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1. Introduction

A periodic Jacobi matrix is a real symmetric matrix of the form

ar b bn \
by .. -
L= , (1.1)
LT by
b bu1 an )
where b; > 0, for © = 1,...,n, and all the non-mentioned entries are zero.

An extensive attention has been paid in the literature to the theory of
periodic Jacobi matrices (cf. [1, 2, 3, 8, 11]. Many problems on the spectra
of periodic Jacobi matrices arise in a remarkable variety of applications, in
pure and applied mathematics.

Ferguson [3] presented an algorithm for calculating L from some given
spectral data, based on the Lanczos algorithm as treated by Boley and Golub
2], using a discrete version of Floquet theory. It is a typical inverse eigenvalue
problem, a problem concerned the reconstruction of a matrix from prescribed
spectral data. Recall that a Jacobi matrix is any real, symmetric tridiagonal
matrix whose next to diagonal entries are positive, [5, 6, 7]. Let J denote the
Jacobi matrix obtained by deleting from L the last row and column, with

wiA) =det(AM —J) = (A—p1) -+ (A — pn—1).
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The numbers py, ..., pp—1 defined by by - - - b, = —p;bry;w](u;) are called the

Floquet multipliers of L. Ferguson has shown that for given real numbers A,
B(>0), g > -+ > pp_1 and py, ..., pp—1 such that

there exists an unique periodic Jacobi matrix L (1.1) such that
ai+ay+---+a,=A and by---b, =08,

where pi;, for 2 =1,--- ,n—1, are the eigenvalues of J and the p; the Floquet
multipliers of L.

Ferguson also based his analysis on the partially characterization of periodic
Jacobi matrices by van Moerbeke. In [11], van Moerbeke had considered a
different periodic Jacobi matrix of order 2n:

/al bl bn \
by . -
. a, b,
Q= b a1 by )
b, .
bn—l

where b;’s are real positive numbers and a;’s are any real numbers. The
spectrum of () was given in terms of the spectrum of the difference equation

Ly(k7 )\) = (a'k—llji1 + kaO + CLle)y(k, )‘) - /\y(ka )‘) ) k= 1a e 72n )

with the boundary condition ¥, ; = y;, giving an analogue of Floquet theory
for the matrix Q).

Later, Andrea and Berry [1] presented some algorithms based on a con-
tinued fraction expansion for solving inverse eigenvalue problem for periodic
Jacobi matrices.

Since the spectrum of a periodic Jacobi matrix consists of a finite union of
closed intervals, so-called bands, recently E. Korotyaev and [.V. Krasovsky
[8] showed new bounds, in terms of the matrix coefficients, on the width of
the spectrum and on the total width of the gaps separating the bands. They
considered the so-called g-periodic Jacobi matrix

(qub)n - an—lwn—l + bnwn + an—f—lwn—i—l
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on (*(Z), where by, = b, € R, a,4, = a, > 0, and ¢ > 1 is the smallest
period, and they estimated the spectra based on the analysis of the quasi-
momentum. For that, they defined the Hermitian matrices

b1 alp — iCLQ
a; + iCLQ bg ’

if ¢ = 2, and
by a1 iay
a1
Ag—1 ’
—1ia, ag-1 by
if ¢ > 2.

These periodic Jacobi matrices suggest a generalization. In this work we
will see a periodic Jacobi matrix as the adjacency matrix of weight cycle. We
consider some Hermitian matrices whose graph has only one cycle and we
will be concentrated on the multiplicities of the eigenvalues of such matrices.

2. The characteristic polynomial of a weighted graph

A graph G = (V,€) consists of a finite set V = V(G) whose members are
called vertices, and a set £ = £(G) of 2-subset of V, whose members are
called edges. By a digraph D = (V, A) we mean the same finite set V', and
a subset A = A(D) of V x V, whose members are called arcs. Note that an
arc is an ordered pair (4, j), whereas an edge of a graph is an unordered pair
{i,7}. We write in each context i ~ j. A forest is a graph without cycles
and a tree is a connected forest.

Given an arc e = (i,7) of D, D\e is obtained by deleting e but not the
vertices i or j; the sub-digraph D\ X, where X is a subset of vertices of D,
is obtained from D deleting the vertices X and all arcs incident in vertices
of X.

