in the sense of equivalent quasi-norms.

Remark 4.2. It can be easily verified that, for any a € (0, +00),

p 1/q
B0 ~ U120+ ([ (A utrnn) )
0

t

where A : (0,00) — (0,00) is an admissible function — according to [3, Def.
2.2.1] — such that A(z) ~ A(N;) = 0;, 2 € [Nj, Nj11], j € No.
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Proof: Step 1. In this step we shall prove that there exists a positive constant
c such that

IF 1B N0 < ellf | By (13)
holds for all f € ByN. If f € BJY with s(0)s(N)™! > n(1/p — 1)1, then
fe Lmax(l,p) and

1F 1Ll < cllf 1B, (14)

q

for some positive constant ¢ which does not depend on f. This is a conse-

(%_1)+)

quence of Corollary 3.18 of [3], as (O'j_lN j € {, in this case.

With (gojv )jen, being a generalized partition of unity according to Definition
2.3 we have, with convergence in L,,

f=Y @D (15)
j=0
Let @ > n/p. If k € Ny then for each ¢ € R" with |o] < N, ! and

j €40,---  k} we have

(=0

M B(, N T
Z( ) —l Z D (903 g'))f)( )(f@ﬁ’
(=0 |B|l<M-1

lal=M

< aNY sup ) |DY() (D)) )]
ly=2<N T ja=0r

M
Aol = [ (30 o e+ o)
M M
e

IA

N(D _
< oNYNM sup o sup \(%1( )j]v‘)(y : )
ly—z|<N, ' z€R" + | j—i—lz‘

< N () o). (16)

where (goév *f)a denotes the Peetre’s maximal functions. Besides Taylor’s ex-

pansion we have used the fact that 3277, (Ag) (—1)M=tm = 0 for any m € Ny

with m < M, and Theorem 1.3.1 of [19, p. 16] for the third inequality. Hence,
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for 5 € Ny,

| |S<u§ 1A (057 (D)) | Lyl < e min(1, Ny25) (25 a | Ly (17)

where ¢ > 0 is a constant independent of f.

Suppose that 0 < p < 1 (otherwise one has to modify the calculations
below in an obvious way — similarly to the proof of the previous theorem),
then, by (15) and (17), we get

sup [[AYf | Ly|” < Z sup (| A (05" (D)) | Ly|I”

ol <N, o lo|<N!
k

—M
<e Y NP P | Loll” + Z 1@ a | LyllP. (18)

j=0 j=k+1

With A as in Remark 4.2, it follows

Ny* q
IF 1B < el Ll e | (A(t 1>wM<f,t>p) =

¢ dt
< allf | Ll e Z/ Jonr(f, 1))
k+1
< allf I Ll +e ZakwM N
q —Mp Nx p a/v
< el | Ly mZak (ZN @) Pl Lyl

o Z ot (3 16 a1 L) (19)

j=k+1
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(with the usual modification if ¢ = c0). By hypothesis M > 35(c) s(N)™1, so

that (4) entails (Ejﬂ;M)jeNO € {,, for any u € (0, 00]. Then we obtain

Zak (Z N Y o L)

< c||(@N M) jeny | bminipg | Zaq 12} Fa I Lll" (20)
and also
Sot (3 e L)
k=0 j=k+1
< cl(g;M)semy | uintipg Zaq 13 o L Lyl (21)

We insert (20) and (21) in (19). Then (13) is a consequence of Theorem 4.3.4
in [3] and (14).
Step 2. Let f € Bg;év. By Theorem 3.1,

(0. 9]

1/q
1 1B < ellf | Lyll +c (Z 0! Ey(Njisys f)7) (22)

for some positive constant ¢ and with

Ep(b, f) =it [[f —g | Lyl

where the infimum is taken over all ¢ € S'ML, such that supp g C {y : |y| < b}.
As there is a positive constant ¢ (which depends on p and k) such that

Ey(b, f) <c sup [|[ANf| L
|h|<b—1

forall b > 1 and f € L, — cf. Prop. 2.5.12 of [19, p. 109] —, from (22) we get

> _ 1/q ”
1P < e lf | Lyl e (3 ot (N 8) < esllf | BRI
j=1

which completes the proof. |
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Remark 4.3. For N = (2/) ey, and 0 = (297) e, or 0 = (29®(277)) e, (cf.
Examples 2.1(i),(ii)), the above theorem is covered by Theorem 2.5.12 of [19]
and Theorem 2.5 of [11], respectively. For 1 < p < 00, 1 < ¢ < oo this type
of characterization has been obtained by Kalyabin in [14].
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