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ABSTRACT: For a pseudovariety V of ordered semigroups, let .(V) be the class of
sofic subshifts whose syntactic semigroup lies in V. It is proved that if V contains SI~
then .7 (VD) is closed for taking shift equivalent subshifts, and conversely, if .7 (V)
is closed for taking conjugate subshifts then V contains LSI™ and .7 (V) = (VD).
Almost finite type subshifts are characterized as the irreducible elements of . (LInv),
which gives a new proof that the class of almost finite type subshifts is closed for
taking shift equivalent subshifts.
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1. Introduction

Given a finite alphabet A, a subshift of A% is a non-empty compact subset
of AZ that is closed for the shift operation and its inverse. There is a natural
bijection between subshifts and non-empty factorial prolongable languages.
The subshift is called sofic if the corresponding language is rational. Two
subshifts are conjugate if there is a shift commuting homeomorphism between
them. It is an open question whether there is an algorithm for deciding if two
sofic subshifts are conjugate or not. The shift equivalence is a notion strictly
weaker than conjugacy. For a long time it was an open problem whether the
two notions coincided or not [22, 23]. The shift equivalence between sofic
subshifts is decidable [21].

Pseudovarieties of semigroups are usefull for classifying varieties of rational
languages, via Eilenberg’s correspondence theorem [17]. A more refined clas-
sification of rational languages using pseudovarieties of ordered semigroups
was successfully introduced by Pin [29]. It is natural to ask which pseudovari-
eties define classes of sofic subshifts closed for taking conjugate subshifts. To
be more precise, for a pseudovariety V of ordered semigroups let .# (V) be the
class of sofic subshifts whose (ordered) syntactic semigroup lies in V, where
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the syntactic semigroup of a subshift is the syntactic semigroup of the corre-
sponding factorial prolongable language. In this paper it is proved that if V
contains the pseudovariety SI~ of commutative idempotent monoids in which
the neutral element is a global minimum, then . (V * D) is closed for tak-
ing conjugate subshifts. After obtaining this result, the author has recently
observed that its unordered version can be easily deduced from Theorem 2.7
in [14], which is a theorem about (-semigroups as recognition structures for
sofic subshifts. Conversely, we prove that if .(V % D) is closed for taking
conjugate subshifts then V contains LSI™ and .7 (V) = . (V % D).

One of the most successful approaches in the research on pseudovarieties
of semigroups over the last two decades involves profinite methods, namely
through the study of free and relatively free profinite semigroups. The el-
ements of free profinite semigroups are sometimes called profinite words or
pseudowords. They can be seen as a generalization of ordinary words. The
equational description of pseudovarieties by means of formal identities be-
tween pseudowords established by Reiterman [35] is one of the seminal moti-
vations for the profinite approach in the study of pseudovarieties. The author
developed in [15] some tools for using pseudowords in the study of subshifts.
With them he obtained some new conjugacy invariants. The present paper
is a sequel of [15], namely through the exploration of one of its main in-
strumental results, which appears here in Theorem 2.9. The exploration of
links between the theory of profinite semigroups and concepts from symbolic
dynamics began with the papers [2, 5]. Almeida also established in [3] a
connection between the minimal subshifts over a given alphabet and the cor-
responding free profinite semigroup, which leads to a better understanding
of the structure of such semigroups.

The search of conjugacy invariants in the syntactic semigroup of a sofic
subshift is also made in [9], where a shift equivalence invariant is introduced,
which defines a hierarchy of irreducible sofic subshifts, and it is proved that
the first level of the hierarchy is the class of almost finite type subshifts. This
class has practical interest for coding theory, and for several reasons it is a
meaningful class above the class of irreducible finite type subshifts, as stated
in [9]; see [25, Chapter 13.1] and [8].

The paper is organized as follows. Section 2 is dedicated to preliminary
definitions and results, some of which are recovered from [15]. Section 3
contains the results describing which classes defined by pseudovarieties of
semigroups are closed for taking conjugate subshifts. Section 4 is dedicated
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to the characterization of some significant classes of sofic subshifts defined
by pseudovarieties by the way described in Section 3. We deduce a new
proof of the conjugacy invariance of the class of almost finite type subshifts
by showing that they are the irreducible members of .#(Llnv). Finally, in
Section 5 we prove that the conjugacy invariants that we established are also
shift equivalence invariants, with a proof depending on the previous results
about conjugacy invariance.

Our main reference for symbolic dynamics is the book of Lind an Mar-
cus [25]. For background on classical semigroup theory, rational languages
and finite automata see for example [28]. For the study of pseudovarieties in
a profinite semigroup theory perspective, see the introductory text [4].

2. Preliminaries

2.1. Subshifts and codes. Let A be an alphabet. All alphabets in this
paper are assumed to be finite. The semigroup of finite non-empty words
(or blocks) on letters of A is denoted by A™; the empty word is denoted by
1 and A* is the monoid A" U {1}. The set of words over A with length n
is A". Let AZ be the set of sequences of letters of A indexed by Z. The
shift in AZ is the bijective function o4 (or just o) from AZ to AZ defined
by o4((xi)icz) = (Tiz1)icz. We endow A% with the product topology with
respect to the discrete topology of A. Note that A% is a compact Hausdorff
space. From here on compact will mean both compact and Hausdorff. A
shift dynamical system or subshift of AZ is a non-empty closed subset X of
AZ such that 04(X) € X and 0,1(X) C X. A factor of (7;);ez is a finite
sequence T;Tii1---Titn_1Titn, where ¢ € Z and n > 0. If X is a subset of
AZ then we denote by L(X) the set of factors of elements of X. A subset
K of a semigroup S is factorial if it is closed for taking factors, and it is
prolongable if for every element u of K there are a,b € S such that aub € K.
It is easy to prove that the correspondence X' +— L(X) is a bijection between
the subshifts of AZ and the non-empty factorial prolongable languages of AT,

A code G between the subshifts X' of AZ and ) of B% is a continuous
function G : X — Y such that G ooy = og o G. Note that the identity
transformation of a subshift is a code, the composition of two codes is a
code and the inverse of a bijective code is a code. A bijective code is called a
conjugacy. Two subshifts are conjugate if there is a conjugacy between them.
A conjugacy invariant is a property of subshifts that is preserved for taking
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conjugate subshifts. See [25] for the definition and computation of ordinary
conjugacy invariants like the zeta function and the entropy.