Let A = (a;;) be an n x n matrix. The graph of A, G(A), is the pair (V, ),
where V = {1,...,n} and {i,j}, i # j, is an edge if and only if a;; # 0
or aj # 0. Analogously the weighted digraph of A = (a;;) is such (i, j) is
an arc if and only if a;; # 0. The matrix A can be viewed as a weighted
adjacency matrix of digraph D(A) on n vertices, with loops (arcs of the type
(z,7)) allowed on the vertices.
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We denote by A(X), where X is a subset of vertices of the graph or digraph
of A, the submatrix obtained by deleting from A the rows and columns of
X.

A directed path from 4; to 7,, B, ; , in the digraph D is a sequence of distinct
vertices (41,149, . ..,%_1,%,) such that each arc (i1,1s),. .., (i,-1, ) is in A(D).
We say that the length of P, ; , ¢(P;, ), is r — 1. If to the path P; ; we add
the arc (i,,41), then we have a directed cycle (iy, 19, ...,4.,41) (of length ).
Analogously the path from #; to i, in the graph G is a sequence of distinct
vertices (i1, 42, ..., 4_1,%,) such that each arc {i1, 45}, ..., {i,_1,7.} isin E(G).
If this path we add the arc {i,,i;}, then we have a cycle (i1, s, ..., %, 41) of
length 7.

We have a general formula for the determinant:

Theorem 2.1 ([10]). Given an n x n matriz A = (a;j) and r € {1,...,n},
let us assume that {cy,...,cn} is the set of all directed cycles in D(A) = D
containing the vertex r, with {; = {(c;). Then

det A= (=1)*det AV(r)) [ s (2.1)
k=1 (i.g)€A(ck)
where ¢, = (V(cr), A(cg)) and det A(V(cr)) = 1 if ¢, contain all vertices of
D.

The set of cycles includes the cycles of one arc (a loop), the cycles with
two arcs, (1,7,1), if a;; # 0 and a;; # 0, etc.

Suppose now A is Hermitian, with Theorem 2.1 we can give a general
formula for the characteristic polynomial of A,

det(A] — A) |
which we denote by p4(A):
Corollary 2.2. Given annxn Hermitian matric A = (a;;) andi € {1,...,n},
let us assume that {cy, ..., ¢y} is the set of all cycles in G(A) = G containing
the vertex i, with ¢y = (k1,..., ke, k1). Then
pa(A) = (A= ai)paup(N) — Z |aij| 00,5 (A) (2.2)
jri

—2 Z Re (ak1k2 T aklkflkék akzkkl) SOA(V(CI«))(/\) ’
k=1
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If the graph of A has only one cycle, then we conclude the following:

Corollary 2.3. Given an n x n Hermitian matriv A = (a;;) whose graph G
has only one cycle, say ¢ = (1,...,0,1), ifi € {1,...,{} is a vertezx of c, then

SOA()\) ()\ azz PA®) Z \azg| @Azg ) 2Re (a12"'a£—1,e@e,1)¢A(V(c))(>\) .

jri
If G(A) has only one cycle, then we say the graph is unicycle.

Corollary 2.4. Given an n x n Hermitian matriz A = (a;;) whose graph G

is a cycle, say (1,...,n,1), andi € {1,...,n}, the characteristic polynomial
of A is
pa(A) = (A= aiz’)SOA(z')()\) - \ai—1,¢|290A(z'—1,i)()\) (2.3)

—laiis1*eaiin(N) — 2Re (ar2 - ap_108n1) -

Corollary 2.5. Given an n x n Hermitian matriz A = (a;;) whose graph G
is a path, say (1,...,n), and i € {1,...,n}, the characteristic polynomial of
A is

pa(A) = (A= ai)pau Z ‘alj‘ P (A) -

Jri

Let A = (a;;) be a Hermitian matrix. We denote by A" = (b;;) the
symmetric matrix such that b;; = |a;|.

Corollary 2.6. Given an n x n Hermitian matrix A = (a;;) whose graph G
is a path, say (1,...,n), andi € {1,...,n}, then

pa(N) = par(A) .

Actually, the above result is still true for any Hermitian matrix whose
graph is a tree.

