Pré-Publicacoes do Departamento de Matemética
Universidade de Coimbra
Preprint Number 07-21

A CONVERGENCE RESULT IN THE STUDY OF BONE
REMODELING CONTACT PROBLEMS

JOSE R. FERNANDEZ, ISABEL N. FIGUEIREDO AND REBECA MARTINEZ

ABSTRACT: We consider the approximation of a bone remodeling model with the
Signorini contact conditions by a contact problem with normal compliant obstacle,
when the obstacle’s deformability coefficient converges to zero (that is, the obstacle’s
stiffness tends to infinity). The variational problem is a coupled system composed
of a nonlinear variational equation (in the case of normal compliance contact condi-
tions) or a variational inequality (for the case of Signorini’s contact conditions), for
the mechanical displacement field, and a first-order ordinary differential equation
for the bone remodeling function. A theoretical result, which states the convergence
of the contact problem with normal compliance contact law to the Signorini prob-
lem, is then proved. Some numerical simulations, involving examples in one and
two dimensions, are reported and show this behaviour.

KEYWORDS: Bone remodeling, Signorini conditions, normal compliance, weak so-
lutions, convergence, numerical simulations.

Introduction

In this work, two contact problems between a body, made of a bone re-
modeling material, and an obstacle are considered from the variational point
of view. The bone remodeling model, derived by Cowin and Hegedus (see
2, 11]), is a generalization of the nonlinear elasticity, and it is based on the
fact that the “living bone is continuously adapting itself to external stimuli”.
The ability of these models to predict the bone remodeling is of great impor-
tance because this process has an enormous effect on the overall behaviour
and health of the entire body.

During the last ten years, some papers dealt with mathematical issues of
these models as the existence and uniqueness of weak solutions under some
quite strong assumptions (see, e.g., [15, 16, 17, 18, 20]), the analysis of an
asymptotic rod model ([5, 6, 7, 8]) or the numerical stability of finite element
models ([10]). This paper concludes somehow the results presented in [4] and
[7], providing a theoretical result which states the convergence of the solution
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to the normal compliance contact problem to the solution to the Signorini
contact problem, when the obstacle’s deformability coefficient converges to
zero (i.e., when the stiffness coefficient tends to infinity). Moreover, some
numerical results are also shown to demonstrate this convergence numerically.
The paper is outlined as follows. In Section 1 we describe briefly the
mechanical problems and we derive their variational formulation. Our main
theoretical result is then proved in Theorem 3. Some numerical simulations,
involving examples in one and two dimensions, are then provided in Section
2, which demonstrate the accuracy and the behaviour of this convergence.

1. Mechanical and variational problems

In this section we present a brief description of the models (see [4] for
further details of the models and also [7] for the description of an asymptotic
bone remodeling rod model with Signorini contact conditions).

Let us denote by Q ¢ R, d = 1,2, 3, an open bounded domain and let
[' = 092 be its outer surface which is assumed to be Lipschitz continuous
and it is divided into three disjoint parts I'p, I'y and I'c. The body is
being acted upon by a volume force of density f, it is clamped on I'p and
surface tractions with density g act on I'y. Finally, we assume that the body
may come in contact with an obstacle, which can be deformable or rigid, on
the boundary part I'c which is located at a distance s, measured along the
outward unit normal vector v (see Fig. 1).

Rigid or deformable obstacle

FiGURE 1. Contact problem for a bone remodeling body (2.

Let w be the mechanical displacement field, o the stress field, e(u) =
(e5(w))? j—1 the linearized strain field given by

( )_1 8ui+8uj
glju _2 833]' c%l ’
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and e the so-called bone remodeling function, which measures the change in
volume fraction of elastic material (present in the bone, which is a porous
material), from a reference volume fraction of the elastic material denoted in
the sequel by &.

According to [2, 11], the constitutive law for the body €2 is the following,

o = (& + e)Cle)e(u).

where the fourth-order tensor C(e) = (Cijkl(e))?,j,k,lzl is a constitutive func-
tion whose properties will be described below in formula (1). We notice that
the classical Hooke’s law is derived if {5 = 1 and e = 0.

We turn now to the description of the contact conditions. First, we assume
that the contact is produced with a deformable obstacle, and the well-known
normal compliance contact condition is employed (see [12, 14]); that is, the
normal stress o, = ov - v on ['¢ is given by

Oy M(uy 5)—1—7

where u,, = u - v denotes the normal displacement in such a way that, when
u, > s, the difference u, — s represents the interpenetration of the body’s
asperities into those of the obstacle, ;1 > 0 is a deformability coefficient
(thus, 1/u represents somehow the stiffness of the obstacle) and (u, — s)y =
max{0, u, — s}.