It is well known [19] that a map G : X C AZ — Y C BZ is a code
between subshifts if and only if there are k,I > 0 and a map ¢ : A¥*1 — B
such that G(z) = (9(2[—p,i+y))icz- We say that g is a block map of G with
memory k and anticipation [. The code G depends only on the restriction
of g to AM*1 N L(X). We use the notation G = ¢gI™" . x — Y. If
n>1,m>kandh: A" — Bis defined by h(a_na_mi1... a0 1a,) =
gla_pa_gs1...a;—1a7), with a; € A, then h is a block map of G with memory
m and anticipation n. In particular, one can choose a block map with equal
memory and anticipation.

Given an alphabet A and k > 1, consider the alphabet A*. To avoid
ambiguities, we represent an element wy ... w, of (A¥)T (with w; € AF) by
(wi, ..., wy,). For k> 0 let ® be the function from A" to (A*1)* defined

by
1 if n <k,
Or(ay...a,) = . -
(A k)5 Q2 42]s - - - An—k—1n—1]s Opn—kn))  if 1> K,
where a; € A and ajij) = @iGiy1---aj-1a5. It is easy to see that, if X' is a

subshift of A% and 7,j > 0 are such that ¢ + j = k, then the restriction of

the code @L_i’j] to X is a conjugacy between X and @L_i’j]()(). A one-block
code is a code having a block map with memory and anticipation zero.

Remark 2.1. For every code G there are one-block codes G and Gy such
that Gy is a conjugacy and G = Gy 0 G;*.

Proof: For a code G = gl™"* : X — ) let G; be the inverse of the restriction
oL My — ol FM(a) and let Gy = g0 @) PP x) - ) =

A subshift X' is sofic if L(X) is rational. We call graph-automaton to an
automaton such that all states are initial and final. An automaton is essential
if all states lie in a bi-infinite path of the automaton. One can see that X is
sofic if and only if L(X) is recognized by an essential finite graph-automaton.
We say that a graph-automaton presents the subshift X if it recognizes L(X).

A subshift X of AZ is irreducible if for all u,v € L(X) there is w € A* such
that uwv € L(X). Irreducibility is a conjugacy invariant. A sofic subshift
is irreducible if and only if it is presented by a strongly connected finite
graph-automaton [18].
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A subshift of AZ is of finite type if there is a finite subset F' of A* such that
L(X) = A"\ A*FA*. Note that finite type subshifts are sofic. A subshift
presented by a finite graph-automaton in which every letter acts in at most
one state is called an edge subshift. The subshifts of finite type are precisely

those that are conjugate with an edge subshift. The following result is well
known (see [25, Theorem 2.1.8]).

Proposition 2.2. A subshift X is of finite type if and only if there is n > 0
such that whenever uv,vw € L(X) and v has length greater than n, then
uvw € L(X).

The Krieger cover of a sofic subshift X is the essential graph-automaton
obtained from the minimal automaton of L(X) by deleting states that do
not lie in bi-infinite paths. Call Krieger edge subshift of X the edge subshift
obtained from the Krieger cover of X by labeling with different letters differ-
ent arrows in its graphical representation. Krieger proved in [24] that if X
and ) are conjugate sofic subshifts, then their Krieger edge subshifts are also
conjugate. If the sofic subshift X is irreducible then its Krieger cover has a
unique terminal strongly connected component which is a graph-automaton
presenting X' [11]. This graph-automaton is named the Fischer cover of X

2.2. Pseudowords. A compact semigroup is a semigroup endowed with a
compact topology for which the semigroup operation is continuous; if more-
over the topology is zero-dimensional (that is, generated by open sets that are
closed) then we say that it is a profinite semigroup. In [4] we can find other
equivalent definitions of profinite semigroup. Note that finite semigroups are
profinite with respect to the discrete topology. Given an alphabet A, there
is a profinite semigroup ;11, in which A" embeds as a dense subsemigroup,
such that for every map ¢ from A into a profinite semigroup S, there is a
unique continuous homomorphism ¢ : A+ — S whose restriction to A is ©.
The semigroup A+ is, up to isomorphism of compact semigroups, the unique
profinite semigroup with this property; for that reason it is called the free
A-generated profinite semigroup. For constructions of AT see [4]. The defi-
nition of the free A-generated profinite monoid A* is similar to that of AT,
Considering the empty word as an isolated point of A+ U {1}, we see ATU {1}
as being A*,

Let w be a pseudoword of A+, Fora € A, we say that a is a letter of w if
a is a factor of w. A prefix (respectively, suffiz) of w is a pseudoword u of
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A* such that w = ur (respectively, w = 7u) for some 7 in A*. For n > 1, let

A<" be the set of words of A" with length less than n. If w € At \ A<" then
w has a unique prefix and a unique suffix of length n, denoted respectively
by i,(w) and t,(w) [1]. If w € A<" then we define i, (w) = t,(w) = w.

Let us consider within the alphabet A = {ay,...,a,} with n elements the
order in which a; is the ¢-th letter. Let m € A+, For a profinite semigroup
S, denote by mg the n-ary operation on S that maps (s1,...,s,) € S" to
the image of m by the unique continuous homomorphism ¢ : AT — S such
that ¢(a;) = s;. Note that if ¢ : S — T is a continuous homomorphism
between profinite semigroups then ¢ (mg(s1,...,5,)) = mr(¥(s1),...,¥(sn)).
In absence of confusion we may drop the index S in 7g(sq, ..., s,) and write
T(S1, .-y Sn).

The next lemma generalizes to pseudowords the way how a word appears
as a factor of a finite product of finite words.

Lemma 2.3 ([5, Lemma 7.2]). Let X = {xy1,...,x,} be an alphabet with
n elements with the order in which T 18 the 1- th letter. Let A be also an
alphabet. Consider pseudowords w € X+ and V1, ...,0, € At Suppose that
u is a finite factor of wy ~(v1,...,v,). Then u is ezther a factor of some
v; or w has a factor %)le. Ty Ty, (with x;; € X)) such that u factors as
U = UiV, - . - Vi Wiy, Where w;, is a suffiz of v;, and u;,, is a prefiz of v;,, .

