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ABSTRACT: A q-type Hélder condition on a function f is given in order to estab-
lish (uniform) convergence of the corresponding basic Fourier series S,;[f] to the
function itself, on the set of points of the g¢-linear grid. Furthermore, by adding
other conditions, one guarantees the (uniform) convergence of S,[f] to f on and
"outside” the set points of the ¢-linear grid.
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1. INTRODUCTION

Basic Fourier expansions on ¢-quadratic and on ¢-linear grids were first
considered in [9] and in [8], respectively. Recently, in [10], sufficient con-
ditions for (uniform) convergence of the g¢-Fourier series in terms of basic
trigonometric functions S, and C,, on a g¢-linear grid, were given. In [24] it
was established an ”addition” theorem for the corresponding basic exponen-
tial function, being these functions equivalent to the ones introduced by H.
Exton in [12]. Following the unified approach of M. Rahman in [20], these
functions can be seen as analytic linearly independent solutions of the initial
value problem

T8 gy, so)=1,

where 0 is the symmetric g-difference operator acting on a function f by

6f(x) = fg"%) = flg "), (1.1)
with 0 < ¢ < 1. Then, from 1.1,

5f(x)  f(q"x) — f(qg %)
e = (1.2)
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There exists an important relation between this difference operator and the
g-integral. The g¢-integral is defined by

oo

/O F@)dgr = al - ) S flag")g"

n=0
and

/abf(x)dqx = /Ob f(z)dyx — /Obf(x)dqx. (1.3)

From 1.2 and 1.3 it follows

/ | 5J;§cx)dq$ =t { [/~ fa )] =[O = FO)] . ()

-1

hence, one have the following formula [10] for g¢-integration by parts:

1 1
/ g(qi%x) 5q(‘5f(x)dqx = —/ f(qqc%x)i(sqg(x)dqx—l-

—1 qT -1 5q$ (15)

1 1 1
¢ {| (f9)(a™) = (f9) (—a7?) | = [(F9) (07) = (f9) (0) ]}

These functions satisfy an orthogonality relation [8, 12] where the corre-
sponding inner product is defined in terms of the g-integral 1.4. In [8], it
was proved that they form a complete system and analytic bounds on their
roots were derived.

As we will refer in section 2, the above ¢-trigonometric functions can be
written using the Third Jackson ¢-Bessel funtion (or the Hahn-Exton g¢-
Bessel function). In [5], analytic bounds were derived for the zeros of this
function — which includes, as particular cases, the corresponding results es-
tablished in [8] — and recently, in [4], it was shown that they define a complete
system. The above mentioned function was also studied with a different nor-
malization in [13]

The publications [8, 10] contain the proofs of the results we are going to
use. Many results concerning expansions with g-analogues have appear in
the recent years: the publications [9, 25, 26] study expansions on g-quadratic
grids and [7] considers basic properties of systems associated with ¢-Sturm-
Liouville problems. This expansions have found to be very convenient for
applications in sampling theory [1, 2, 3, 6, 17]. For related topics see [21, 22,
23, 27, 29].

Throughout this paper we will follow the notation used in [14] which is
now standard.
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Section 2 collects the main properties of the set of the basic trigonomet-
ric functions and section 3 compiles some results which involve the Fourier
coefficients and the known general convergence theorems. Then, as a conse-
quence, sections 4 and 5 are devoted to the convergence issues: the former
establishes a condition on the function f, to guaranty uniform convergence
of the basic Fourier expansion to f on the set of points of the g¢-linear lattice
and the latter settles conditions on f in order to have uniform convergence
in a neighborhood of the origin in the complex plane. Finally, section 6 il-
lustrates the application of the results of the two previous sections to some
examples.

2. THE ¢-LINEAR SINE AND COSINE. PROPERTIES.

The initial value problem

0f (x)
@) @), o) =1,
has the analytic solution [8]
(1 — q g (=n)/4

exp,[A(1 —q)z Z

which is a standard g-analog of the classical exponential function [14, 20].
The g-linear sine and cosine, S,(z) and C,(z), are then defined by

exp, iz = Cy(2) +i5,(2) .