Secondly, we assume now that the contact is produced with a rigid obstacle,
and the classical Signorini contact conditions are employed (see [13]); that
is,

u, <s, 0,<0, (u,—s)o,=0.

We remark the Signorini contact conditions can be understood as the limit
of the normal compliance contact condition when p — 0.

We also assume that the contact is frictionless for both problems, i.e. the
tangential component of the stress field, denoted o, = ov — o,v, vanishes
on the contact surface.

Let us denote by - the inner product in R? and by | - | its corresponding
norm. Let S? be the space of second order symmetric tensors on R?, or
equivalently, the space of symmetric matrices of order d, and let : be its
inner product and | - | its norm.
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The evolution of the bone remodeling function is obtained from the fo-
llowing first-order ordinary differential equation (see [2, 11}),

é=ale)+ Ale) : e(u),

where a(e) and the second order tensor A(e) = (A;j(e))¢;_, are constitutive
material coefficients depending upon the bone remodeling function e. Again,
their properties will be described below in formulas (2). Moreover, a dot
above a variable represents the time derivative.

We emphasize that for the functions C(e), a(e) and A(e), which characteri-
ze the material properties, there are few experimental data concerning their
form. In some papers, polynomial approximations have been employed (see,
for instance, [11]).

Let us define the following truncation operator &, : R — [—L, L] by

Dy (r) = r if |r| <L,
L= L otherwise.

Finally, the model is assumed quasistatic and therefore, the inertia effects
are neglected. Moreover, let 62 = ¢e,(t = 0) denote the initial bone re-
modeling function at time ¢ = 0 for the normal compliance problem and
ep = e(t = 0) for the Signorini’s problem.

If we suppose that the obstacle is deformable, then the strong formulation
of the contact problem, within the framework of adaptive elasticity and small
strains, is the following (see [4]).

Problem P,. Find the mechanical displacement field w, : Q x (0,7) —
RY, the stress field o, : Q x (0,T) — S and the bone remodeling function
e Qx (0,T) = R such that e,(0) = ¢}, and for a.e. t € (0,T),

ou(t) = (§o + €u(t))Clen(t))e(uy(t)) in €,
éu(t) = alen(t)) + Alen(t)) = e(u,(t)) in
—Dive,(t) =v(& + Prlen(t)) f(t) in &,
u,(t)=0 on Ip,

o, (t)y =g(t) on Ty,

(@) = 0. ()0 = ~=((w) () =5} on Te.

Here, v > 0 is assumed to be constant, for the sake of simplicity, and it
represents the density of the full elastic material present in the bone.
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If we assume that the obstacle is rigid and within exactly the same frame-
work of the previous problem, the strong formulation of the problem with
Signorini contact law is the following (compare with the asymptotic contact
rod model of [7]).

Problem P. Find the mechanical displacement field w : Q x (0,T) — R,
the stress field o : Q x (0,T) — S? and the bone remodeling function e :
Q2 x (0,7) — R such that e(0) = ey and for a.e. t € (0,7,

o(t) = (o +e(t))Cle(t))e(u(t) in Q,
é(t) =ale(t)) + Ale(t)) : e(u(t)) in €,
“Diva(t) = (& + Bu(e()F(t) in 9,
u(t)=0 on Ip,
o(t)v =g(t) on Iy,
o-(t)=0, u,(t)<s, o,(t) <0, (u,—5)o, =0 on TI¢.
We obtain now a variational formulation of both problems P, and P. First,

let us denote by H = [L*(Q)]?, Y = L?(2), and define the following varia-
tional spaces,

V={we[HQ)]?; w=0 on TIpl,
Q={r= (Tij)f{jzl € [L2(Q)) ™ 7y =715, 1<i,j<d},
and let U be the admissible mechanical displacement convex set given by
U={weV,w-v=w,<s on I¢}

The following assumptions are done on the given data.
The elasticity coefficients C;jzi(e) are assumed to satisfy the following prop-
erties:

(a) There exists Lo > 0 such that for all e, es € R
(€0 + €1)Cijriler) — (€ + €2)Cijni(e2)| < Leler — eal.
(b) There exists M¢ > 0 such that
(&0 + €)Cini(e)] < Mg, VeeR. s (1)
(C) C’ijkl(e) = C’jikl(e) = Cklij(€> for i,j, k,l = 17 cee d.
(d) There exists me > 0 such that (& + e)C(e)T : T > meo|7|%
vr e S7

3

J

The constitutive function a(e) and the bone remodeling rate coefficients
A;j(e) are assumed Lipschitz and bounded functions. Therefore, there exist
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Ly, Lg, M, and M4 such that,

(a) |a(er) —ales)| < Lgler —es|, a(e)] < M,, Vej,ese€R, 2)
(b) |A(er) — A(es)| < Laler —ea|, |A(e)] < My, Vey,ese€R.

