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ABSTRACT: The aim of this paper is to exibit some non trivial examples of quadratic
Lie superalgebras such that the even part is a reductive Lie algebra and the action
of the even part on the odd part is not completely reducible and to give an inductive
classification of this class of quadratic Lie superalgebras. The notion of generalized
double extension of quadratic Lie superalgebras proposed by I. Bajo, S. Benayadi
and M. Bordemann [1] has a crucial importance in this work. In particular we will
improve some results of [4], in the sense that we will not demand that the action of
the even part on the odd part is completely reducible, which naturally makes the
proofs of our results more difficult.
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Introduction

A Lie superalgebra g is called quadratic if there is a bilinear form B on
g such that B is non-degenerate, supersymmetric, even, and g-invariant. In
this case, B is called an invariant scalar product on g. For example, the
semisimple Lie algebras and basic classical Lie superalgebras are quadratic
Lie superalgebras [12, 13]. But, interestingly, some solvable Lie superalge-
bras are also quadratic Lie superalgebras [2, 14]. Moreover, the structure of
quadratic Lie algebras has a significant role in conformal field theory, Sug-
awara construction exists precisely for quadratic Lie algebras [10]. The finite
dimensional quadratic Lie algebras over a field K of characteristic zero are
well known, as we can see in the following works: [3, 7, 9, 11, 14]. In [14] A.
Medina and P. Revoy introduce the notion of double extension with the pur-
pose to give an inductive classification of quadratic Lie algebras. H. Benamor
and S. Benayadi in [2] extended the notion of double extension to quadratic
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Lie superalgebras. It was shown that it was more difficult to use double ex-
tension to classify quadratic Lie superalgebras than to classify quadratic Lie
algebras. Among the main difficulties are that: a one-dimensional subspace
of a Lie superalgebra g is not necessarily a Lie subsuperalgebra of g; there is
no analog to the Lie Theorem for solvable Lie superalgebras; a decomposi-
tion similar to the Levi-Malcev decomposition in Lie algebras is not verified
in the case of Lie superalgebras. Despite the difficulties of the subject, in
[2] they presented an inductive classification of quadratic Lie superalgebras
g = gy @ g7 such that dim g; = 2. In [4], S. Benayadi obtained an inductive
classification of quadratic Lie superalgebras g = gg @ gi such that gz is a
reductive Lie algebra, and the action of g on g7 is completely reducible.
Moreover, he also gave an inductive classification of the solvable quadratic
Lie superalgebras such that the odd part is a completely reducible module
on the even part. More recently, I. Bajo, S. Benayadi, and M. Bordemann
([1]) generalized the notion of double extension of quadratic Lie superalge-
bras in order to present an inductive classification of solvable quadratic Lie
superalgebras. The aim of this paper is to present some non trivial exam-
ples of quadratic Lie superalgebras such that the even part is a reductive Lie
algebra and the action of the even part on the odd part is not completely
reducible and to give an inductive classification of this class of quadratic Lie
superalgebras improving some results of [4]. In fact, in the second section of
[4] S. Benayadi has demanded for quadratic Lie superalgebras that the action
of the even part on the odd part is completely reducible, which we will not
impose in our paper. Although, our results are similar, most of the methods
used to prove them are naturally more complicated than those employed in

4.

1. Generalized double extension of quadratic Lie super-
algebras

I. Bajo, S. Benayadi, and M. Bordemann presented the notion of generali-
zed double extension of quadratic Lie superalgebras [1]. In this work we will
use the particular case of generalized double extension by the one-dimensional
abelian Lie superalgebra (Ke)i to give an inductive classification of quadratic
Lie superalgebras with even part a reductive Lie algebra.

Proposition 1.1 ([1]). Let (g = g5 @ g1, B) be a quadratic Lie superalgebra,
D an odd skew-supersymmetric superderivation of (g, B), and Xy € gy such
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1
that D(Xo) = 0, B(Xy, Xo) = 0, D* = §[X0, Jg- Define a map ¢ : gxg — K

by o(X,Y) = —B(D(X),Y),Vxyeq. Then o is an odd element of Z*(g,K).
Moreover, the graded vector space g ® Ke* endowed with the multiplication

defined by
[X + ae*, Y + 56*] = [X, Y]g + (P(Xy Y)6*7 v(X—l—ae*),(Y—h@e*)e(g@Ke*)a

is a Lie superalgebra. In this case, g ® Ke* is the central extension of Ke* by
g (by means of ¢).