: (2.1)

From 2.1 we get

> n—(1/2)] ;2 0
= 1¢ ( L ¢, ql/zzz)
“ (¢ @) q :

n=

- 00 (_1>nqn[n+(1/2)]z2n P 0 ) /9 9
Sq(z)zl_q§ FEE T qg;q,q/z :
n=0 3 9 n

which can be written in terms of the third Jackson g¢-Bessel function (or,
Hahn-Exton ¢-Bessel function) [16, 19, 28]

¢t q) 0
I (z9) = Z”(— o ( 4 qz2>
(9) (G g
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as

—3/8(q q )oo L1/2 73) —3/4_. 2
CQ(Z) q (q q) J 1/2( Z?Q) )

1/8(q 7)o /2 73) (14, 2
SC](Z) q (q q ) J1/2 < < q )
They satisfy [§]
0C (wz) w
5. T qu(wz) : (2.2)
054 (wz) w
2
0 2ywe), (2.3
and, when w is such that S,(w) =0,
[Co()] ™ = Cola™ ) = Cylgw). (24)

It is known [8] that the roots of C,(z) and S,(z) are real, simple and
countable. Further, because C,(z) and S,(z) are respectively even and
odd functions, the roots of C,(z) and S,(z) are symmetric and we will
denote the positive zeros of the function S,(z) by wy, k¥ = 1,2,..., with
W < wyp <wsg < ....

As we mentioned before, the zeros of the function S,(z) form a discrete
set of symmetric points in the real line. In [8, page 145], it was shown that
the set of positive zeros wy, k = 1,2,... of the function S,(z), verify the
following analytic bounds:

If 0 <q< By, where 3y is the root of (1 —¢*)?—¢*, 0<q<1, then

—k+ap+1/4 k+1/4

q <wp <q , k=1,2,...,

where
log [1 — —fikq;]
2logq

OékEOzk(q)Z ]{321,2,....

According to Remark 1 in [8, page 145], the previous result can be restated
in the following form:
Theorem A Forevery q, 0 < q <1, K exists such that if k> K then

wp = q Bt 0 <6 < ar(q)
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By using Taylor expansion one finds out that

ar(q) = O as k— . (2.5)

Theorem 4.1 of [8, page 139] settle the orthogonality relations:
Theorem B Considering pj, = (1 — q)Cq(q1/2wk)S(’](wk) we have

1 0 if k#m
/ Cy(q" i) Cy(¢VPwpz)dyr = 2 if k=0=m
-1 M if k=m 75 0

0 if k#mVk=0=m

1
/ Sq(quir)Sy(qume)d,e =
-1 g VP, if k=m#0

The Completeness Theorem [8, page 153], where a misprint is corrected,
states the following:

Theorem C Let f(wipz) = C, (q%wkz> +14S,(qwrz) where the wy, wy=0 <

w; <wy<... are the non-negative roots of S,(z). Suppose that
1
/ 9(2)flwpz)dgz=0 ,  k=0,1,2,...
—1

where g(z) is bounded on z = +q¢/, j=0,1,2,.... Then, g(z) =0, ie,
g(:l:qj) =0 forall j=0,1,2,....

To end this section we write down the Theorem 6.2 of [8, page 150]:
Theorem D If S, (wy) =0 then, for n=0,1,2,...,

S, (g "wp) = S, )zn:( 1) gu+d) T 2)]
q Wg) = qwi; - q 2 w ’
! ! =0 (¢ @)2j+1 :
n 14+n—j.
1 1 S | q 7q y 1
Cq(q5+"wk) = Cy(q2wp) Z(_1>3q3(3—5)( )2] (WZ)J _

=0 (45 9)2;
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3. THE FOURIER COEFFICIENTS

As a consequence of the orthogonality relations of Theorem B, we may
consider formal Fourier expansions of the form

Fl@) ~ S,[f](x) = % +y [akC’q <q%wkaz) + bS, (qwkx)} ENER)
k=1
with ag = f_llf(t)dqt and, for k=1,2,3,...,
ap = i f( )C (q?w;&f) dgt (3.2)

/ f(1)Sy (quyt) d (3.3)

where
i = (1= 0)Cylq"?wp) Si(wr) - (3-4)
In order to study the convergence of the series (3.1)-(3.4), it becomes clear
that we need to know the behavior of the factor u; of the denominator as

k — oo, which is equivalent to control the behavior of .S (wy) and Cy(q*?wy)
as k — 00.

Theorem 3.2 from [10] asserts that

Theorem E At least for 0 < ¢ < (1/51)%/%9,
2 1.
Solwr) = 7 (k=3=a)g,

where Sy, satisfies lilgn inf |Sx| > 0.
—00

With respect to S; from the previous theorem we have the following
lemma:

Lemma 1. There exists a constant B, independent of k, such that
Skl < B, k=1,23,....