The following lemma is easily proved using the fact that the closure of a
rational language is open [4, Theorem 3.6].

Lemma 2.4 ([15]). If L is a factorial rational language of A™ then the closure
of L in At is factorial.

If s is an element of a profinite semigroup S, then s™ converges to the
unique idempotent in the closure of the subsemigroup generated by s; this
idempotent is denoted by s*. Let e and f be idempotents of S. We say that
an element u of S is bounded by e and f (by this order) if u = euf. An
element is idempotent-bound if it is bounded by some pair of idempotents.

In [1, Lemma 10.6. 1] it is proved that ®; : At — (AMD* has a unique

continuous extension A+ — (Ak“) which we also denote by ®;. For a map
: A1 B let § be the unique continuous monoid homomorphism from

/\

(AZE1)" into B* that extends g. Denote by g the map § o ®9,. The coding
process described by ¢ is extended to every pseudoword of A* by g. For all
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u,v € AT we have:

g(wv) = g(u)g(tar(w)v) = gluin(v))g(v) = gluir(v))g(tr(u)v).

This property is easily seen to be true when we have ®5; instead of g, which

suffices to prove the general case since A" is dense in A*.
Given a subshift X of AZ let Mir(X) be the set of pseudowords whose

finite factors belong to L(X). We call Mir(X') the mirage of X in AT. Note
that Mir(X') is a union of J-classes. We have L(X) C Mir(X). In general
Mir(&X') and L(X) are different, when X is sofic [15].

Lemma 2.5 ([15]). Let G = ¢g™" : X — Y be a code. Then §((L(X)) C
L) U {1} and g(Mir()) C Mir(¥) U {1}.

Lemma 2.6 ([15]). Let G = gl=F" . x C A — Y C B% be a conjugacy and
let G = plEb . Y 5 X be its inverse. Consider an element v o_f At Ifr
and s are words of length k + 1 such that rvs € Mir(&X') then v = hg(rvs).

2.3. The syntactic semigroup of a sofic subshift. A binary relation
KC in a semigroup S is stable if r IC s implies tr K ts and rt I st for all
r,s,t € S. The semigroup congruences are the stable equivalence relations.
Let L be a language of A™. The following quasi-order, called syntactic order,
is stable:

v<pu<s Ve,y € A" zuy € L = zvy € L.

The equivalence relation generated by <j is a semigroup congruence, the
syntactic congruence of L. The quotient of AT by the syntactic congruence
of L is called the syntactic semigroup of L. We denote it by Syn(L). Let dr,
be the canonical homomorphism from A* into Syn(L). Consider in Syn(L)
the relation also denoted <j (or simply <) such that d;(v) <y dr(u) if and
only if v < u. It is a well-defined partial order. An ordered semigroup is
a semigroup equipped with a partial order stable for multiplication. The
syntactic semigroup of L equipped with the partial order <; is an ordered
semigroup, which in absence of confusion is also denoted Syn(L) and named
syntactic semigroup of L. The language L is rational if and only if Syn(L) is
finite, in which case ¢, has a unique extension to a continuous homomorphism

op: AT — Syn(L).
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Lemma 2.7 ([15]). Let u and v be elements of;ﬁ. If L is a rational language
of AT then

or(v) <p p(u) < [Vz,y € ;1\*, zuy € L= zvy € L.

Let X be a subshift of AZ and let Syn(X) be the syntactic semigroup of
L(X). We denote respectively by dy and dy the homomorphisms d7y) and

b r(x)- The subshift A” is usually named the full shift of A%; its syntactic
semigroup is trivial. Suppose that X is not the full shift. Then Syn(X)

is a non-trivial semigroup with a zero denoted by 0. One can easily prove
that ox(u) = 0 < u ¢ L(X) for all u € A" [12]. This implies that if X" is

sofic then dy(u) = 0 < u ¢ L(X) for all u € A*. The zero is the maximal
element of Syn(X') for <y (x), because if u € A%\ L(X) then zuy ¢ L(X) for

all z,y € A*.

Lemma 2.8. Let G = gl""* . ¥ C A? — Y C B? be a conjugacy between
sofic subshifts. Let u be an idempotent-bound element of Mir(X). If g(u) €

L(Y) then u € L(X).

Proof: Let h be a block map of G~ with memory and anticipation [. Let
e and f be idempotents of AT such that u = ewf, and let r = ix(e) and
s = try(f). Then there are ey, fy such that u = regufys. By Lemma 2.6
we have egufy = hg(u), thus u is a factor of hg(u). Since g(u) € L()), by
Lemma 2.5 we have hg(u) € L(X). Hence u € L(X) by Lemma 2.4. |

Theorem 2.9 ([15]). Let G = gI™" . x € AZ — Y C B? be a conjugacy
between sofic subshifts. Let e and f be idempotents of A+, Let u and v be
elements of A+ such that u = euf, v = evf, u € L(X) and v € Mir(X).
Then dx(v) < dx(u) if and only if dy(g(v)) < dy(g(w)).

2.4. Pseudovarieties of ordered semigroups. A pseudovariety of or-
dered semigroups is a class of finite ordered semigroups closed for taking
subsemigroups, finite direct products and images of order-preserving homo-
morphisms of semigroups. A pseudovariety of semigroups is a pseudovariety
of ordered semigroups closed for taking images of homomorphisms of semi-
groups; since the identity map is a homomorphism, the order takes no role in
this notion, which therefore corresponds to the usual notion of pseudovariety
of (unordered) semigroups. The class Com of finite commutative semigroups
is a pseudovariety of semigroups. The definitions of pseudovariety of ordered
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monoids and pseudovariety of monoids are made similarly, using the notions
of submonoid and homomorphism of monoid. The class SI~ of commuta-
tive ordered monoids such that every element is idempotent and greater or
equal than the neutral element is a pseudovariety of ordered monoids. It
is not a pseudovariety of monoids. The smallest pseudovariety of monoids
containing S|~ is the class S| of commutative monoids whose elements are
idempotents. If V is a pseudovariety of ordered semigroups or monoids then
the class LV of semigroups whose submonoids are in V is a pseudovariety of
ordered semigroups. .