Proposition 1.2 ([1]). Consider two Lie superalgebras g and by, a linear map
Q: g — Der(h), and an even skew-supersymmetric bilinear map ¢ : g X
g — b such that

[QX),QY)] —Q([X,Y]) = ad(p(X,Y)),Vx yeg,
and
()™ {QX) (Y. 2)) = o(1X, V)5 2) }
+(=)"{ QY ((2.)) = o ([Y. Z)g X) }
+(=1)" {2 (p(X,Y)) = 2 (12.X]y Y) | =0,

for every X € g,, Y € gy, and Z € g,. Then the Zy-graded vector space
t = g ® b endowed with the multiplication [,] : € x ¢ — ¢ defined by

X+ 1Y +h] = (X, Y]g+[f hly + QX)(h) = (=D)"QUY)(f) + ¢(X,Y),

where (X + f) € ¢, and (Y + h) € &, is a Lie superalgebra. It is called
the generalized semi-direct product of g and b (by means of Q and ). In

particular, if ¢ = 0 then € is the semi-direct product of g and b (by means of
Q) [15].

Now we will present the notion of the generalized double extension of a
quadratic Lie superalgebra due to I. Bajo et al. [1]

Theorem 1.3. Let (g = gy D 91, B) be a quadratic Lie superalgebra, D
an odd skew-supersymmetric superderivation of (g, B), and X, a non-zero

1
element of gy such that D(X,) = 0, B(Xy, Xy) = 0, D* = E[XO’ Jg- Let us
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consider the linear map Q : Ke — Der(g®Ke*) defined by Q(e) = D, where
D:g@®Ke* — gdKe* satisfies lND(e*) =0 and
D(X) = D(X)—(-1)"B(X, Xp)e™, Vxeq, s

which is extended by linearity to all g. Consider the bilinear map ¢ : Ke x
Ke — g@®Ke* defined by p(e,e) = Xo. Then t = Kedg®Ke* equipped with
the even skew-symmetric bilinear map™ [,] : € x £ — € defined by: [e,e] =
Xoi[e, X] = D(X) — B(X, Xo)e", Yxeg; [X,Y] = [X, V], — B(D(X),Y)e*,
Vxveg; €, 8] = {0}, is the generalized semi-direct product of g & Ke* by
the one-dimensional Lie superalgebra (Ke); (by means of Q0 and ¢). Fur-
ther, the supersymmetric bilinear form B:txt—K defined by B |lgxg=
B,E(e*,e) = 1,§(g,e) = E(g,e*) = {O},E(e,e) = E(e*,e*) =0, is an in-
variant scalar product on €. The quadratic Lie superalgebra (&, é) s called
the generalized double extension of (g, B) by the one-dimensional Lie super-

algebra (Ke); (by means of D and X).

Remark 1.4. If Xy = 0 then ¢ is the semi-direct product of g ® Ke" by Ke
by means of the linear map 2 : Ke — Der(g @ Ke*) defined by Q(e) = D,
where D : g ® Ke* — g @ Ke" satisfies D(e*) = 0 and D |;= D.

We will use the next results of [2] and [1] to formalize an inductive classi-
fication of our class of quadratic Lie superalgebras.

Proposition 1.5. Suppose that (g = g5 D g1, B) is a B-irreducible quadratic
Lie superalgebra such that dimg > 1. If 3(g)Ngg # {0} then (g, B) is a double
extension of a quadratic Lie superalgebra (h,é) (dimh = dimg — 2) by a
one-dimensional Lie algebra. If 3(g) Ngi # {0} then (g, B) is a generalized

double extension of a quadratic Lie superalgebra (h, B) (dimbh = dimg — 2)
by a one-dimensional Lie superalgebra with even part equal to zero.

2. Examples of Quadratic Lie superalgebras with reduc-
tive even part and the action of the even part on the
odd part is not completely reducible

In what follows we shall consider finite dimensional Lie superalgebras over
an algebraically closed commutative field K of characteristic zero and finite
dimensional representations. For basic definitions and results about Lie su-
peralgebras see [15]. This work intends to be a continuation of [4].

*Remark that since B is even and Xy € gg then [e, X| = D(X) — (—1)"B(X, Xo)e*, Vxeg, -
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We start by collecting some examples to illustrate the class of Lie su-
peralgebras studied in this work. In the first examples we will present
quadratic Lie superalgebras such that the even part is a reductive Lie al-
gebra and the action of the even part on the odd part is completely re-
ducible. It is well known ([12],[13]) that the classical simple Lie superal-
gebras A(m,n), B(m,n), D(m,n), C(n), D(2,1,a), F(4), G(3) are exam-
ples of quadratic Lie superalgebras such that the even part is a reductive
Lie algebra and the action of the even part on the odd part is completely
reducible. Another example is obtained considering the two-dimensional
abelian Lie superalgebra such that the even part is zero. Let {ej,es} be
a basis of 9 and B : M x MM — K be the bilinear form on 9 defined
by B(e1,e1) = B(es,es) = 0 and B(ej,es) = —B(eg,e1) = 1. Clearly, B
is an invariant scalar product on 991. And, if v is another invariant scalar
product on N, then there exists £ € K such that v = kB. It is straightfor-
ward to ensure that (901, B) is a quadratic Lie superalgebra such that 9 is
a reductive Lie algebra and the action of 25 on Mz is completely reducible.
Other examples and inductive classification of quadratic Lie superalgebras
with reductive even part and the action of the even part on the odd part is
completely reducible can be found in [4]. Next we will present some examples
of quadratic Lie superalgebras with reductive even part and the action of the
even part on the odd part is not completely reducible. We will divide the
following cases in two classes begining by solvable examples.