Proof: The expression of Sy is given [8, page 147| by

o (_1>nnq(n—k—|—1/2+ak)2 > _1>mmq(m+1/2+ak)2

5 =3 DI

—~ (). = (@ D)
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For k large enough, by Theorem A and (2.5), 1/2 + ¢, > 0 hence

|m\q 2 O (mo)
5=y ! 2 S -
X m=1

= (%)
which completes the proof since the infinite series on the right member is
convergent. [ ]

(m+1/2+ep)?

We observe that the constant B, as well as S, depend on the parameter q.

The behavior of C,(¢"/%wy) as k — oo will be known by the corresponding
behavior of C,(wy) and by (2.4). Theorem 3.3 of [10] establishes

Theorem F At least for 0 < q < (1/50)"/4,

Cq(wk) = q_(k_ek)QRk 5
here  |Ry| < —~ d liminf [R| > 0
wnere an 11m 1n .
0= 9) (g5 9)w oo T

To end this section, we collect the Theorems 4.1, 4.2 and 4.3 of [10]:

Theorem G If ¢ € R exists such that, as k — 00,

/ f(t) qzwkt> dgt =0 qu and / f()S, (quit)dt = O (qu)

then, at least for 0 < g < (1/51)Y/°° the g¢-Fourier series 3.1 is pointwise
convergent at each fixed point x € V;, = {iq”_l 'nE N} .

Theorem H If ¢ > 1 exists such that, as k — oo,
/ f(t) q%ukt) dgt =0 qu and / f()S, (quit)dt = O (qu)

then, the g-Fourier series 3.1, at least for 0 < ¢ < (1/51)/°0 converges
uniformly on V, = {iq”_l ' n e N} :

Theorem I If f is a bounded function on the set V, = {£¢" ' : ne N},
and the g-Fourier series S,[f](x) converges uniformly on V, then its sum is

f(z) whenever x € V.
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4. Convergence condition on the function

Denoting the g-Fourier coefficients of a function f by ay ( f (:z:)) and by, ( f (:z:)) :
k=1,2,3,..., using (3.2)-(3.4) and (2.2)-(2.3) one have, by (1.5),

- 1 5f(qzt - 5f(q2
(@) - o [ 5, o ) e - 1 %( o ””) (1.1)

quwi

and

. [f(0+) - f(o—)} - /_11 C, (q%wkt) @dqt}
tnf () [10000)_fe)ser])

2wy ox [ (1 —q)S;(wr)

(4.2)
The conjugation of this last two identities with Theorem H enables us to de-
duce conditions on the function f in order to guarantee uniform convergence
of the corresponding Fourier series S,[f]. In its statement, we will consider
the notation

LS[-1,1] = {f : sup{ ‘f(:l:q”_l)‘ NS N} < oo}

and the following definition:

Definition 4.1 If two constants M and )\ exist such that
’f(iq”_l)—f(iq") < M@, n=012... (4.3)

then the function f is said to be g-linear Holder of order \.

Theorem 1. If f € Lgo[—l, 1] is a q-linear Hélder function of order X\ > %
and satisfies f(07) = f(07) then, at least for 0 < q < (1/50)Y/4° the
corresponding q-Fourier series Sy|f] converges uniformly to f on the set of
points V, = {iq”_l ' nE N} :

Proof: From (3.2) and (4.1) one have

/_11 f)C, <q%wkt> dgt = p; ak(f) _ 1-q /1 S 5f(q% )

_q1/2wk -1 ot
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Similarly, from (3.3) and (4.2),

/ F)S, (quit) dgt = gy by () =
— {q% [f(q_l) _f( - q_l)}Cq (q%wk) — /_1Cq (C]%wkt) —5f(;]t_%t) dqt}.

quwi

By Cauchy-Schwarz inequality we have

|/ qwkt (a1 )dt </_115§ (quit) dqt>§ (/1(5102‘5’5))2%75)%
(4

and

[ 252 ([0 (252

Using the orthogonality relations of Theorem B we may write

1

102 (q2wkt) dgt = = (1 = q)C4 (q%wk) Sy(wr)

MI)—A

52 (qugt) dgt —/

thus (4.6) and (4.7) become, respectively,

‘ / qwkt
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/_11 C, <q%wkt> qut
: (4.9)

(€ (aten) S;(wk))% /_ 11 (W) dit | .

