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DISCRETELY COMPACT IMBEDDINGS IN SPACES OF
CELL-CENTERED GRID FUNCTIONS

S. BARBEIRO

ABSTRACT: Compactness of imbeddings in discrete counterparts of Sobolev spaces
is considered. We study the imbeddings in spaces of cell-centered grid functions, in
one and two dimensional domains. No restrictions are made on the mesh-ratios of
the underlying meshes.
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1. Introduction

Results in compactness of imbeddings in spaces of grid functions can play
a main role in the study of stability and convergence of finite difference
schemes. In particular, they are important technical tools in order to es-
tablish supraconvergence results for schemes in non-uniform meshes (see e.g.
[3]-[6] and [8]). In this paper we consider spaces of cell-centered grid func-
tions. We prove discrete compactness of imbeddings in discrete versions of
the Sobolev spaces Wy"", m = 1,2, 1 < p < oo, in one-dimensional domains.
In two-dimensional domains we prove a similar result for the particular case
m = 1 and p = 2. Grigorieff gives, in [7], correspondent results for spaces
of vertex-centered grid functions for the one-dimensional case. In the case of
non-uniform grids, the normed spaces which we consider in this paper do not
coincide to those defined in [7] and an different kinds of proofs are needed.

2. Discrete approximation of W;""(0, R)

In this section, we start to introduce the discrete Sobolev spaces Wy (0, R)
as vector spaces of grid functions. We define the partition in the domain

Ghiz{02$0<$1<"'<$N:R}.
The set of the cell-centers is given by
Sh = {Il/z, $3/2, ceey ,I'N_l/z},
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where . .
Tj_1/9 = ——y j=1,...,N.
For the grid functions v, and w;, defined on S;, := S, U {xg,zny} and Gy,
respectively, the centered difference quotients are given by
_ Yjt1/2 T Y12

(5Uh)j = h 1/2 ’ jZO,...,N,
j—

and
w; — Wj-1

Y
Iy

where x_y /5 1= g, Ty41/2 = Ty and

(Owp)j1/2 :=

hj—l/? = Tjr1/2 — Lj-1/2, ] :07"'7N7
hj—l =X — Tj-1, jzl,,N
We also consider x_1 := g, xn11 := N, ho1 := hy := 0. Let A be a
sequence of mesh sizes h = (hg, ..., hx_1) such that

hmax = max{hj_l,j = 1, ceey N}
converges to zero.

Let W,"", m = 0,1,2, p € [1,00[, be the space of grid functions on Sy,
which are zero on 0 and R, equipped with the norm

m 1/]7
A (thivﬁ,p) ,
(=0

where

N
|Uh|];vo,p = Zhj—l‘vj—1/2‘pa
h e
N
ol an = D hymagel (Gon) 1
j=0

N
|Uh|§v}3,p = Zhj—l‘ (52%)3'—1/2 "
j=1

If p = 0o we consider the norm

HUhHW}T"’O = Ofgnéa;fn ‘Uh‘wf@o7
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where
‘Uh‘w,?m = 1I§nja§}]<v‘(vh)j—1/2|a
[Onlpre = orélj??v‘ (o), |,
[nlyzee 1= max | (6%vn) ;_y s

and we denote the corresponding space by W, ™. In analogy to the usual

notation for Sobolev spaces, we use E;j for V([)/ho’p and |||z for the respective
norm.

Let Ry, be the operator that defines a restriction to Sj,.

The discrete spaces introduced above form discrete approximations to

Wy""(0, R) and C{'[0, R] which we denote by (W,""(0,R),1I I/f/hm’p) and

(Cio, R],Hl/f/hm’oo), respectively. These approximations are considered in
the following sense ([9], [10]): a sequence (vj)pep is said to converge dis-

cretely in (W;""(0, R), HVC[)/hm’p) to an element v € W;""(0, R),

on — v in (WgP(0, R), IIW;"™) (b€ M),
if for each € > 0 there exists ¢ € C§°[0, R] such that

v — @llwmro,r) <€, limsup{|lvy, — Rppllwme, h € A} <6

it is said to converge discretely in (C{'[0, R],I1 I/?/hm’oo) to an element v €
CJ'[0, R],

v, — v in (CF']0, R], Hl/f/hm’oo) (h e A),
if

|vn — Rpollyyme — 0 (h € A).

We consider compact imbeddings of W . P which have corresponding
Sobolev imbedding results given by the Rellich-Kondrachov theorem (see

e.g. [1]).