Example 2.1. Let (M, B) be the two-dimensional abelian quadratic Lie
superalgebra with M = {0} introduced before. Consider the linear map
D : 9 — 9 defined by D(e;) = 0 and D(ey) = e;. It is easy to prove
that D is an even skew-supersymmetric superderivation of (9, B). Let us
consider the double extension of the quadratic Lie superalgebra (90, B) by
the one-dimensional Lie algebra (Ke)j by means of ¢ : Ke — Der, (9, B)
defined by ¥(e) = D. Computing the map ¢ : MM x M — Ke* we ob-
tain that p(e1,e1) = p(er,ea) = @(eg,e1) = 0, p(eg,e2) = €*. Doing some
calculations we obtain that the non-zero values of the multiplication on the
Lie superalgebra ¢ = Ke @ 9 @ Ke* are [e, e5] = —[eq, €] = €1, [e2, 2] = €.
We easily see that the double extension ¢ = Ke @ MM @ Ke* of M by the
one-dimensional Lie algebra Ke by means of ¢ verifies: £; = Ke @ Ke* is a
reductive Lie algebra, 1 = M, [€5, €] = (e1), and 3(¢) N €7 = (e1), then & is
not a completely reducible £5-module.
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Example 2.2. Let V' be a 4-dimensional vector space and {ej, e, e3,€e4} a
basis of V. Consider the antisymmetric bilinear form B : V x V — K
defined by B(ey,e2) = B(es,es) = 1, and the rest are zero. The symplectic
Lie algebra sp(V, B) determined by B is the Lie subalgebra of g{(V') formed
by f € End(V) with M = Mat(f,{ey,ea, e3,e4}) satisfying M'L = —LM
where L = Mat(B, {e1, ea, €3, ¢e4}). Consider the Lie subalgebra of sp (V, B)
generated by e € End(V') such that

M = M@t(e, {617 €2, €3, 64}) -

o O O O
o= OO
o O OO
S oo

supposing that V' is an abelian Lie superalgebra with V' = Vj. Let be g =
Ke @ Ke* @ V the double extension of the quadratic Lie superalgebra (V, B)
by Ke (by means of the identity id : Ke — gl(V)) with g5 = Ke @ Ke* a
reductive Lie algebra. More, the action of gz on gi = V is not completely
reducible. In fact, V3 = (e, e3) is a gg-submodule of V' (more precisely,
g5, V1] = {0}). Let V5 be a complement of V; in V| that is, V5 is a gg-
submodule of V' such that V' = V; @ V5. Then V5, = (X, Y'), where

X = ae + fBey + yes + deq, with a, 8,7v,0 € K(8 # 0 or 6 # 0),
Y = ee;+ (ea +nes+ ey, with e,(,n,0 € K(C # 0 or 6 #0).

As e(X) = de; + fes and e(Y') = fey + (e3 then [gg, Vo] C V4. Since V4 is a
gg-submodule of V', then [gj, V2] C V5, so [gg, Vo] C Vi NV, = {0}. Therefore
e(X) =e(Y) =0, and hence § = § = ( = 0 = 0, which is a contradiction.
We conclude that the gg-module gj is not completely reducible.

More generally, let (V, B) be a symplectic vector space (this means that, V' is a
vector space endowed with an antisymmetric bilinear form B : V x V — K)
with even dimension n = 2p such that there exists a basis {ei,...,eq} of
V' such that B(egsi1,e25:2) # 0, for all s € {0,...,p — 1}. Suppose that
p > 2. Consider e € End(V) such that e(e2) = es,e(es) = eg,e(er) =
e(esz) = 0,e(e;) = 0,Veq5,...2p)- It is easy to see that e € sp (V, B). Consider
g = Ke @ Ke* @ V the double extension of the quadratic Lie superalgebra
(V,B) by Ke (by means of the identity id : Ke — gl(V')). Then g =
Ke @& Ke* is a reductive Lie algebra. More, the action of gz on gi is not
completely reducible. In fact, let V; be the vector subspace of V' generated
by {e1,es} U{e; : 5 <i <n}. Ase(Vy) = {0} then V; is a gg-submodule of
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V. Since e(V') = (e, e3) then it is clear that does not exist any gg - module
of V which is a complement of V; in V.