Now, using the corresponding definitions of the ¢-integral and of the operator
0 one finds that

[ (242) 0

=03 { [r@) - 1]+ [1- ) - 5]}

n=0

and

<

[N

(1-2q)

hence, since f is g-linear Holder of order A\ > %, by (4.3),

/ <5f(w)> Gt <281 -y g - 2Ly

1 (5t 0 1 — q2/\_1

In a similar way we obtain

Vot 20— g
/_ (&) dthquH. (4.11)

1

Thus, (4.8) and (4.9) become, respectively,

/—11 Sq (qwkt) & E;ft) dqt ﬁqli(—lq;)\q)lM (Cq <q%wk> S;(wk)>% (4.12)

<

(SIS

\/5(1 — Q)M 1 !

B9 (0, (1) 50
(4.13)

Finally, using (4.12) and (4.13) in (4.4) and (4.5), respectively, by Theorems

A, E, F and identity (2.4), as well as Lemma 1, one concludes that the
conditions of Theorem H are fulfilled with, for instance, ¢ = 3/2, thus the

<

and
! LN\ Of (g3t
‘/1 C, (qukt) 5 dgt
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¢-Fourier series (3.1), at least for 0 < ¢ < (1/50)"/% | converges uniformly
on the set V, = {:I:q”_1 ' nE N}, hence, by Theorem I, under the same
restriction on ¢,

Sylfl(x) = f(x), VeeV,={x¢"':neN}.
_

A simple analysis of the previous theorem shows immediately that the
behavior of the function f at the origin is crucial to study the convergence
of the ¢-Fourier series S;|f]. Consider, then, the following concept:

Definition 4.2 A function f is said to be almost g-linear Holder of order
A if two constants M , A\ and a positive integer ng exist such that

() f(£47)

holds for every n > ny.

< Mg (4.14)

Obviously that every g-linear Holder function of order X is almost q-linear
Holder function of order \.

Corollary 1. If a function f € L°[—1,1] is almost q-linear Hélder of order
A>3 and satisfies f(07) = f(07) then, at least for 0 < q < (1/50)/49 | the
corresponding q-Fourier series Sy[f] converges uniformly to f on the set of
points Vi, = {:I:q”_1 ' nE N} :

Proof: By hypothesis, f is almost g-linear Holder of order A > 1/2, i.e., it
satisfies (4.14). Then the relations (4.10) and (4.11)) now become

COSE(ED T 21— gy M2 g
/ d dt < O 4
—1 (St = 1—q2/\_1

/ <5f(q§t))2dqt _2l- g3

and

1 5t 1 — q2)\—1

respectively, where M; and M, are constants. Therefore, using the above
inequalities in formulas (4.8) and (4.9) we get two new inequalities that differ
from (4.12) and (4.13) only by a constant in the corresponding right hand
side. Hence, the conclusion on the uniform convergence follows. u
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Corollary 2. If f € Ly[-1,1] satisfies f(07) = f(07) and there ex-
ists a neighborhood of the origin where the function f is continuous and
piecewise smooth then, at least for 0 < q < (1/50)Y4° the correspond-
ing q-Fourier series Sy|f] converges uniformly to f on the set of points
Vq:{iqn_lz nEN} :

Proof: It’s just a consequence of the fact that a function f that is continuous
and piecewise smooth at any neighborhood of the origin satisfies a Lipschitz
condition [18, page 204]. Thus, it satisfies a Holder condition of order 1 on
that neighborhood and so, by Corollary 1, the uniform convergence follows.

|

5. Convergence on and outside the ¢-linear grid

The convergence of the basic Fourier series (3.1)-(3.4) always refer to the
discrete set of the points of the g¢-linear grid V, = {iq"‘1 :n e N}
Two important questions arise at this moment:
e The above mentioned q-Fourier series also converges outside the points
of the q-linear grid?
e In that case, to what function it converges?

Next theorem will give a positive answer to both questions.

Theorem 2. Let f € Ly°[—1,1] and suppose that ¢ € R exists such that,
as k — oo,

/ f(t) q2wkt>d t=0(q"+" / f(t)S,(quit) dgt = C’)(q(kJrc_%)Q) .