Theorem 1. Let m € {1,2}. The sequence of imbeddings
I :ﬁ/hm’p —>V?/hm_1’q, h e A,

for 1 <p,q < oo, with q < oo if p=1, s discretely compact.
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Proof: We first consider the imbedding for the case m =1
Jh, :I/;/;’p —>lo;g, heA.

Let (vp)p € 11 I/f/hl’p be a bounded sequence. Then the sequence (wp)y €
HWOLP(O,R), which is linear in each interval [z, 19, 2j11/9), 7 = 0,..., N,
satisfying

wi(Tj_1/2) = vp(Tjo12), F=0,...,N+1,
is bounded in IIW,?(0, R). In fact, if p = oo then
lwnllwrro,r) = HUhHW;aP-
When 1 < p < oo then by Friedrich’s inequality
|wn|lwieo,r) < Clwnlwiro,r)

and

R
|wh‘W1aP(O,R) = </o |w( |p dﬂ?) <Z h] 1/2| 5Uh |p> ‘Uh‘w,}=P(o,R)-

We note that the imbedding W'(0, R) — C|[0, R], 1 < p < oo, is compact
and consequently we can find is a subsequence A’ C A and a function w €
Co[0, R] such that

max |wp(z) —w(z)] =0 (he ).
x€[0,R]

Hence,
vn — w in (Col0, R, IILF) (ke N).
Since for 1 < g < o0
lvn — Rpw|zs < Cllop, — Bpw|| e,
with C' = R4, we conclude the convergence
v, — w in (L4(0, R),Hzg) (h e N).

Let us now consider p = 1. The imbedding W1(0, R) — L%(0, R) is
compact and subsequently

wp, — w in LY0,R) (heA)
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for some subsequence A’ C A and w € L%(0, R). We are now going to prove

that v, — w in (Lq(O,R),HZO;;f) (h € A'). For each € > 0 and ¢ > 0 it is
possible to find ¢ € C§°[0, R] such that

Ol m

|w — | zeg0,r) <

Let us consider the function ¢, which is linear in each interval [z;_4 /2, g1 /2],
7 =0,..., N, and satisfies

77/}h(5'3) = 90(333'_1/2), 7=0,...,N+1.

There exists ¢, > 0 such that

R
Cguvh—Rh%@HngS/O wp, — Yp|? da.

Since 1, — o in L4(0, R) then

R R
| = wftde = [ ptde (he ),
0 0
Consequently, taking ¢ = ¢, holds

lim sup{||vs, — Ryl 12, h € A'} <e.

This concludes the first part of the proof, i.e., the sequence .J, :I/f/hl’p — lo;;f ,
h € A is discretely compact.

We consider now the sequence of imbeddings (Jp,)a, Jp :I/f/,f’p —>Mo/h1’q. Let

(vp)a € HI/;/hz’p be bounded. The sequence (wy,)a, where wy, is defined by
’U}h(x]) = (57}]1)]'7 j:()a"')Na

linear in each interval [z, z;11], 7 = 0,..., N —1, is bounded in ITW?(0, R).
For p > 1 then Rellich-Kondrachov Theorem gives the existence of A’ C A
and wy € C|0, R] such that

max | (0vy); —wi(z;)| — 0 (h e ).

0<j<N
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x
Let wq(x) := / wy(t) dt. We have, taking vy = wy = 0 into account,
0

N N
[0j-1/2 = wol@j_1y2)| < Y |(0); — wi(xi)] + Y wa(a) — (Swp)i
i—0 i—0
< R max ‘(5v)i — wy x,)‘ + R max |wy(z;) — (dwo)il,

0<i<N

j=20,..., N+ 1. Hence the convergence

oA [vj-1y2 = wo(jm1p)] = 0 (R € AY),

follows and we conclude that
v —wo (b€ N)in (CH0, R], TTW,>™).

For the case p = 1 the proof is analogous.
|
The next lemma is helpful in the proof of the compactness imbedding
theorem for the two-dimensional case.

Lemma 1. Let (vp)p € Hl/f/hl’p be a bounded sequence, with 1 < p < oo. For
any T € R, the step function defined by

wh(gj) = Uh(xj—l/Q)a €z E]xj—hxj]a j = 17"'7N7

and zero outside of these intervals, satisfies
[ st + 1) = wn@)f” do < 3007+ B lonlfy 1)
I

where I is any interval containing (xg, Ty).