For an alphabet A, let m and p be elements of AT. We say that the formal
inequality m < pis a pseudoidentity over A. The formal equality m = p is seen
as the set of pseudoidentities {7 < p, p < w}. If S is a profinite ordered semi-
group with order <g, then we say that S satisfies the pseudoidentity m < p
if for all n-tuples (s1,...,s,) in S™ we have mg(s1,...,5,) <5 ps(S1,---,Sn)-
A class V is a pseudovariety of ordered semigroups if and only if there is
a set ¥ of pseudoidentities (possibly over distinct alphabets) such that V
is the class of finite ordered semigroups satisfying all pseudoidentities in
¥ [31, 27]. We denote by [X] the pseudovariety V defined by ¥, and we then
say that X is a basis of pseudoidentities for V. Furthermore, V is a pseudova-
riety of semigroups if and only if it has a basis of formal equalities between
pseudowords [35]. Similar definitions and results hold for pseudovarieties of
ordered monoids, with the obvious changes. For example,

SI” = [y = yz, 2" = 2,1 < a]],

A wvariety of languages is a family W that associates to each finite alphabet
A a set WAT of rational languages of AT with the following properties:

(1) for every alphabet A, the set WAT is closed for taking a finite number
of unions and intersections;
(2) for every alphabet A, if L € WA then for every a € A the languages
{we A" :aw € L} and {w € A" : wa € L} belong to WA™;
(3) if ¢ : AT — BT is a homomorphism and L € WBT then ¢ (L) €
WAT.
For a pseudovariety V of ordered semigroups let V be the class of languages
whose syntactic semigroup belongs to V. The correspondence V.— V is
a bijection between pseudovarieties of ordered semigroups and varieties of
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languages [29], and VA" is closed for taking complements in A", for an
arbitrary alphabet A, if and only if V is a pseudovariety of semigroups [17].

The locally testable languages of AT are the languages that can be obtained
from the languages of the form A*wA*, wA* and A*w, where w € A", ap-
plying a finite number of unions, intersections and complements in A*. The
following characterization is a fundamental result in finite semigroup theory.

Theorem 2.10 ([13, 26]). The class of locally testable languages is the variety
of languages corresponding to LSI.

J.-E. Pin and P. Weil proved in [34] an ordered version of Theorem 2.10.
The negatively locally testable languages of A' are the languages that can

be expressed with a finite number of unions and intersections of languages of
the form AT\ A*wA*, AT\ wA*, AT\ A*w and A" \ {w}, with w € A™.

Theorem 2.11 ([34]). The class of negatively locally testable languages is
the variety of languages corresponding to LSI™.

3. Invariant pseudovarieties

For a class C of ordered semigroups, let .#”(C) be the class of subshifts whose
syntactic semigroup is in C. We say that a class of subshifts is a conjugacy
invariant if it is closed for taking conjugate subshifts. In this section we
identify all conjugacy invariants .#(V) such that V is pseudovariety of ordered
semigroups.

Proposition 3.1. Let G = g[O’O] - X C A2 — Y C BZ be a one-block
conjugacy. Let p and m be pseudowords over an alphabet X with n elements
such that the finite factors of m are factors of p, and such that p=epf and
m = enf for some idempotents e and f of X+. If Syn(Y) satisfies 7 < p,
then so does Syn(X).

Proof: Suppose that Syn(&Xx’) does not satisfy 7 < p. Then there is a n-tuple
(51,...8n) of elements of Syn(X’) such that mgy,x) (51, . - 5n) % PSyn(x) (515 - - - Sn)-
For each i let w; be a word of A™ such that dx(w;) = s;. Because 5;( is a con-
tinuous homomorphism, we have 0y (7 (w1, . .. wy)) £ dx(p(w, ... wy)). Then
dx(p(wr, ... wy)) # 0, because 0 is the maximal element of Syn(X). Hence
p(wi, ... w,) € L(X). By Lemma 2.3 this implies 7(wi,...w,) € Mir(X),
because the finite factors of 7 are factors of p. Then, since p(wy, ... w,) and
7(wy, . .. w,) are bounded by the idempotents e(wy, . . ., w,) and f(wy, ..., w,),
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from Theorem 2.9 we deduce dyg (7 (w1, . ..w,)) £ dyG(p(w, ... w,)). Hence,
since dyg is a continuous homomorphism, we have

Ty (09G(w1), - . . 0yg(wn)) % psyuy)(Oyg(wr), ... oyg(w,)). =

Let us recall that a graph is a 4-tuple I' = (V(T'), E(T"), a, 3) such that
V(I') and E(I") are disjoint sets, and «, # are maps from E(I') to V(I'). The
elements of V(I') and E(I") are the vertices and the edges of I', respectively.
We say that an edge x goes from u to v if a(x) = w and ((x) = v. If
B(z) = a(y) then x and y are said to be consecutive. Denote by A(T") the
al/ph\abet E(MuUV(T). Let ¢r be the unique continuous homomorphism from

—_—

E(T)" to A(I')" that sends an element x from E(I') to a(z)“z 3(z)*. We

—

say that an element of F (1“)+ is a I'-profinite-path if every factor of m with
length two is a product of consecutive edges of I'. Two ['-profinite-paths =

and p are coterminal if a(iy (7)) = a(i1(p)) and G(t1(7)) = B(t1(p)).

Proposition 3.2. Let I' be a finite graph. Let m and p be coterminal I'-
profinite-paths. Suppose that every letter of w is a letter of p. Then the class
L ([[¢r(m) < Cr(p)]) is a conjugacy invariant.

Proof: Let n and m be the number of edges and vertices of I', respectively.
Let x; be the i-th edge of I', and let y; be the j-th vertex, with 1 <7 < n
and 1 < j < n. Denote by ai and (i the integers such that a(z;) = y,; and
B(xi) = ypi.