(5.1)
If f is analytic inside Cs = {z € C : |z| <0} , where 0 is a positive quan-
tity such that 0 < 60 < ¢ % with 0 < 0 < ¢, then, at least for 0 < q <

/1751,

f(2) =S5,f](2) im Ciy={ze€C:|z|<d}. (5.2)
Proof: We first notice that
> n nn 1)
3n, 2n _2n
QPwiz q2 Wiz
( ' ) 25% (4% 4: 4% ’

and

_ qwiz —~ (_1>nqn(n—1) In 2n_2n
Sa(quiz) = 1-—<12§% @), T
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hence, for sufficiently large values of &, by Theorem A, whenever |z| < ¢ 7,

’Cq <Q%Wk2>’ < Z : 2n(1—k-+eg) (q_g>2n

:O 7 7 n

" % (5.3)
q n— k—i— —o+e€
< q )
(45 4)o0 Z
and
quiz v~ "V, (2—k+er) (,—0)2n
S qwkz S n €k q g
5, (qwaz) 1_q2(q2q3.q2) (@)
qZ_k+€k (k:———i—a ek y . (54)
S q n— —|———U ek
(45 4)o0 Z
An easy calculation shows that
00 ) k—1 ) 0 )
Zq(n—k—i—%—i-ek—a) _ Zq(n—k+%—a+ek) + Zq(n—k—i—%—a—i—ek)
n=0 n=0 n=~k
k—1 X ) 0 X )
_ Z q(m+§—|—a—ek) i Zq(m+§—a+ek) .
m=0 m=0
thus, if
1
< 3
o] <,
for sufficiently large values of &,
00 X ) k—1 , 00 , 00 9
D S ) S T
n=0 m=0 m=0 m=0 q
In a similar way, for a given p € Ny , if
1
o] < 3 +p (5.5)
then, for sufficiently large values of £,
(0. 9 2
S glrktirase) < gy - (5.6)
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With the same reasoning we get, again for sufficiently large values of &,
0 9 2
Y qlrtirae) o gy e (5.7)

Hence, by (5.3), (5.6) and (5.4), (5.7), we may write, respectively, for k large
enough,

2p(1 _ Q) + 2 q—(k—%—i—o—ek)z

’Cq (q%wkz)‘ < (5.8)
and
2p(1 — +2 5 ex—(k—32 o—ekg
S, (qwn?)] < p((q,q? gk (i-jro-a)’ (5.9)

This way, for k large enough, using (3.2) and (3.4), Theorems E and F,
relation (2.4) and inequality (5.8), at least for 0 < ¢ < ¥/1/51,

2]9 1 q +2 ~(k=3+o—a) ~k+1te

aifa)| <

q2 wkt) dyt

(1- | Sk|

By hypothesis (5.1), we may suppose that ¢; € R™ and M; > 0 exist such
that, for £ large enough,

‘/ £(1) q%ukt) dt

In that case we have

< MygH+e)”, (5.10)

(]_ q> —+ 1 q(k—i—c ;0_1_6219)(1+2(cl—g)+2€k)_k+%+6k

"1-9)(g 9% |Sk|

hence, if 14+2(¢c;—0) > 1,1i.e.,if 0 < ¢; then, taking into account Theorem
A and (2.5), and the Theorems E and F, at least for 0 < ¢ < ¥/1/51,

’aqu (q%wkz) ’ < 2M,

‘aqu (q%wkz’)‘ < A"t (5.11)

where A; and 6, are positive constants.
Analogously, for k large enough, (3.3) and (3.4), Theorems E and F, rela-
tion (2.4) and inequality (5.9),

—(k=3+0—e) —2k+2+2¢,

|Sk|

2p( 1—q +2
(1-—

b5y (quiz)| < g (quit) dgt q
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so, again by hypothesis (5.1), if we admit that ¢ € RT and M, > 0 exist
such that

|/ f(t)Sy (quit) dgt| < Myqkte= 2 : (5.12)

then,

p(1—q) +1 q<k+c 37— 2 F)(242(co—0) +261) —2k+2+2¢x

(1—=q)*(q; 9)5% | Skl
Similarly, if 24 2(co —0) > 2, 1i.e.,if 0 < ¢ then, at least for ¢ such that