Proof: Let 7 > 0. Then

/I|wh(x +7) —wn(2)[" dw < /OR_T jwp(z + 7) — wy(x)] da

0 R
+/ lwp (x4 7)|7 d:z:+/ lwp, (x)|P dx.

T R—r
For f defined by
flx) =17, =x€lrj_1,],
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we have, using Holder’s inequality,

R—r
/0 \wp(z + 7) — wy(x) ! da

a:—i—T

R— 7'
< / Z ’wh Tiy1/2) — Wh(Tp 1/2)Dpd$

flz+7)— flz+7)—

R—1
< /0 < Z hk 1/2) Z hk 12 [(6vn), " dav.

flz+7)-1
Since Z hi—1/2 < T + e We obtain
k=f(z)

/OR_T jwp(x + 1) — wp(2)|” do

NRT .I'+T

< 7_ + hmax pl Z <h/_] 1 Z hk 1/2 57}]1) | >
N
< (7' + hmax)p_l Z(hk 1/2 (5Uh Z hj 1>

k=0

where Ng_, and s(k), are the biggest integer and the smallest integers, re-
NR—T

spectively, such that Z hiit <R—171 and f(rgy +7)—12>k. From
i=1
k
Tk — .I'S(k) <T Z hj—l <7+ hma:m
j=s(k)
we conclude that

R—T
/ wn(@+7) — wn (@) o < (7 + b |0 )
0 h

On the other hand,

0 ; N,
/ \wp(z + 7)) doe = / lwp (z) [P do < Z hi_1 !wh(xj_l/z)‘p,
0

—_r =1
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N,
with N, the smallest integer such that Z h;_1 > 7, and then
i=1

g

0 J-1 »
[ e de < 3 (X oo a) = o))

<
2
L
SO
= o

— hj_l( hk_1/2|(5vh)k\>p.

7=1 k=

o

j—1
Smce h 1 < 7+ hpee and for 7 < N, hi_1/2 < T+ hpae, it follows
J— /

7j=1 k=0
by an application of Holder’s inequality

0
/ (@ + ) dz < (7 + o) onl? 1 (3)
_ h

T

In the same way as before, we have

/R w ()" dz < Z hj- 1<th 1/2| (0vn) )

R—1

and consequently

R
/ (@) < (7 + B onl? (4)
R—T1 h

From (2), (3) and (4) we obtain (1).
The case 7 < 0 can be proved analogously.
|

3. Discrete approximation of L*(Q) and W,?*(Q), Q C R?

We now need norms for functions on two-dimensional grids. To this end we
introduce discrete versions of the Sobolev spaces Wy ’Q(Q), m = 0,1, where
(2 is an union of rectangles.

Let wus first introduce the nonuniform grid Gg. In a rectangle
R = (x_1,xn+1) X (y_1,yam+1) which contains €2 we define the subset Gy :=
R X Ry, where

Ri={r 1 <xy<...<axy<xNi1}
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and
Ry ={y-1<wo<...<ym <ym+}

The grid Gy is assumed to satisfy the following condition: The grid Gy is
assumed to satisfy the following condition: the vertices of {2 are in the centers
of the rectangles formed by G. If the case of a rectangular domain we allow
T 1= Ty, TN+1 = TN, Y-1 = Yo and yar11 = Y-

Let

St = {(jmr2 Yerpp) 13 =0, N +1, £=0,..., M +1},

where x;_1/9 == (21 +2;)/2, Yyo—1/2 := (Ye—1 + y¢)/2, and Qp = Sy N Q,
8QH = SH N GQ, QH = QH U 8QH

In the definition of the discrete norms we use the following centered divided
differences in x-direction

Vjt1/2,641/2 — Vj—1/2,04+1/2
hj-1/2

(5xUH)j,£+1/2 =

9

Wiy —W,_
. J+1/2 J—1,0+1/2
(5:1:wH)j—1/2,£+1/2 = A 3
j—1

where hj_1/9 := Tj112—Tj_1/2, hj_1 := x;—x;_1. Correspondingly, the finite
central difference with respect to the variable y are defined, with the mesh
size vector k in place of h.