By the Remark 2.1, we are reduced to the case where there is a one-block
conjugacy G = ¢gl® : X — Y. Let u be a finite factor of (r(r). By Lemma 2.3
there is ¢ such that x; is a factor of m and w is a factor of y,,;x;yf;, or there are
i, j such that z;x; is a factor of 7 and w is a factor of (yy,z:y5;) (ye;;y5;). The
arguments for the first case are include in the second case, so we only consider
the later. Since 7 is a I'-profinite-path, the edges x; and z; are consecutive.
Hence i = aj and u is a finite factor of yy;x:y5,2,;y5;- Again by Lemma 2.3,
u is a finite factor of yy;x:ys; or of y;,x;y5;. These pseudowords are factors
of {r(p), because every letter of 7 is a letter of p. Hence every finite factor
of (p(m) is a factor of (p(p). Since m and p are coterminal, the pseudowords
¢r(m) and (r(p) are bounded by some idempotents y; and . Therefore, by
Proposition 3.1, if Syn()) satisfies (r(7) < (r(p) then so does Syn(X).

Conversely, suppose that Syn(X) satisfies (pr(7) < (p(p). Let A and B
be the alphabets of X and ), respectively. Let h be a block map of G~!
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with memory and anticipation k. Let ¢1,...,t,,¢1,...,¢n € Syn(Y). The
remaining of the proof amounts to show that

ﬂ(c‘gjltlc‘gl, o cantnc‘gn) < p(c‘gltlcﬁl, e cantnc‘gn). (3.1)

Since 0 is the maximal element of Syn()), we only consider the case where
the right side is different from 0. Since the letters of 7 are letters of p, we
can assume that every edge of I" is a letter of p. Then for all i € {1,...,n}
we have ¢ tcﬁZ # 0. For every i € {1,...,n} and j € {1,...,m}, there

are 7;,7; € B+ such that y(r;) = t; and 53;(7]) = ¢;. Then 537(7az727m)
CaitiCh # 0, thus v5mivg, € L(y). Consider the pseudowords

ej = h(te(v)) 7 k(3)))s  wi = h(t(vy) - vaims - ik(v5:).
Observe that w; = eyw;ep;. The pseudoword ty (7)) - Vi TiVGi - ik(ygi) is a
factor of v, - YaimiVg; - V5 = VeiTiV5;» thus it belongs to L(Y) by Lemma 2.4.

Hence w; € L(X) by Lemma 2.5, and g(w;) = 74775 by Lemma 2.6. Then,

since Syg is a continuous homomorphism,
for 0 € {m,p}, O(ctics, ..., ctacsy) = 000yg(wr), ..., oyg(wy))
= 0y (O(wy, ..., wy)).  (3.2)
Because w; = eqwiep; and e; is idempotent, for 6 € {m, p} we have
ox(O(wi, ..., wy)) = 0(0x(ear)“dx (w1)dx(€s1)”, - . ., dx(€an)dx (wa)dx(egn)*).
Therefore, since Syn(X) satisfies (r(7) < (r(p), we have
ox(m(wr, ..., wy)) < dx(p(wi, ..., wy)). (3.3)

Let u be a finite factor ofp(wl, ..., wy). By Lemma 2.3 there is i such that u
is a factor of w;, or there are ¢, j such that z;z; is a factor of p and u is a factor

<G
Ox

of wsw;. In the first case we have u € L(X) because w; € L(X). Consider
the second case. Since w;w; = w;egiw;, we conclude that u is a factor of
wieg; = w; or a factor of egjw;, by Lemma 2.3. Since z;x; is a factor of p,
we have Bi = aj, thus egw; = w;. Hence u is a factor of w; or of w;, which
are both elements of L(X) thus v € L(X). Hence p(wy,...,w,) € Mir(&X).
Since p(cgticsy, - - -, Cantncs,) # 0, by (3.2) we have g(p(w1, . .., wn)) € L(Y).
Then by Lemma 2.8 the pseudoword p(ws, ..., w,) belongs to L(X). Hence
we also have 7(wy, ..., w,) € L(X) by (3.3).
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For 6 € {m, p} the pseudowords w;, = e;,w;, and w;, = w,, fj, are respec-
tively a prefix and a suffix of §(wy, ..., w,), thus 6(wy,...,w,) is bounded
by the idempotents e;, and f;,. From (3.3) and Theorem 2.9 we conclude
that dyg(m(wi, ..., wy)) < dyg(p(wr,...,w,)). By (3.2) this is the same
as (3.1). |

A semigroupoid is a graph endowed with an associative rule of composition
between consecutive edges. A morphism of semigroupoids is a morphism
of graphs that respects the rule of composition. Sets and semigroups can
be viewed as one-vertex graphs and semigroupoids, respectively. Just like
a finite set A defines a unique free profinite A-generated semigroup, a finite
g/;l;aph ' defines a unique free profinite I'-generated semigroupoid, denoted by
['* [6, 20]. The two concepts coincide when I is a set. Then there is a unique

—_—

continuous semigroupoid morphism er : [+ — E (T')" whose restriction to

E(T) is the identity. The image of the edges of T+ by er is the set of I'-
profinite-paths.

We refer the reader to [30] for a straightforward introduction to the notions
of ordered semigroupoid and pseudovariety of ordered semigroupoids. Since
an intersection of pseudovarieties of ordered semigroupoids is also a pseudova-
riety of ordered semigroupoids, if V is a pseudovariety of ordered semigroups
then we can consider the smallest pseudovariety of ordered semigroupoids
containing V, called the global of V and denoted by gV. Given a finite graph
[, let m and p be coterminal edges of ['*; the formal triple (7 < p; ') is called
a pseudoidentity over I'; we say that a semigroupoid S satisfies (7 < p;T')

if p(m) < ¢(p) for all continuous morphisms of semigroupoids ¢ : I+ — 8.
In the same way as with semigroups, every pseudovariety of ordered semi-
groupoids is defined by a set of pseudoidentities over finite graphs. This is
explicitly proved in [6, 20] for the unordered case, and in [31, 27| for pseu-
dovarieties of ordered semigroups; the proof for the general case is a routine
based in those cases.

For an ordered semigroup S, let Sg be the ordered semigroupoid defined
as follows: the vertices are the idempotents of S, the edges from e to f are
the triples (e, s, f) such that s = esf, the composition of edges is given by
(e,s, f)(f,t,g9) = (e, st,g), and (e, s, f) < (e, t, f) if and only if s < t.