To present an example of a non solvable quadratic Lie superalgebra with
even part reductive and the action of the even part on the odd part is not
completely reducible we need to study first the double extension of the simple
complex Lie superalgebra spl(2,2)/Cl, that is an example of quadratic Lie
superalgebra with reductive even part and odd part completely reducible.
This example was studied without details in [5].

Example 2.3. Consider the complex Lie superalgebra t = spl (2,2) (see
preliminaries for definition). Set E;; the matrix with 1 in line ¢ and column
j and the rest are zero, for 7,j € {1,2,3,4}. Denote

agp = Iy = Z?:l Eii by = E3 bs = Fi3
=En + By by = E39 be = 4
= FEoy + Fyy by = Ey by = Ea3
= Ep by = Eyo by = Loy

ay = Fo
= B3

ag = L3y

Therefore t; = (ag, a1, as,as, ay, a5, a6) and t; = (by, b, b3, by, bs, bg, bz, bs).

The graded skew-symmetric multiplication of t is given for the elements of
the basis presented above by

a1, as] = —[as, as] = a3 las, bi] = —bo lag, bs) = —bs
a1, aq) = —[ag, as] = —ay lag, bs] = —bs lag, br) = —bg
[Cl a5] [CL2> a5] = Qs [CL?,, b?] = bs [bl, b5] = ap — a2
[CL a6] = [CLQ, CLG] —dag [ag, bg] = b6 [bl, b@] = Ug

[CL CL4] = a1 — av [&4, bg] = —b1 [bl, b7] = Qq

[CL CLG] = CL1 —+ a2 — Qo [CL4, 54] = —bg [bg, b5] = as

[al, 51] = —by [a4, 55] = by [bz, b?] = Qo — ai
la1,b4] = lay, b) = bg b2, bs] = ag

lay, bs] = las, bi] = b3 b3, b5] = a5

a1, bg] = —bs las, ba] = by b3, bg) = ax

lag, bo] = —b2 las, bg) = —bs b3, bs] = a4

[@2, 53] = [CL5, bs] = —by [54, b6] = as

lag, bg) = —bs lag, b3] = b1 b4, b7] = a5

[az, b?] = [a6, 54] = by [174, bg] = a3
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and the others are zero. Remark that
ty = (H1 = a1 — az, 1 = a3, G1 = a4, Hy = a1 + ag — ag, o = a5, G2 = ag, 14)

and the non-zero values of the multiplication are:

[Hy, Fi] = 2F, [Hy, 5] = 2F
[Hl,Gl] = —2G, [HQ,GQ] = —2G,
[F1,G1] = Hy [Fy, Gia] = Ho.

Therefore tg = [ & J & L, where I = (Hy, F1,G4), J = (Hs, F3,Gs), and
L = ClIy are ideals of t5 such that I and J are isomorphic to sl (2) (meaning
that 5 ~ sl (2) @ sl (2) @ C). It is easy to verify that t{ = t; ® t_1, where
tt = Ri® Ry and t 1 = R3 ® Ry, with Ry = <—b6,b8>, Ry = <—b5,b7>,
Rs = (b1,b9), and Ry = (b3, bs). We have that t 1 and t; are [ ~ sl (2)-
modules (and J ~ sl (2)-modules) isomorphic to D(3) & D(3) (where D(%)

denotes the two-dimensional irreducible representation of sl (2)). The Lie
superalgebra t verify 3(t) = (1) and [t;, ;] = [t_1,t 1] = {0}. If we consider
the bilinear form S : t x t — C defined by

S(a,b) = str (ab), Yapet,
then it is easy to check that
S(E;;, Ex) = 0, if either j # k or i # [

1 iH1<:<2
S(Eij, Eji) =
-1 if3<i<4

S(CL, b) - (_1)aﬂs<b7 a’)) Vaeta,betg

S([a,b],c) = S(a, b, c]), Vap.cet.

We can verify that t'° = (aqg) and S(t;,t;) = S(t_1,t_;) = {0}. Conse-
quently, (g = t/t°, B) is a quadratic Lie superalgebra, where B : gxg — C
is defined by

B(@,b) = S(a,b),Vaper

Remark that g = ¢/t = spl (2,2)/CI, is a simple Lie superalgebra with
the Killing form equal to zero. Let us analyse the simple complex quadratic
Lie superalgebra (g = gg @ g1, B). It follows that g5 = s1 @ so, where s; and
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sy are two simple ideals of gy such that s; = sl (2) (i = 1,2). Further, a
basis of gg is {e; = @;,1 < i < 6} and a basis of g7 is {f; = b;,1 < i < 8}.
We have, g = g1 ® g1, where g1 = (f1, fo, f3, fa) and g1 = (fs, fs, f7, fs)
are s;-submodules of g isomorphic to D(3) & D(1), for i € {1,2}. Moreover,
o101 = [0.1,0.1] = {0} and Bgr, 1) = B(g.1,0.1) = {0}, The non-zero
values of the graded skew-symmetric multiplication of g for the elements of
the basis {e1,...,e5 , f1,..., fs} are