We denote by I/(ID/;}"L ’2(R), m = 0, 1, the space of grid functions defined in
Cy, that are zero on the set

{(xj1/2Ye1p2) =0, N+1,£=0,..., M+1V j=1,...,N, £ =0, M+1},

and equipped with the norm

m s \1/2
ol = (3 loala)
r=0
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where
N M
|UH|(2),H = ZZ j—1kealvj 120 1/2|
j=1 /(=1
N M
orlt = DD hiagkeal (Gevm)je |

<
I
s}
o~
Il

+
-
="

|
=

hjrke-apol (8yvm); o
17

J

Let Pg, be the following operator that extends a grid function vy in Qy
to SH,

PSHUH = VH in QH, PSHUH =0 In SH\QH

We denote by I/f/[In ’2(9), m = 0, 1, the space of functions defined in Qy, that
are zero on 02y, equipped with the norm

n , \1/2
Joallws = (3 |Psyoalin) . m=0.1,
r=0

The space I/f/}(}2(ﬂ) (also denoted by 21:21(9)) is endowed by the inner product

N M
(vE, wy) g = Z Z hj_1ke-1(Ps,vm)j—1/2,0-1/2(Psy W) j—1/2,0~1/2-
j=1 (=1

When it is clear from the context that we use the extended function, we omit
the notation Pg,,.

Let Ry be the operator that define the restriction to Q.

The discrete spaces introduced above form discrete approximations of their
continuous counterparts in the sense that we explain in what follows. Let
A be a sequence of positive vectors H = (h, k) of step-sizes such that the

maximum step-size H,,,, converges to zero. A sequence (vy)y € 11 10;5(9)
converges discretely to v € L*Q) in (L*(Q),II L A(Q)), vg — v in

(LQ(Q),HE}%(Q)) (H € A), if for each € > 0 there exists ¢ € C§°(£2) such
that

|v — ngLz(Q) <, Hlim Osup{HvH — Ruopllon}t <e

max



COMPACT IMBEDDINGS IN SPACES OF CELL-CENTERED GRID FUNCTIONS 11

A sequence (vy)y € 11 I/f/éz(Q) converges discretely to v € W, () in

(W, 2(Q), HV([)/I;’Q(Q)), v — v in (W,3(Q), HVf/blfz(Q)) (H € A), if for each
€ > 0 there exists ¢ € C3°(Q2) such that

HU — QOHWLQ(Q) S €, Hlim OSUp{HUH — RHSOHLH} S €.

max

[¢]

A sequence (vy), converges weakly to v in (L?(Q), 11 LA(Q)), vy — v in

(L2(Q),ILL2(Q)) (H € A), if
(wg,vg)g — (w,v)g (H € A)

for all w € L2(Q) and (wg)y € 11 25(9) such that wy — w in
(L2(), T L;7(92)).

The following theorem was proved by Stummel in [9].

Theorem 2. Let (vy)y be a bounded sequence in Hz}%(ﬁ) Then, there ezists
a subsequence N of A and v € L*(Q), such that

v — v in (LAQ),IILA(Q)) (H e N).

The discrete compactness result in the one-dimensional case was obtained
using a correspondent result in the continuous case. Functions defined in
all the domain which coincide with grid functions in the grid points were
considered. The proof is based in the fact that this continuous functions
are bounded if the correspondent grid functions have that property. In the
two-dimensional case we could not find such continuous prolongations of grid
functions.

The prove of the discrete compactness result that we present in the follow-
ing is based in the Kolmogorov compactness theorem ([1], [11]) and uses the
next lemma.
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Lemma 2. Let (vy)y € Hl/f/bl[?(ﬂ) be a bounded sequence. Let us consider
the step function wy defined by

Wi (T,y) = Vit12001/2  (0,Y) € (25, 2541) X (Yo, Yes1) C

and zero on R2\Q. Let Q be a set containing Q. Then, for all T = (11, 7) €
R? the following estimate holds

/ lwy (+ 71,y +72) —wa(z, 3/)|2 drdy < 6(|71| + |72| + himaz + kmaw)z‘UH‘%,H-
Q
()
Proof: For 7 = (11, 72) € R? holds

/|wH($+T1,y+Tz)—wH(x,y)|2d:z:dy

Q

< 2/\wH(x‘l‘Tl,y-l-ﬁ)—wH(x,y—l—TQ)\2dxdy
Q

42 /Q (2, y + 72) — wir(z,y) | dedy
Since
/Q lwg(x+ 11,y + 1) — wy(x,y + 7)) > dedy
.