3. Prior Results

The main aim of an inverse eigenvalue problem is to construct a matrix
that maintains a certain specific structure as well as some given spectral
property. For example, given distinct real numbers p1, ..., t,—1 and nonzero
real numbers, wug,...,u, 1, whose squares sum to one, Ferguson [3] used
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Lanzcos algorithm to get a Jacobi matrix

a; by

=" , (3.1)

. . bys

bn—2 Qp—1
such that uq,...,u,_1 are the first components of a set Yi,...,Y,,_1 of real

orthonormal eigenvectors of J associated with eigenvalues i1, ..., fin_1:
1: Set:
1.1: by = 1;

1.2: up; =0, for j=1,2,...,n—1;

1.3: uy; = uy, forj: 1,2,...,n—1.
2: Iteration 7 = 1,2, cee,n— 2

2.1: a; = Zz h /Lguw,

2.2: b; = \/Zezl ((pe — ai)uie — biui—1 0)?;
2.3: Uit = ((/LJ - ai)um — bi_lui_m)/bi, for j = 1, 2, e, = 1.
3: 0ot = S iy
where w; ;, for j = 1,2,...,n — 1, is the i-th component of Y.
Leal Duarte [9] generalized this result to any Hermitian matrix whose graph
is a tree.
To prove this algorithm, Ferguson consider important relationships between
the eigenvalues and eigenvectors of J.
Since J is a real, symmetric matrix, J has a set of real distinct eigenvalues
{1, ..., tp—1 With associated orthonormal eigenvectors Y7,...,Y, 1. f Yisa
matrix whose j column is Y}, then

JY =YD, where D =diag(u1,...,tn-1) -

It is also known
(ul —J) =Y (ul — D)'YT. (3.2)
Since the characteristic polynomial of J is
wy(A) = det(A = J) = (A= pa) -+ (A= pn—1)
then




INVERSE EIGENVALUE PROBLEM FOR A CYCLE 7

and we have
n—1
() = ] (s — i) -
i(#j)=1

Comparing the entries in row 1, column n-1 of (3.2) we obtain the identity
b1 s bn_g = wf](,tzj)ul,jun_17j ,j = 1, e, = 1. (33)

Ferguson also treated an inverse eigenvalue problem for periodic Jacobi
matrices. Let L be the periodic matrix as in (1.1) and J be the Jacobi matrix
obtained by deleting from L the last row and column. Let pq, ..., y,—1 be the
eigenvalues of J, uq,...,u,_1 be the first components of a set Y7,...,Y,, 1 of
real orthonormal eigenvectors of J associated with eigenvalues py, ..., fn_1
and wy(u) be the characteristic polynomial of J.

Definition 3.1. The Floquet multipliers p, ..., p,_1 of L corresponding
to 1, ..., tp—1 are the numbers defined by the relation

by« by = —pjw(u)bius, j=1,....n—1.

n=g

With this facts in mind, Ferguson introduced the following matrices:

ai bl %bn
by
Lp - ’
. : bn—l
an bn—l Qp

where p # 0, and he proved some interesting spectral properties of L.

Theorem 3.1 ([3]). The characteristic polynomial of L, admits the repre-
sentation

det(\I — L,) = by ---b, {A(A) —(p+ 1)} :

P
where A(N), called the discriminant of L,, is independent of p. The Floquet
multipliers p1,--- , pn—1 of L corresponding to the eigenvalues iy, ..., fi—1 of

J satisfy the relation

(“D/AGL) = (1P (o + )22, j=Lon=1.
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Furthermore, the eigenvalues Ay, ..., N, of L, which are the roots of A(X\) = 2,
are real and can be ordered so that

)\1>>\22)\3>)\42>\5>"'
The main important result of [3] is the following:

Theorem 3.2 ([3]). There exists a periodic Jacobi matriz (1.1) with eigen-
values A\, ..., A\, if and only if the real numbers Ay, ..., \, can be rearranged
such that

AL > A 2> A3 > A\ >
To construct a Periodic Jacobi matrix with eigenvalues Ay, ..., A\, such that
AL> A > A3 > A\ >

Ferguson used the following procedure: let A = A+ -+ X\, 1 > -+ > 1
be real numbers and B be a positive real number such that

(=1)A(p;) >2, j=1,...,n—1,
and
AMZ 12 A2 2 A1 2 i1 2 Ay
where A(A) =2+ £(A—X;)--- (A= A,). Consider pi, ..., p,_1 such that
A(/,Lj):pj‘f‘ij, j=1,....,n—1.

With wy(p) = (1 — p1) -+ (1 — pn—1),

1: Set:

1.1: b, \/ Sl pka -

1.2: u; = b p]wJ(u) fory=1,...,n—1.
2: Recover the Jacobi matrix J (3.1) from p;’s and u;’s.
3: Set:

3.1: by 1 = 5

32:a,=A—(a1+ -+ ap1).
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4. Inverse eigenvalue problem

Suppose now that A is a Hermitian matrix whose graph is exactly the cycle
C=(1,...,n1),ie.,

ai b1 bn

A= | 0 , (4.1)
B _.' b—1
bn bn—l G,

where a,’s are real numbers and b,’s are nonzero complex numbers.