0<qg< V/1/51,

bS5y (quiz)| < 2M,

[brsg (quiz)| < Aag™", (5.13)

being A, and 0y positive constants.
We remark that in (5.5) we may choose p sufficiently large in order that

one haves
1

1
—§—p<0<a<min{cl,02}§ §+p, (5.14)
thus, replacing ¢; and ¢y from (5.10) and (5.12) by ¢ = min{cy, 2}, re-
spectively, we conclude, through (5.11) and (5.13), that the conditions (5.1)
guaranty the uniform convergence of the g¢-Fourier series (3.1) in Cj- =
{z€C : |z]| < q?} if o satisfies (5.14). This way, under this condition

on o, we have, by Theorem H,
f(z) =54 f](x) whenever z €V,

since V, C Cy-—, where V, = {q”_l 'nE N} is the corresponding set of
Theorem I and Cj-- is the interior of the circle of the complex plane with
center at the origin and radius ¢=7
On the other side, again by the uniform convergence of the g-Fourier series
Sqlf](x) on Cy— , since the terms of the mentioned ¢-Fourier series are entire
functions we then have that the g¢-series is analytic inside Cj--. From the
continuity of both members of the above equality it results f(0) = S,[f](0).
Thus, if f is analytic inside C5={z€ C : |2| <} ,where 0 < § < ¢°7,
then f(z) and Sy[f](2) are analytic inside C5 and coincide in a set with a
limit point in the interior of such circle; by the principle of analytic contin-
uation [11, Corollary 4.4.1], the above mentioned functions must coincide in
the whole set Cys, which proves (5.2).
|
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6. Examples

In this section we will present four examples of g-Fourier series and study
the corresponding questions about convergence.

Ezxample 1: g(x) = |z

The basic Fourier series of the absolute value function is given [10] by

T ] G A

Conditions of Theorem H are fulfilled [10] with, for instance, ¢ = 2. Thus, at
least for 0 < ¢ < (1/50)/49, the g-Fourier series of the function f(z) = |z|
converges uniformly on the set V, = {iq”_1 :n €N } so, under the same
restrictions on ¢, by Theorem I,

00 1-C (q%w )
1 1 q k
|96|=—1+ —2072(1-¢)) ; 1
q =1 wiCy (q%%) St (Wi

)C'q (q%wkx)

forallxevq:{iq"_lanN}.

Now, we may obtain the same conclusion in a easier way through Theorem
1, by simple arguing that the absolute value function

e is bounded on V, = {:I:q”_lz n EN},
e is continuous at the origin,
e and satisfies the g-linear Holder condition of order 1 since

[0 = [+q"]| < (1 a)g" ",

Thus, by Theorem 1, the same conclusion over the uniform convergence fol-
lows. Notice that Corollaries 1 or 2 also apply.

Given a function f, it is important to point out that Theorem 1 or its
Corollaries 1 and 2, enable one to decide over the uniform convergence of
the g-Fourier series S,[f] without the need to compute the corresponding
coefficients: only requires a short study of the function itself.
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—1 if <0
Ezample 2. h(x) =
1 if x>0

In this example, the conditions of Theorem H were not satisfied [10, Remark
3]. It was shown, using Theorem G, that the ¢-Fourier series

1-C, <q%wk>
wrCy (q%wk) Sy (wr)

is (pointwise) convergent at each (fixed) point = € V. Theorem 1 doesn’t
apply too (neither its corollaries) since h(0%) # h(07) .

Sq(qwkx)

Silhl(@)=2)

-1 se r<a
Example 3. H(z) = ; (a>0)
1 se z>a

Once 0 < ¢ <1 is fixed, denote by n, the least positive integer j such that
¢ <a,ie., n,g= [logq a] + 1. Then
ag = —2q" (6.1)
and, for k=1,2,3,...,
2(1 — ! ,
o= 21=9) {Cq ( q§+nawk> e (q_§+nawk>] |
—54+Nq, ,2
q 2 WipHk
By Theorem D,
Gy (1) =4 (7H%) =8, )
thus 2(1 S, (4" 2 S, (q"
= (1—q)S;(q"wr) 2 ql(q R 6.2)
For £k =1,2.3,... we have

b = 2(1-gq) [Sq (g " wr) — Sy (g"wr)

2
Wi q"a

- Sq(qwk)] :
By Theorem D,

1 n
S0 ) = 5, ) =~ o)
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_ 1 1 Co(gztmewg) — C, (2w
=[] - 29T 0)
hence, substituting (6.1), (6.2) and (6.3) into (3.1) it becomes (6.3)

Sl @) (w) =~

2i Sy (q"wy) Cy (cﬁwm:) + {C’q (q%wk> - C, <q%+”“wk>} Sy(qui)
o on Co (@) Sy(n)
(6.4)
We notice that Fxample 2 follows from Ezample / by computing the limit
n, — 00, i.e., when a — 0. Again by Theorem D,