M
< Zké—l/ lwr (@ 4 71, Yo—1/2) — Wi (2, Yyeo12)|* do,
(=1 r

0—T71

then from Lemma 1, we obtain

/ lwi(z + 71,y + ) — wy(z,y + )| dedy
Q

M N
< 3(|7_1‘ + hmax)2 Z koe_q Z hj—l/?’ (5JC(PCHUH))]"[_1/2‘2
=1 =0

< 3(|m| + hmax)2‘UH‘%,H-

Analogously,

/ wir(e,y + ) — wir(e, ) drdy < 37| + k) 2los
Q
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We conclude that

/ lwr (2 + 11,y + 72) — wH(x,y)\2dxdy
Q

< 6{ (1] + Fomae)? + (172l + i) Jon} 1

m
Theorem 3. The sequence of imbeddings (Jg)a,
Ji Wit (Q) L) (H € A), (6)

15 discretely compact.
Proof: Let (vy)y € 11 I/f/é%ﬁ) be a bounded sequence. There exists M
independent of H such that
|vg |l < M.

For (wp)a from the previous lemma holds

/ |wH(x + m,y + 772) - wH(xay)Fdxdy S 6(‘7_1| + |7_2‘ + hmax + kmax)zMz-
Q

Since
|ww |2 = [velog < M,
then (wg)a is uniformly bounded in I1L%(Q). Using the Kolmogorov com-

pactness theorem, we conclude that the sequence (wy ), is relatively compact
in L?(2). There exists a sequence A’ C A and w € L*(Q2) such that

wy — win L*(Q) (H € N).
In order to conclude the proof we need to prove that
vy — win (LX(Q),11L3) (H € N).
Let € > 0. There exists ¢ € C§°(£2) such that
Jw — ¢l < e
For the step function vy defined by
Yu(z,y) = 80(%'+1/2,yé+1/2)7 (z,y) € (zj,2541) X (Yo, Yer1) C Q,

null otherwise, we have

|V — @l — 0 (H€A)



14 S. BARBEIRO
and then

lor = Ruelon = lwn = ¢l — v =@l

|

The next lemma gives some more information about the imbeddings con-

sidered in the Theorem 3. Correspondent results for spaces of continuous
functions are well known (see e.g. [2, Theorem 3.12]).

Lemma 3. If (vy)y € Hl/f/}}z(ﬂ) is bounded and weakly convergent to v in
(L3(Q), ILL2(Q)) then v € WL2(9).

Proof: Let (vy)s be a bounded sequence in Hl/f/}y(ﬁ) such that

v — v in (LA(Q),TILA(Q) (H € A). (7)

We consider (wp) from Lemma 2. From the proof of the last theorem, we
know that (wy)a converges to w € L%*(Q), for some A’ C A. Let us consider
the sequence (W), defined by

Wy :=wy in Q, wy:=0 in R,
and the prolongation to R? of w
wi=w in Q w:=0 in RAQ.
We note that wy — @ in L?*(R?*) (H € A). For ¢ € C°(R?) and all
n = (n1,m2) € R?, n# 0, we have

Rz{ (@ (x +m,y +1m0) — Wu (2, y)) e, y)| dedy

n ~ 2 1/2
< (/RQ]wH(x + 1,y + ) — wH(x,y)\ dxdy) o]l 2(re)

Since (5), then

RQ\ (Wr (x4 1,y +m2) — wr(x,y))e(z,y)| dedy < C(Inl + Humae) 1€l 22@2).

Taking the limit when H,,,, — 0, results

/RJ(’@H(QC + 01,y 4 n2) — 0z, y))e(z,y)| dedy < Clnlllell g,
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and consequently

lo(z —m,y —m2) — p(x,y)]
R2 |77‘

[ (z,y)| dedy < Ol r2me)-
Considering = ¢(1,0) and the limit € — 0,we conclude that
. oz, y)w(z, y)| dedy < Clloll @),

for p € C§°(R?). Analogously, taking n = £(0, 1), we obtain

| et pl dady < Cliglae,

for all ¢ € C§°(R?). Consequently, w € W12(R?). Since w is a restriction of
W to Q and @ = 0 in R2\Q then w € W, *(Q).

Let us finally prove that v = w. Let r € L*(Q) and (rg)s € Hz}%(ﬂ), such
that ri — r in (L*(Q), Hzf[(ﬂ)) (H € A). For the step function defined by

su(@,y) ==ra(@jt12, Yer12),  (@,y) € (¥, Tj41) X (Yo, yes1) C €2,
zero in R?\Q, we have
(v, re)g = (wg, sg)o — (w,r)y (H € A).
Finally,
v — win (L3(Q),TIL2(Q) (H € A).

Considering (7) we conclude that v = w.
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