In [33, 30] the reader can find information about the semidirect product
between two pseudovarieties of ordered semigroups. For this paper it is only
necessary to know that such semidirect product is itself a pseudovariety of
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semigroups, together with some more facts that we shall provide. We are
interested in semidirect products in which the second factor is one of the
pseudovarieties Dy, = [[yz1...2 = 21... 2] with K > 1, or D = |, Dy, =
[yz = *].

Theorem 3.3 (Delay Theorem). Let V be a pseudovariety of ordered semi-
groups containing some non-trivial monoid. Let S be a finite semigroup.
Then S € V%D if and only if Sg € gV.

The Delay Theorem for pseudovarieties of ordered semigroupoids was proved
in [30] in another version, when V is a pseudovariety of ordered monoids, but
its proof also holds for the version presented here.

Theorem 3.4. IfV is a pseudovariety of ordered semigroups containing SI—
then #(V x D) is a conjugacy invariant.

Proof: Let X be a basis of pseudoidentities for gV. Let S be a finite semi-
group. By the Delay Theorem, we have S € V%D if and only if S € gV. On
the other hand, Sg satisfies (7 < p;I") if and only if S satisfies (p(er(m)) <
Cr(er(p)). Therefore,

ViD= (] [éer(m) < Goler(p)].

(m<p;T)ex

By Proposition 3.2 we only have to show that all letters of ep () are letters
of er(p). Suppose that there is a letter z that is a factor of ep(7) but not of
er(p). Since gV contains SI~, it contains the two-element monoid M = {0, 1}
such that 0 is a zero and 1 < 0 (in fact SI™ is generated by M). Hence M
satisfies (m < p;I'). Since M is a one-vertex semigroupoid, that means that
M sat@g er(m) < er(p). Let ¢ be the unique continuous homomorphism

from E(T')" to M such that p(z) = 0 and p(z) = 1 if z is a letter distinct
from z. Then 0 = p(ep(m)) < @(er(p)) = 1, which is absurd. |

Corollary 3.5. If V is a pseudovariety of ordered semigroups or monoids
containing SI~ then #(LV) is a conjugacy invariant.

Proof: We have LV = LV % D, for any pseudovariety V (in [1, Proposition
10.6.13] we find a proof for the unordered case easily adaptable for the ordered
case). |
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Example 3.6. Let X and Y be the wrreducible sofic subshifts with the follow-
g presentations:

X b Q b % b Q c
Cel i e, Cel i e,
< <

The pseudovariety V = [[2* = x2] contains S|, thus .#(LV) is a conjugacy
invariant. We have X ¢ S(LV), since dx(aba)® = 0 # dx(aba)?® and
dx(a)Syn(X)dox(a) is a submonoid of Syn(X). On the other hand, with
some calculations we conclude that Y € (LV). Hence X and Y are not
conjugate. The subshifts X and Y have equal entropy, zeta function and
Krieger edge shift. Moreover, the invariant for sofic subshifts obtained in
[15, Theorem 4.12] is the same in X and Y. This invariant is also related
with the syntactic semigroup.

Example 3.7. The classes #(LSI), .(Com % D) and .(LCom) are all dis-
tinct. Consider the following sofic subshifts:

a b a b a a b b

Y. Yy, Oy, O . )y . ()
S ) ° ° ° Y: e ° ° °
We can decide if a subshift belongs to Com x D, since Thérien and Weiss
proved that Com x D = [[y“x12¥xoy“w32z? = y“r32%w0yx12%] [36]. Making
some computations, we conclude that X € .#(LCom) \ .#(Com * D) and
Y e .Z(Com=xD)\ L(LSI). In particular X and Y are not conjugate.

X

We proceed with the determination of all conjugacy invariants of the form
Z(V), with V a pseudovariety of ordered semigroups.

Proposition 3.8. Let V be a variety of languages. If V contains all the
languages of the form A*wA* with w € AY and A an alphabet, then V also
contains the languages of the form wA*, A*w or {w}.

Proof: Let V be the pseudovariety of ordered semigroups corresponding to
V. If X is a basis of pseudoidentities for V, then V = [, _ s[m < p]. It
follows that it suffices to assume that V = [[r < p] for some pseudowords
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7, p over an alphabet X = {x1,...,2,}. Let b a letter which is not in X, and
let B =X U{b}. Let L = B*bix(p)B*. Then L € VB™, and so

or(m) = w(0r(x1), ..., 00(xn)) < p(Or(x1), ..., 00(xn)) = dr(p).

Therefore d(br) < d1(bp). Since bp € L, it follows from Lemma 2.7 that
br € L. Then there are z,¢t € B* such that br = zbiz(p)t. Suppose that

z # 1. Then there is 2/ € B* such that br = b2’ biz(p)t. In an equality
between pseudowords, equal prefixes (and suffixes) can be canceled [1, Ex-
ercise 10.2.10]. Therefore m = 2’ bix(p)t, which is impossible since b is not a
factor of m. Hence z = 1 and br = bix(p)t, and so ix(m) = ix(p). Similarly,
tp(m) = tx(p). Since k is arbitrary, it follows that @ = p, or m and p are both
infinite pseudowords.

For an alphabet A and an element w of AT, let L be one of the sets
{w}, wA* or A*w. Its closure L in A+ equals, respectively, {w}, wA* or
A*w. Let 2,...,2, € AT and z,y € A% Let u = (21, ..., 2,)y and
v =2xp(21,-..,2,)y. Then u = v or u and v are both infinite pseudowords
such that ir(u) = ix(v) and tg(u) = tg(v) for all & > 1. Therefore u € L
if and only if v € L. Hence 7(01(21),...,00(z)) = p(0r(z1),...,0L(za)) by
Lemma 2.7. Since the words z; are arbitrary, this means that the syntactic
semigroup of L satisfies m = p, and so L € V. u

The version of Proposition 3.8 for varieties corresponding to pseudovarieties
of (unordered) semigroups was proved in [16], with arguments depending on
the fact that such varieties are closed for complementation.