Sa(q"wi) = Sy )”az—l( 1)igii+h) (772 0)51
q Wg) = 2g\qWk —L)q w
! ! =0 (¢ @)2j+1 g

and

Ltn, LSy Ty
Colq> ™ wi) = CylqPwr) Y (—1)7¢/V > T
1d)2;

thus, since S,(qwi) = —wiCy (q

1 ng—1 Na—J.
Y q 14) o .
/ H (2)Cy(gFwpr)dgt = 2(1—q)C, (q%%) 3 (1)l ( Va1 o
! j=0 (C]; Q)2j+1
and

1 Cq (qéwk)
/ H9(2)S,(qupz)d,t = 2¢7%(1 — ¢)——24x

1 Wk
Ng 14+n.,—7.
S b ]
=0 (45 9)2;

For each fixed a > 0, at least for 0 < ¢ < (1/50)"/%°, the ¢-Fourier series
(6.4) converges uniformly on the set V, = { +¢"t:n €N } . in fact, after
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some computations, one verifies that the conditions of Theorem H are satis-
fied with, for instance, ¢ = 2, hence, whenever z € V, and under the above
restriction on ¢, we may write by Theorem I,

HY(z) = —¢"a—

, i Sy (q"wy) C, (q%wkx) - {C’q (q%wk) — (qéwawkﬂ Sq(qui)
k=1 wrCy (q%wk) Sy (wr)
(6.5)
Another approach is the following: one easily check that H® e Lgo[—l, 1],
H@ (0*) =0=HW (0_) and H® is almost g-linear Holder of order bigger
then % since

‘H(a)( + qn—l) - H(a)( + qn)

=0, n>n,+1= [logqa]—l—Q.

By Corollary 1, the g-Fourier series S, [ H (a)] converges uniformly on the set
V,, thus (6.5) follows.

Ezxample 4: f(x)=a™

In [10, Proposition 6.1] it was presented the Fourier expansion of the function

f(z)=2",m=0,1,2,..., in terms of the functions C, and S, :
5,o"(z) = g

5] (_l)iq(i—l—l)(i—m—i—%) )

(G DY S D C(qEwnz) +

—0 W/%Hz(% q)m—1-2i

k=1 )
\ (_1)+(_1)m[m71] (_1)iq(i+1)(i—m—%)s ( )
q’ i quit) ¢
Sf,](wk> i=0 wl?; +1(q; q)m—?i !

where [z] denotes the greatest integer which does not exceed x and we will
take as zero a sum where the superior index is less than the inferior one.

Furthermore, it was proved that the conditions of Theorem H are fulfilled
with , for instance, ¢ = 2. Thus, at least for 0 < ¢ < (1/50)"/%° the ¢-

Fourier series of the function f(z) = 2™ converges uniformly on the set
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Vy={=£¢"':n €N}, so, by Theorem I,
2™ = S,[2")(x) whenever z€V,={%¢""':n eN}.
We notice that the conditions of Theorem 1 are trivial checked when f(x) =
™.

Now, since f satisfies the conditions of Theorem 2 with, for instance,
c=1 and f is an entire function then, by Theorem 2,

Sglx"(x) =2", VeeCi={z€C:|z|<d}

where 0 <0 <q? and 0 <o <1.

For some of the functions considered in the examples, fixing, for instance,
q = 0.7 and considering a finite number of terms of the corresponding ¢-
Fourier series, we obtain the graphics of Figure 1 . The corresponding right
graphic illustrates the attainment of Theorem 2. Notice that in this case the
function and the g-Fourier series coincides not only at the points (O.?)n,
n=0,1,2,..., but also in a neighborhood of the origin.

2
4
1
1.5
0.8 2 (

0.6 1] '
o4 Nl -0[5] 05 05

( 2

-1‘5 -1 -0.5 0.5 1 15

V 0.490.7 V1 -0.5

FIGURE 1

Concluding remarks. We notice that Theorem 1 or Corollaries 1 and 2 are
¢ -analogs of the corresponding classical theorems on uniform convergence for
trigonometric Fourier series. See, for instance, Theorem 1 of [18, page 204]
or Theorem 55 of [15, page 41].

Mathematica©® suggests that Theorems (4.1) and (5.1) remain valid for
0 < g < 1. It’s an open question and to prove it a different technic is
required.
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