Proposition 4.1. The eigenvalues of A defined in (4.1), A1, ..., A\n, can be
ordered as

)\12)\2>)\32)\4>"', sze(blbn_15H)<O

or
>\1>>\22)\3>>\4Z"', sze(blbn_lgn)>0

Proof: By Corollary 2.4, the characteristic polynomial of A is
pa(N) = A=a1)pa)N) =101 P@aa.2) (N =10 * @ a0 (N) =2 Re (b1 - - - by1by)

If one considers the symmetric matrix

ai |b1’ |bn’
|01
AT = :
‘. . ‘bn_1|
‘bn| |bn—1’ Qn

then, again by Corollary 2.4, the characteristic polynomial of A" is
par(N) = (A= an)ear@y (V) = [b1*@ar1,2(A) = bal*@aramy(A) = 2[b1-- - ba] -

Hence by Corollary 2.6, o 4+(1)(A) = ©a1)(A), a+1.2)(A) = @a1.2)(A), paran(A) =
©A1n)(A), then

©aA(N) = a+(A) +2|by -+ - by| — 2Re(by - - by_1by) -

If
AA+(>\) = |b1 e bn|_190A+(>\) + 2
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(the so-called discriminant of A1), then

0a(N) = |by- - by <AA+()\) 9 Re(by - - - bn—lbn))

Since |Re(by -+ -byp—1| < |b1---by—1], then the eigenvalues of A, which are
the roots of A+ (\) = 2 Belbrbuoibn) ©yepify

|b1...bn|
_9 S 2Re(blbn_1bn) S 9
If gy > -+ > p,_q1 are the eigenvalues of the Jacobi matrix obtained by

deleting from AT the last row and column, using Theorem 3.1,
(=1 Aur(pj) >2, j=1,...,n—1

Consequently, the eigenvalues of A are real and can be ordered so that

)\12)\2>>\32)\4>"', lfRe(blbn_lgn)<0

or )
)\1>)\22)\3>)\42"', ifRe(bl"'bn_lbn)>0,

because the coefficient |by - - - b,| ™! of A" in A 4+()) is positive. u

We state now the main result of this section:

Theorem 4.2. There exists a Hermitian matriz A as in (4.1), with eigenval-

ues A, ..., N, if and only if the (real) numbers Ay, ..., A, can be rearranged
such that

)\1>)\22)\3>)\42"' (42)
or

)\12)\2>)\32)\4>"'. (43)

Proof: The necessity follows from Proposition 4.1.
;From Theorem 3.2, if the real numbers Ay, ..., A, verify (4.2), then we can
find such matrix. Suppose that the real numbers are under the conditions

(4.3). Set
A=M+Xo+ -+ A
Let us consider the real numbers pg > pg > -+ > p,—1 and B(> 0) such that
(=1)A(p;) >2, forj=1,2,...,n—1,

and
ML > A > g >,
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where
AN) = -2+ —= (/\ A1) (A= A\p).

Consider p1, ..., p,_1 such that
1
Alpj)=—pj——, forj=1,2...,n—1
Pj

'WMHWO%—W—MO - (4 = 1) setting

\/Zé 1 pKWJ fe)

yfor 0 =1,2,...,n—1,

ZUg b pw(

and using the Lanzcos algorithm already described, with u,’s and u,’s we can
get the Jacobi matrix (3.1) J. Finally, setting

oy = —— 2
bibs . ..b,_ob,
and
an=A— (a1 +az+ - +a,1),
then
( ar b by, \
by . .
T =
bn—2
bn2 an-1 —by 1

\ b, —bp—1 an /

is the desired matrix. In fact, let

(Zl 'bl | %bn \
1 .. ..
T, =
bn—2
by — n—1 —bn_
\pbn 2 _abn—ll Qp, 1 )

Since uy = bi,/m%@ and B = by ---b,, then
n J

by - by = py(pe) b2,
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for{=1,2,...,n—1. If Yy,...,Y, 1 are the set of orthonormal eigenvectors
of J, corresponding to its eigenvalues p, ..., tt,—1, obtained using the Lanz-
cos algorithm already described, then u;, denote the i-th component of Y.
From the last equality and (3.3) we obtain

pgbnuLg - bn_lun_m =0 ; (= 1, e, — 1.