Proposition 3.9. Let V be a pseudovariety of ordered semigroups. If ./ (V)
15 a conjugacy invartant then V O LSI=. Moreover, if V is a pseudovariety of
semigroups then V 2O LSI.

Proof: Let V be the variety of languages corresponding to V. By Theo-
rem 2.11 and the dual of Proposition 3.8, to prove V DO LSI™ it suffices to
show that the languages of the form A*\ A*wA* are in VAT,

For n > 2, denote by B, the unique finite aperiodic ordered semigroup
(up to isomorphism) with a zero and with a unique non-null J-class having
n idempotents and just one idempotent in each R-class and in each L-class,
and where the order relation is given by s < t if and only if s = ¢ or
t = 0. Let B] be the trivial semigroup. Let C' be a two-letter alphabet. The
syntactic semigroup of CZ is trivial, thus CZ belongs to .# (V). Therefore the
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conjugate subshift @[10’1](6%) also belongs to (V). The syntactic semigroup
of QD[lo’l](CZ) is isomorphic to By, thus By, € V. As is stated in [30], it is
not difficult to verify that B, is an ordered subsemigroup of an image by an
order-preserving homomorphism of a direct product of copies of B, . Hence
B, € V. It is easy to see that the syntactic semigroup of an irreducible edge
subshift whose corresponding presentation has n vertices is isomorphic to B,;
(see the argument in the proof of Theorem 12 of [10]). Hence . (V) contains
all irreducible finite type subshifts, since they are conjugate with irreducible
edge subshifts.

Consider an alphabet A and an element w of A*. Let b be a letter not
in A, and consider the alphabet B = A U {b}. Denote by ¢ the inclusion
homomorphism A™ — BT. The language L = B*\ B*wB* is clearly factorial,
and it is prolongable because if © € L then bub € L. Moreover, if u and v are
elements of L then ubv € L. Thus L defines an irreducible finite type subshift.
Hence L € V. Since AT\ A*wA* = o (L), we have AT\ A*wA* € V.

The varieties of languages corresponding to pseudovarieties of semigroups
are closed for complementation. Then it follows from Theorems 2.10 and
2.11 that every pseudovariety of semigroups containing LS|~ must contain

LSI. ]

The languages of finite type subshifts are negatively locally testable. There-
fore, from Proposition 3.9 we deduce that it is not possible to use an invariant
of the form (V) to detect non-conjugate subshifts of finite type, where V
is a pseudovariety of ordered semigroups.

Before we go to the next proposition, we note that LSI~ = LSINL[1 < z],
thus #(LSI7) = Z(LSI) N Z(L[[1 < z])).

Proposition 3.10. The classes .#(LSI7), Z(LSI) and (L1 < z]) are
dustinct.

Proof: 1t is proved in [32] that the syntactic semigroup of a language L of
AT belongs to L[[1 < z] if and only if L is a finite intersection of languages
of the form A"\ ugA*uy A* - - - up_1 A*uy, with &k > 0 and u; € A*. Therefore,
if A is the two-letter alphabet {a,b}, the subshift X of A% defined by the
factorial prolongable language A"\ A*abA*a?bA* belongs to .7 (L[[1 < x])).
We have dx(b) = dx(b)%. Since ba?ba’b ¢ L(X) and ba*b € L(X), we have
S (b)“6x(a®)6x(0)0x(a?)dx (b)Y # dx(b)“dx(a®)dx(b)?, thus X ¢ Z(LSI).
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On the other hand, let ) be the subshift with the following presentation:

d a a e
>y, 2 ), O
O T O
b b

We have cabac € L(Y) and cac ¢ L(), thus dy(a) £ dy(aba). Since dy(a) =
dy(a)?, we deduce that Y ¢ . (L[[1 < z])). One can verify that Y € .#(LSI).
u

A consequence of Propositions 3.9 and 3.10 is that there is not a pseudova-
riety of semigroups V such that .#(LSI7) = (V). More generally, we do
not know if there are distinct pseudovarieties of ordered semigroups V and W
such that .7 (V) is a conjugacy invariant and . (V) = .(W). On the other
for all k,1 > 1, if k # [ then Dy # D;, and one can prove that .#(Dy) is the
class of the full shifts, which is not closed for taking conjugate subshifts.

Lemma 3.11. Let V be a pseudovariety of ordered semigroups containing
LSI™ and let k be a positive integer. If L belongs to the variety of languages
defined by V * Dy, then ®(L)\ {1} belongs to the variety of languages defined
by V.

Proof: The variety of languages corresponding to W x D;. is described in
[34, Theorem 4.22] when W is a pseudovariety of ordered monoids, but the
corresponding statement and proof also holds when W is a pseudovariety
of ordered semigroups, with obvious modifications. Let AS* be the set of
words over A with length less or equal than k. Let V be the variety of
languages defined by V. By the referred version of [34, Theorem 4.22], the
language L \ ASF is the union of a finite family (R;);esr of sets of the form
R; = p;A*N A*s; N @,;1([(2-), with p;, s; € A and K; € V(A 1. One can
easily verify that

(D) {1} = |J[@(AN)\ {1}) npi(AFY)* 1 (48, 0 K.
iel
The languages ®;(A1) \ {1}, p;(A*1)* and (A**1)*s; are negatively locally
testable, hence they are in V(A* 1. Therefore ®,(L) \ {1} € V(A1)

since K; € V(AMHT and V(A NT is closed for finite intersections and
unions. ]
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Theorem 3.12. Let V be a pseudovariety of ordered semigroups. Then ./ (V)
is a conjugacy invariant if and only if V contains LSI™ and (V) = # (VD).

Proof: Suppose that .#(V) is a conjugacy invariant. Then V contains LSI~
by Proposition 3.9. Let X’ be a subshift of AZ belonging to .%(V x D). Since
V*D = J,o;V * Dy, there is k > 1 such that & € #(V x D). The set
O(L(X))\ {1} is the language of a subshift ) of (A*"1)Z which is conjugate
with X. By Lemma 3.11 we have Y € #(V), thus X € (V). Hence
L (V+D) C .#(V). The reverse inclusion follows from the fact that V C VW
for every pseudovariety W. The converse is an immediate consequence of
theorem 3.4. |

4. Syntactic characterizations of some invariant classes
of irreducible sofic subshifts
For a pseudovariety V of ordered semigroups, let .#7(V) be the class of
irreducible subshifts in .#(V). Theorem 3.12 also holds for the operator .#7.