[61;63] = —[62763] = €3 [es,fl] = —Jf2 [66;f5] = —Jo
le1,e4] = —[e2,e4] = —e4 les, f3] = — fa les, f7] = — f3
le1,e5] = [ea, e5] = €5 les, f1] = f5 Lf1, f5] = —e2
le1, e6] = [ea, e6] = —es les, fs] = fo [f1, fo] = €6
[63, 64] = €] — €3 [64,f2] =—fi [fl, f7] = €4
e5,e6) = €1+ €2 le4, fa] = — f3 [f2, f5] = €3
le1, fi] = = f1 e, f5] = fr [f2, f7] = —e1
ler, fa] = fu e, fo] = f2 [fo, f3] = es
le1, f5] = f5 les, fi] = f5 [f3, f5] = es5
le1, fs] = — fs les, fo] = fa [f3, f6] = €1
2, fo] = —fo les, fo6] = — f5 [f3, fs] = €4
[62,f3] = f3 [65,f8] = —f7 [f4,f6] = €3
e, fo] = — f6 les, f3] = fi [f4, f71] = es5
e, f1] = fr e, f1] = fo [f1, fa] = €2

On the basis of g, {e1,...,e6 , f1,-.., fs}, the invariant scalar product B is
defined by

B(ey,ez) = —1 B(fi, fs) = —1
Bl(es,eq) =1 B(fs, f7) = -1
B(es,es) = —1 B(fs3, fs) = —1

B(f47f8) =—1,

and the rest are zero. Let us denote Ce the one-dimensional Lie algebra.
Consider the homomorphism of Lie superalgebras i) : Ce — Der,(g, B) C
Der(g) determined by (¢(¢)) lgo= 0, (¥(e)) lg,= Idg,, and (¢(e)) ‘g-lf
—1Idy . It is elementary to see that the double extension (¢ = Ce®g®Ce", B)
of (g, B) by Ce (by means of 1) verifies: 3(8) = Ce”, [e, 5] = {0}, & =
Ce® Ce* @ gy is a reductive Lie algebra (in fact, gg is the greatest semisimple
ideal of €5, 3(¢5) = Ce @ Ce™), and €; = g is a semisimple £5-module.
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We will now show that in the complex Lie superalgebra defined before
every odd skew symmetric superderivation on (¢, B) is inner. More pre-

cisely, set D(e Z%fz (y € C, i € {1,...,8}). Then D = ad A,

8
which is D(X) = [A, X],Vxee, where A = Z aif; — Y aif; . In fact, since
i=1 i=5
3(8) = Ce® and D is an odd superderivation on ¢, we have [D(e*), X] =
0,Vxee. Therefore D(e*) € 3(¢). As D is odd we conclude that D(e*) = 0.

Since e, 8] = {0} and D is an odd superderivation on ¢, we infer that
([e, fil) = [D(e), fi], Vieq1,..8y- In particular, if i € {1,2,3,4} we have

D(f;) = [—D(e), fi], while, if i € {5,6,7,8} we have D(fl) = [D(e), fil.

Taking in account that [g, gl] [g-1,9-1] = {0}, we conclude that D(f;) =

(A, fi], Vieq,.., 8 therefore D(X) = [A4, X] Vxee,. It remains to show that the

last expression is valid for elements in €5. As D is an odd skew-supersymmetric
superderivation on the quadratic Lie superalgebra (¢, B) it comes that

~

B(D(X),Y) = —B(X,[A,Y]),Vxect, ver.

From the B-invariance we obtain that B(D(X) — [4, X],Y) = 0, Vxetsvee-
Since B le;xe; is non-degenerate, D(X) = [A, X],Vxeg,, and consequently
D = ad A as required.

Now we can present a non solvable example of irreductive quadratic Lie
superalgebra with reductive even part and the action of the even part on the
odd part is not completely reducible.

Example 2.4. Let (¢ = Ce & g & Ce™, E) be the preceeding complex qua-

dratic Lie superalgebra. We consider the inner odd skew-supersymmetric
~ 1

superderivation D of (¢, B) defined by D(X) = [—f; — §f6 + f7, X], Vxer.