So,
Yy Yy
TM(O):W(O)’ fort=1,...,n—1.
Therefore ji, is an eigenvalue of T),, for £ = 1,2,...,n—1. Using elementary

properties of determinants, it is easy to see that dip det(AM —t,) =by---by(1—
%). When both sides are integrated with respect to p, we obtain

det(M —T,) = by - - by, {AT(A) +(p+ %)} .

Then

Notice that

Ar(X) = (A= AN )
by - b,
and thus the coefficients of A" and \"~! in Ap(\) and A()), respectively,
are the same. Henceforth, Ap(\) — A()\) is a polynomial of degree less than
or equal to n — 2. But Ap(ue) — A(ue) = 0, for £ = 1,2,...,n — 1, which
means that Ap(A\) — A(A) has n — 1 distinct roots. Therefore, Ap = A and
A1, ..., A\, are the eigenvalues of Tj. [

FErample 4.1. Given the numbers 6, 3, 1, we want to find a Hermitian matrix
(4.1) whose eigenvalues are

AM=06=X>XN3=3=X 4> X\y=1.
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We can get with A =19, B=1, 4y =6 > s =5 > u3z = 3, u4 = 2 and the
above procedure described in Theorem 4.2, the matrix

[ 4 V20 0 V23
V2 o4+ 0 0
0 4-Y V2 0

1

0 (2) V2
\V2-v3 0 0 —V2rv3 3 )
which eigenvalues are
AM=X=060>3=N=3> =1

[
W
|
T
e

Corollary 4.3. Any eigenvalue of a Hermitian matriz of the form (4.1) has
at most multiplicity 2.

5. An unicycle case

Let us go back to real matrices and let us consider now the symmetric

matrix
/ a1 bl bn \
by - e
P - Y
ap—2 bn—2 bn—l
bn—? an—1 0
\ bn bt 0 a, )
where b; > 0, for © = 1,...,n, whose graph is a cycle to which we add an
edge to no one of its vertices.

If A\i,...,\, are the eigenvalues of L, then we know that they are all real
and the maximum multiplicity of each is two (cf. [4]). With b > 0, for
i=1,...,n—2,in J defined in (3.1), as a set of real distinct eigenvalues
W1, ..., 1 With associated orthonormal eigenvectors Yi,...,Y, 1,if Y isa

matrix whose j column is Y}, then
JY =YD where D =diag(u1,...,tn-1) -

It is also known
(ul —J) P =Y (ul — D) YT,
By comparing the entries in row 1 column n — 2 we obtain the identity

by bys(ptj — an—1) = Wi (pj)ur jun—2;j | (5.1)
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foryj=1,...,n— 1.

Set now
( ar b %bn \
by e e
Pp - )
Ap—2 bn—2 bn—l
bn—2 an—1 0
\ pby, b,-1 O a, /
where p # 0.
Definition 5.1. Let J be a matrix characterized by the eigenvalues p1, . . ., ft,_1
and by the set Y7,--- Y, ;1 of real orthonormal eigenvectors associated with
[, - -y fin—1, Whose first components are uy, - -+, u,_1. Let wy(u) be the char-
acteristic polynomial of J. We define pq,..., p,_1, the unicycle Floquet
multipliers of P, corresponding to pq, ..., ft,_1 as

Y
forj=1,...,n—1.

Remark 5.1. Notice that if p; # a,_1, since w’;(p;) # 0 and u; # 0, then
_b1b2 ce bn73(luj _ an—l)bnfl

Wy (14) bnu?

Pj =

Otherwise, p; = 0.

Proposition 5.1. If Ay > Xy > --- > X\, are the eigenvalues of P, then
Al > Qpoq > Ay

Proof: We know that J = P(n) has eigenvalues p; > - -+ > p,_1 which verify
the interlacing relation
AL 21> > 1 = Ay

It is also known that J(1) (whose graph is a tree obtained from another
tree deleting and end vertex) has eigenvalues ¢4 > - -- > 6,,_5 which verify

M2 >00> >0, 0> 1> Ay

Repeating this procedure and since n > 4, then J(1,...,n—2) = (a,_1) is
itself an eigenvalue, which verifies the relation

M2 >00> - >ap 1> >0 0> 12> Ay
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Therefore
AL > A1 > Ay
]

Proposition 5.2. If a,,_1 is an eigenvalue of P, then its (algebraic) multi-
plicity s 1.