If SI7 C V then #;(LV) is a conjugacy invariant by Corollary 3.5. There is
an infinity of such invariant classes:

Example 4.1. Consider the sequence (X,),>1 of irreducible sofic subshifts
with the following presentations:

AT TRATIR,
© e ° ° ° ° (nb’s)

c

Then X, € S (L[z" "2 = 2" 1)) \ A (L[2" ! = 2], thus

Fi(L[e® =2]) & AL =27]) & At =2") S -

Xy

There are some relevant classes of irreducible sofic subshifts of the form
Z1(V). We proceed with the description of some of them.

Proposition 4.2. Let X be a subshift of AZ. Then X is an irreducible
subshift of finite type if and only if X € #7(LCom).

Proof: Every subshift of finite type is in ./(LSI7), therefore it is also in
& (LCom). Conversely, suppose that X € .#7(LCom). Consider elements
u,v,w of AT such that wv,vw € L(X) and v has length greater then the
cardinal of Syn(X). We can see with a simple combinatorial argument [1,
Proposition 3.7.1] that there are vy, e,v9 € A' such that v = vievy and dx(e)
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is an idempotent. Since e, uvie, evow € L(X) and X is irreducible, there
are z,y € A" such that evow -z - e -y - uvie € L(X). This means that
dx(evqwzeyuvie) # 0. Since the submonoid dx(e) Syn(&X') dx(e) of Syn(X) is

commutative, we have
dx (eyuvwze) = dx(eyuvie)dx(evowze) = Sy (evawze)dx(eyuvie) # 0.

Hence eyuvwze € L(X) and so wow € L(X). From Proposition 2.2 we
conclude that X is a subshift of finite type. |

Let A be the class of aperiodic semigroups. We have SI C A and A = LA.
A code G : X — Y is aperiodic if, for all z € X such that {n € Z* :
o"(x) = x} # 0, the integer min{n € Z* : ¢"(z) = z} is equal to min{n €
7t : o"(G(x)) = G(x)}. The class .#7(A) was characterized in [10] as being
the class of irreducible sofic subshifts that are the image of a subshift of
finite type by an aperiodic code. It was also proved in [10] that .#7(A) is a
conjugacy invariant, using a weak version of the invariant obtained in [15,
Theorem 4.12].

Let Inv be the pseudovariety generated by semigroups of partial one-to-one
transformations. Ash [7] proved that Inv = [z¥y* = y*2*]. An almost finite
type subshift is an irreducible sofic subshift whose Fischer cover does not
admit a labeled subgraph as in Figure 1 [8]. It was proved in [9] that the
almost finite type subshifts are in .#7(LInv). We next prove the converse.
Note that .#;(LInv) is a conjugacy invariant since S| C Inv.

z z
Y, L ()
P——=1r~—4(q p,q,r states, p # q, u,z € A",

F1GURE 1. Forbidden pattern in the Fischer cover of almost fi-
nite type subshifts.

Theorem 4.3. The class Z;(LInv) is the class of almost finite type subshifts.

Proof: We prove the missing part. Suppose that X € .#7(LInv) and that X
is not of almost finite type. Let § be the Fischer cover of X. Then there
is in § a pattern as in Figure 1. Since § is strongly connected, it has paths
r — p and r — ¢ labeled v and w. Then p - (zYuvz¥)*(zYuwz*)* = ¢ and
p- (uwz2)?(z%uwz?)* = p. The monoid dx(2)* - Syn(X)-dx(2) is in Inv =
[z¥y~ = y*2*], thus (z%uvz*)* (zYuwz*)* and (zYuwz*)*(z“uvz*)* have the
same action on the states of §. Hence p = ¢. This is a contradiction. u
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All examples of irreducible sofic subshifts that we have so far presented are
of almost finite type.

5. Shift equivalence

Let X be a subshift of A% and let [ > 1 be an integer. Consider the alphabet
Al of the elements in A* with length I. We can naturally embed (A" in AT,
The set L(X)N (A7 is a non-empty factorial prolongable language of (A’)*,
thus it defines a subshift X! of (A")%. Recall that dx(u) is the equivalence
class of u in A" for the syntactic congruence of L(X). Consider an integer
[ > 1. It is easy to see that if u € (A)T then dyi(u) = dx(u) N (AN,
and so the map that sends dy:(u) into dx(u) is a well-defined one-to-one
homomorphism from Syn(X!) into Syn(X). Hence we can consider Syn(X")
as a subsemigroup of Syn(&X’). The following lemma was proved in [15]. It
isolates and generalizes an argument in the proof of the last theorem of [10].

Lemma 5.1. Let X be a sofic subshift of AZ. For everyl > 1 there is ! > 1
such that the set of idempotent-bound elements of Syn(X) is contained in
Syn(X").

Two subshifts X and ) are shift equivalent if thereis [ > 1 such that X Fand
V! are conjugate. If X' and )’ are conjugate then for all & > [ the subshifts
X* and Y* are also conjugate. Conjugate subshifts are shift equivalent, but
the validity of the converse in the finite type case was a major open problem
for a long time, until Kim and Roush found examples showing that it was
false [22, 23]. There is an algorithm for deciding if two sofic subshifts are
shift equivalent or not, but it is very complicated [21].

Theorem 5.2. Let V be a pseudovariety of ordered semigroups. If (V) is
a conjugacy invariant then it 1s also a shift equivalence invariant.

Proof: By Theorem 3.12, we have . (V) = (V % D), and V contains some
non-trivial monoid. By the Delay Theorem we have

(VD) ={Z: Z is a sofic subsift and Syn(Z)g € gV}.

Suppose that X and ) are shift equivalent sofic subshifts. Let [ be an integer
such that X’ and ) are conjugate. Let I’ be as in Lemma 5.1. Since I’ > [,
the subshifts X" and V" are conjugate. Therefore

Syn(X")p € gV < Syn(V")p € gV.
But Syn(X)p = Syn(X") 5 and Syn(Y)g = Syn(Y")E. |
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