Explicitly, D is given for elements of the basis {e,e*,e1,... €66 , f1,..., fs}
by

D(e) = —f3+ 2f6_f7 D(f1) = es — 566
D(es) = fs—Lfs— fq D(f2) = +e" —er
D(e3) = —fi—fs D(fs) = —3e3+ €5
D(€4) = §f8 D(f5) — —6€5
D(es) = =34 fs D(fes) = 2D(f3) (e" +e1)
D(eg) = f1 + fs D(fs) = —eu,
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and the rest are zero. Doing straightforward calculations, it is elementary

to prove that E(el,el) = 0,D? = 5[61, Je. Consider the one-dimensional
abelian Lie superalgebra C: with even part zero. Novi, we are interested in
the generalized double extension (h = Ci @ ¢ § Ci*, B) of (¢, B) by Ci (by

means of D and e;). The graded skew-symmetric multiplication is defined
by

[i,i] = €1

i, X] = D(X)— B(X,e1)i*, Vxer,
[X7Y] = [XaY]?_E(D(X)7Y)i*7vX,Y€Ea
i*,p] = {0}

Further, the invariant scalar product B on § is defined by

B(e,e*) =1 B(fi, f5) = -1
B(ei,e2) =—1  B(f2, f71) = -1
Bles,eq) =1 B(fs fs) = -1
Bles,e6) = =1 B(fs, f3) = -1

B(i,i*) = —1,

and the rest are zero. It is easy to see that the generalized double extension
(h = Ci @t @ Ci*, B) of (¢, B) by Ci (by means of D and e;) is a quadratic
Lie superalgebra such that hz = €5 is a reductive Lie algebra. Now we will
show that the hzg-module h; = € & Ci & Ci* is not semisimple. In fact, it
is clear that ¢; @ Ci* is a hg-submodule of h;. If we suppose that the hy-
module hi is semisimple then there exists M a hz-submodule of h7 such that

hi = (& Ci*) ® M. Then M = CZ, where
8
Z = (Z )\jfj) + ot + [iF,
j=1

with \; € C (for all j € {1,...,8}), f € C, and a« € C\ {0}. Since
(b5, M] € M then there exists v € C such that vZ = [e, Z], which is

8
vZ = (ij[e,fj]) + ale, 1.
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It follows that

8
7((2)‘jfj) +O‘i+6i*> = —Mfi—Xfot+(@—A3)fs — Aafa+ A5 fs
=1

Hs — 50)fo + (0 + M) fr 4

1 .
>\8f8 + ()\2 — 5)\3 — >\6)Z .

As a # 0 then v = 0, which implies that

(M =X =X=X=X=0

{ aa= M3 =2 = — )\

-2 =0

From the second and third conditions we get that \¢ = 0. Again, by the
second condition we infer that o = 0, which contradicts the fact that a # 0.
We conclude that hz-module b7 is not semisimple.

Remark 2.5. The preceeding Example 2.4 shows that a generalized dou-
ble extension of a quadratic Lie superalgebra (g, B) by a one-dimensional
Lie superalgebra by means an inner odd superderivation is not always the
orthogonal sum of (g, B) and the two abelian dimensional Lie superalgebra
9N = M;. This is an important phenomenon in generalized double extension,
since it is well kown that in the case of the double extension of a quadratic
Lie superalgebra (g, B) by the one-dimensional Lie algebra by means of an
inner even superderivation, it is the orthogonal direct sum of (g, B) and the
abelian two-dimensional Lie algebra.

3. Structure and inductive classification of quadratic Lie
superalgebras with reductive even part

In this section, we will present our results of the quadratic Lie superalge-
bras such that the even part is a reductive Lie algebra. We notice that our
conclusions differ from those obtained in [4] by S. Benayadi. We will make
precisely the differences, by recalling throughout the section some Benayadi’s
results. In [4], it is used the following result to get an inductive classifica-
tion of quadratic Lie superalgebras such that the even part is a reductive
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Lie algebra and the action of the even part on the odd part is completely
reducible

Lemma 3.1. Let (g = g5 @ g1, B) be a B-irreducible quadratic Lie superal-
gebra such that gg # {0} and the action of gy on gi is completely reducible.

Then [gg, 91] = g1 and 3(g) N g = 3(g)-

However, there is no analog to the preceeding lemma in our context. In-
deed, for quadratic Lie superalgebra (g = g5 ® g1, B) such that gg is a re-
ductive Lie algebra and the action of gj on g7 is not necessarily completely
reducible, we can not ensure neither that [gg, g7] = g7 nor that 3(g)Ngy = 3(g),
as we see by the Example 2.1. Moreover, it is proved in [6] for B-irreducible
quadratic Lie superalgebra (g = gy @ g1, B) such that g; is a reductive Lie
algebra and the action of gj on g7 is completely reducible the following result

Theorem 3.2. Let (g = g5 ® g1, B) be a B-irreducible quadratic Lie super-
algebra such that the action of gg on gi is completely reducible then soc(g) C

s0c(gg)-

Recall that a graded ideal of a Lie superalgebra g is minimal if is not trivial
and doesn’t contain any non trivial graded ideal of g. The socle of g (denoted
by soc(g)) is the sum of all minimal graded ideals of g. If g is simple or one
dimensional, we have soc(g) = {0}. Instead, for B-irreducible quadratic Lie
superalgebra (g = gg @ g1, B) such that gg is a reductive Lie algebra and
the action of gg on g7 is not necessarily completely reducible we have the
following result

Theorem 3.3. Let (g = g5 @ g1, B) be a B-irreducible quadratic Lie su-
peralgebra that is neither the one-dimensional Lie algebra nor a simple Lie
superalgebra. If the Lie algebra gy is reductive then soc(g) = 3(g).