Proof: Let us calculate the characteristic of the matrix a,_1/ — P. From

/an—l —a; —bh —by, \
—by L
CLn_ll—P: )
e Qpe1 — Qp—2 _bn72 _bnfl
—by—9 0 0
\ _bn _bnfl 0 Qp—1 — Up )
using elementary transformations we get
(%—1 —a; —by —by, \
—by L
_bn—4 = Q .
_bn—4 ap—1 — An-3 0
0 0 _bn72 _bnfl
—by—9 0 0
\ _bn _bn—l 0 Qp—1 — Up )

If R is the submatrix of () resulting from deleting row n and column n — 3,
since b; > 0,1=1,...,n, then

rank(R) =n — L.

Thus rank(a,, 11— P) > n—1. But the multiplicity of a,_; is greater or equal
than 1, and therefore rank(a, 1/ — P) = n — 1 and (algebraic) multiplicity
of a,_1 is equal to 1. |

The main result of this section states:

Theorem 5.3. The characteristic polynomial of P, may be represented by

det(A — P,) = byby - - - by_g(A — an_1)bn_1bn {g(A) - (p + %) } . (5.3)
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where £(N) is independent of p. The numbers p1, ..., pn—1 of P corresponding
to the eigenvalues iy, ..., un—1 of J satisfy the relation

1 :
) =pi+ 2 i 7 an s (5.4)
j
Moreover, if Ay > Ao > ... > X\, are the eigenvalues of P and k is the
integer satisfying A\ > an_1 > Ap11, then the eigenvalues of P can be ordered
as
A1 >/\22)\3> cee > Al >)\k>)\k+1 Z)\k+2> ka 1S even
A1 >>\22)\3> "’>)\k—1 Z)\k>)\kz+1 >)\k+22 ka 18 odd.

Proof: It is straightforward to show that

%det(A[ — Pp) = —blbg s bn_g()\ — an_l)bn_lbn (]. — %) y
and integrating both sides this equality in order to p we get (5.3) where
bibs -+ by _3(A — ap_1)b,_1b, and £(N) do not depend on p.

Let J be the matrix obtained by deleting from P the last row and column
and let uq, ..., u,_1 be the first entries of the unitary orthogonal eigenvectors
Yi,...,Y,1 of J corresponding to the eigenvalues uy, ..., fn—1. From (5.1)
and (5.2) we get

bn—lun—Q,‘ .
pj:_bnT,jj7 fOI'jzl,...,’l’L—l,
and therefore
ij(}g>:uj<}g), fory=1,...,n—1.
Consequently, u; is eigenvalue of P, , j =1,...,n — 1, and from (5.3) we

get (5.4) provided ptj # an—1.
;From the definition of p;, (5.2), since w/;(p;) # 0, for j=1,...,n—1, we
have

o~
e
@)
B
=
N
:_/
&.
=
o
@)
T
—_
N~——
<
&
=
=
()
N
=
=
@)
@)
>
—+
=
=
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provided ‘pj + %‘ > 2.
Proposition 5.1 gives the inequalities
Al > A1 > Ay
let k£ be the integer such that
Ak 2> Qo1 > A1

By Proposition 5.2 (algebraic) multiplicity of a,,_; is least or equal to 1. Let
us split now the proof on two cases:

1st case: a,,_; is not an eigenvalue of P.
In this case, let us assume A\ > a,_1 > Apy1.
If k is even, then since the eigenvalues of P are the roots of £(\) = 2
and (blbg - bnfg()\ — an,l)bn,lbn)_l >0 (< O), if A > a,_1 (< Ap—1,
resp.), then Ay, ..., A, can be ordered as

AM>A > A3 > - >N > A > N 2 Ay > -
If £ is odd, then \q,..., )\, can be ordered as
AL> A2 A3 > > N1 2 A > Ap1 > Apyo > -0

2nd case: a, 1 = \; is an eigenvalue of P.
In this case,

det(A\] — P,) = bib -+ by_s(A — an_1)bn_1ba {é(k) B (p N %> }

where £(\) is an polynomial of degree m — 1, such that the roots
of £(\) = 2 are the eigenvalues of P different from a, 1. Also, the
coefficient (byby - - - by, _3b,_1b,) L of A" 1in £()) is always positive, and

E) = (b1 - basbu1b2) (A= A1) - A= X)) A= Nga) - - (A= A) +2) .

If k is even, then &(a,_1) < 2, and therefore Aq,..., A\, can be or-
dered as

AL> A > A3 > s > N > A > N1 = Apga >0

If k is odd, then &(a,—1) > 2, and therefore A, ..., A, can be ordered
as

)\1>)\22/\3>"'>)\k—1>)\k>/\k+1>/\k+22"'-

Therefore, we have the result. |
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