Proof: Remark that the hypothesis of this theorem imply that g7 # {0}.
In the first part of the proof we show that 3(g) C soc(g). Choose a basis
{Xi,...,X,} of the vector space 3(g). This means, 3(g) = ®}_;KX}. More-
over, for all k € {1,...,n}, KX} is a minimal graded ideal of g. Consequently
3(g) = 1 KX}, C soc(g).

Concerning the opposite inclusion, we take I a minimal graded ideal of g.
Consequently g/I is a simple or a one-dimensional Lie superalgebra. Sup-
pose that g/I* is a one-dimensional Lie superalgebra. Invoking Proposition
2.6 of [6] we observe that if g/I*- is quadratic (respectively non-quadratic)



14 H. ALBUQUERQUE, E. BARREIRO AND S. BENAYADI

one-dimensional Lie superalgebra then there exists X € (3(g))g (respectively
X € (3(g))1) such that I = KX. Thus [ is a one-dimensional graded ideal
of g contained in its centre, and in this case we can conclude that I C 3(g).
Now, let us assume that g/I L is simple Lie superalgebra. By hypothesis
gy is a reductive Lie algebra, which means that gz = s @ 3(gg5), where s is
the greatest semisimple ideal of gz. The minimal graded ideal I of g can be
written as [ = [ @ I7, where I5 = I Ngg and I1 = I N g;. We infer that
I is a reductive ideal of gz and we may write [; = I Ns @ I N3(gp). From
the B-irreducibility of g we get that I N I+ # {0}. Consequently I C I+
and [I,I] = {0}. In particular [I5, I5] = {0}, and I3 = I N 3(gy). Therefore
I =1nN3(g5) ®INgi. Recall that if s is semisimple then s = [s, s] and using
invariance of B we infer that B(s,3(g5)) = {0}. On the other hand, since
B is even and s C gy we conclude that B(s,g;) = {0}. Therefore s C I~
Consequently (g/I")5 =~ 3(g5)/(I" N 3(gy)). As a quadratic Lie superalgebra
is solvable iff the even part is a solvable Lie algebra ([15],[13]), we get that
g/I* is solvable. Since by hypothesis g/I* is simple, then g/I* = {0}, which
contradicts the fact that I # {0}. Consequently g/I" is a one-dimensional
Lie superalgebra, completing the proof. ]

Next we will characterize the socle of a quadratic Lie superalgebra g =
g5 @ g1 such that gg is a reductive Lie algebra. In fact, this is the analog to
the result of S. Benayadi [6] in the framework of quadratic Lie superalgebras
such that the even part is a reductive Lie algebra and the action of the even
part on the odd part is completely reducible. In [6], it is used Theorem 3.2
to prove the result, in our more general context we will apply Theorem 3.3

Corollary 3.4. Let (g = gy ® g1, B) be a quadratic Lie superalgebra such
that gg is a reductive Lie algebra. If soc(g) # {0}, then soc(g) = s @ 3(g),
where s is the greatest semisimple graded ideal of g.

z
Proof: By Theorem 1.1 of [6] we can write g = @gk, where {g|1 < k <[}

k=1
is a set of B-irreducible graded ideals of g with B(gy, gr) = {0}, for every
k, k'€ {1,...,1} and k # k'. We may assume that there exist m,n € N such
that g is one-dimensional Lie algebra, for all k € {1,...,m}, g is simple Lie
superalgebra, when k € {m+1,...,n} and g is neither the one-dimensional
Lie algebra nor a simple Lie superalgebra, whereby k € {n+1,...,l}. Let s
be the greatest semisimple graded ideal of g. And since g is a quadratic Lie
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I
superalgebra then s = [s,s]. Consequently s = [s,g] = g = EB s N g, with
k=1
sNgr =140}, forall k € {1,...,m}, sNgr = gp, when k € {m+1,...,n},
and sNgr = {0}, where k € {n+1,...,l}. The last part follows because g

is B-irreducible not simple. We conclude that s = EB gr- On the other

k=m+1
I
hand, it is clear that 3(g (@ gk> ( @ (gk)) In view of Lemma 3.1
k=n+1
of [6] and Theorem 3.3, we have soc(g) = s @ 3(g). |

Corollary 3.5. Let (g = gg@ g1, B) be a quadratic Lie superalgebra such that
gy is a reductive Lie algebra. Then g is semisimple if and only if 3(g) = {0}.

Proof: If g is semisimple it is immediate that 3(g) = {0}. Now let us assume
that 3(g) = {0}.

First case: Suppose that g is B-irreducible. If g = {0} then g = gj is a
simple Lie algebra . Now suppose that g; # {0}. Consider that g is not
simple, which means that g contains non trivial graded ideals. Then take [
a minimal graded ideal of g. Since gj is a reductive Lie algebra, we invoke
Theorem 3.3 and hypothesis 3(g) = {0} to infer that soc(g) = {0}, which
contradicts the fact that I # {0}. Therefore the quadratic Lie superalgebra
g is simple.

Second case: Suppose that g is not B-irreducible. Then g @gk,

where g, is a B-irreducible graded ideal of g, with k& € {1,... 1}, such that
B(gg, gr) = {0}, for all k, k" € {1,...,1} and k # K. It is clear that (gx)g

is a reductive Lie algebra and 3(gr) = {0}, whenever k € {1,...,l}. For
all k € {1,...,lq(g)}, since g is B-irreducible then it is also simple. We
conclude that g is semisimple, which completes the proof. [

Remark 3.6. Amongst other things, S. Benayadi used explicitly in [4] the
definition of completely reducibility and Lemma 3.1 (more precisely, the fact
that [gg, 91] = g1) to prove the last result in the particular case where g is
B-irreducible and the action of the even part on the odd part is completely
reducible (Theorem 2.1 of [4]). As we have showed before we could not use
the same arguments in our case, instead we have applyed Theorem 3.3.



16 H. ALBUQUERQUE, E. BARREIRO AND S. BENAYADI

Now let us recall Theorem 2.3 of [4] where an inductive classification of qua-
dratic Lie superalgebras with even part reductive and the action of the even
part on the odd part is completely reducible, is presented. Consider i the
set formed by {0}, the basic classical Lie superalgebras, the one-dimensional
Lie algebra, and the abelian quadratic two-dimensional Lie superalgebra 1.
We can formalize the result of S. Benayadi as follows [4]

Theorem 3.7. Let (g = g5 ® g1, B) be a quadratic Lie superalgebra such
that gy is a reductive Lie algebra and the action of g5 on g1 is completely
reducible. Then either g is an element of A, or g is obtained by a sequence of
elementary double extensions by the one-dimensional Lie algebra, and/or by
orthogonal direct sums of quadratic Lie superalgebras from a finite number of
elements of .

Finally, we will present an inductive classification of quadratic Lie superal-
gebra such that the even part is a reductive Lie algebra. Clearly, we improve
the S. Benayadi’s result, since we work with a larger class of Lie superalge-
bras. In the proof of the last theorem, S. Benayadi applied the Lemma 3.1
to solve the unique case: 3(g) Ngy # {0}. However, in our framework of qua-
dratic Lie superalgebra (g = gy®gi, B) such that g is a reductive Lie algebra
and the action of gz on g7 is not necessarily completely reducible, we will have
to consider two cases. So we will use an entirely new approach, in fact, we
will use the generalized double extension of quadratic Lie superalgebras. We
denote by 20 the set formed by {0}, basic classical Lie superalgebras and
one-dimensional Lie algebra.

Theorem 3.8. Let (g = g5 @ g1, B) be a quadratic Lie superalgebra such
that gy is a reductive Lie algebra. Then either g is an element of 20, or g
s obtained by a sequence of double extensions by the one-dimensional Lie
algebra, or generalized double extensions by the one-dimensional Lie superal-
gebra, and/or by orthogonal direct sums of quadratic Lie superalgebras from
a finite number of elements of 2.

Proof: Our proof is by induction on the dimension of g. If dimg = 0 then
g={0} €. Ifdimg = 1. As dimension of gj is even then g = gj is the one-
dimensional Lie algebra. We assume that the theorem is true if dimg < n,
where n > 2. Suppose that dim g = n.

First case: Suppose that g is B-irreducible. If 3(g) = {0} then according to
Corollary 3.5 we conclude that g is simple, and so it is a basic classical Lie
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superalgebra. While, if 3(g) # {0} then g is a double extension of a quadratic
Lie superalgebra b (such that dimh = dim g—2 < n) by the one-dimensional
Lie algebra, or generalized double extension of a quadratic Lie superalgebra
h (dimbh = dim g — 2 < n) by the one-dimensional Lie superalgebra. Now we

apply the induction hypothesis to h and we obtain the result for g. 1

Second case: Now we consider that g is not B-irreducible. Then g = EB Ok,
k=1
where {gx|1 < k < [} is a set of B-irreducible graded ideals of g such that
B(gk, gr) = {0}, for all k, k" € {1,...,1} and k # K. It is clear that (gx)g
is a reductive Lie algebra and dim g, < n, for all k£ € {1,...,l}. We apply
the hypothesis to each g; with & € {1,...,l}. The theorem is completely
proved. [
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