The reference volume fraction &, satisfies the following conditions for some
&' <1,
&elQ), 0<g <&(x)<1foralxze. (3)

The density forces have the regularity,
fec(o.Tie@]), ged(0,T][C(TN), (4)
and the initial values of the bone remodeling functions ey and 62 verify that
eo, 62 c C(Q). (5)

For every e € L*™(Q), let us define the following bilinear form c(e;-,-) :
VxV =R,

c(e;u,v) = /(ﬁo +e)C(e)e(u) : e(v)dx Vu,v eV,
Q
and the linear form L(e;-) : V' — R given by

L(e;v):/Q’y(&)—HI)L(e))f-vder/F g-vda YveV.

N

Let us define the contact functional j : V' x V — R as,

j(u,v):l/ (uy — $)rv,da  Yu,v €V.
H JTc

Applying Green’s formula, we then derive the following variational formu-
lations of Problems P, and P.

Problem V P,. Find the mechanical displacement field w, : [0,T] — V
and the bone remodeling function e, : [0,T] — L>() such that e,(0) = €,

1
and for a.e. t € (0,T),

eu(t) = alen(t)) + Aleu(t)) : e(u,(t)), (6)
clen(t); wu(t), v) + j(uu(t),v) = Lieu(t);v) Yo V. (7)
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Problem V P. Find the mechanical displacement field w : [0,T] — U and
the bone remodeling function e : [0, T] — L*>(2) such that e(0) = ey and for
a.e. t€(0,7),

e(t) = ale(t)) + Ale(t)) : e(u(?)), (8)
cle(t);u(t),v —u(t)) > L(e(t);v —u(t)) YveU. (9)

The following result states the existence of a unique solution to Problem
V P. It can be proved by using similar arguments to those employed in [7] for
the case of an asymptotic bone remodeling rod model with Signorini contact
conditions (full details were provided recently in [19]).

Theorem 1. Let the assumptions (1)-(5) hold. Assume that, for any given
function e € C1([0,T];C(2)), the unique solution to the following problem:

u(t) e U, cle(t);u(t),v —u(t)) > Lie(t);v —u(t)) YveU,

has the reqularity w € C([0,T]; [H3()]?) for d = 2,3 or the regularity u €
C([0,T); H*(Q)) for d = 1. Then, there exists a unique solution to Problem
V' P with the following reqularity:

ue C(0.T;C' @ NU), eeC(0,T];C9Q)).
Arguing in an analogous way, we also have.

Theorem 2. Let the assumptions (1)-(5) hold. Assume that, for any given
function e, € C'([0,T]; C(Q)), the unique solution to the following problem:
W) €V, cleat) ualt),v) + j(unlt),v) = Liey(t)iv) Vo e V;

has the reqularity w, € C([0,T];[H*(Q)]?) for d = 2,3 or the regularity
u € C([0,T]; H*(Q)) for d = 1. Then, there exists a unique solution to
Problem V' P, with the following regularity:

u, € C([0,T];[CHQ)]"), e € C([0, T} C(Q)).

The aim of this section, and of the paper, is to prove the convergence
of the solution to Problem V' P, to the solution to Problem VP, when the
deformability coefficient u tends to zero. This is established in the following.

Theorem 3. Let the assumptions (1)-(5) hold. Then, the solution (u,,e,)
to Problem V' P, converges to the solution (u,e) to Problem V P in the space
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C([0,T];V x Y) when the deformability coefficient i tends to the zero; that
18,

moax i [l (t) — u(®)llv + lleu(t) —e(®)ly} — 0 when p— 0. (10)
Remark 1. In addition to the mathematical importance of this result, it is
interesting to remark that, in applications, the solution to the contact problem
with a rgid obstacle may be then approached by the solution to the contact

problem with a deformable foundation, for small obstacle’s deformability co-
efficients.

Proof: In order to simplify the writing and the calculus we assume that
s = 0 and that the initial conditions coincide (i.e. €] = e for all u > 0).
Clearly, it is straightforward to extend the results presented below to more
general situations.

First, let us estimate the error on the bone remodeling function. Integrating

in time both differential equations (6) and (8) we have,

e(t) = /O t {a(e(s)wA(e(s)) : e(u(s))} ds + e,
u(t) = [ [l + Atals)) + elun(s))] s +co

Subtracting both expressions we find

Ie(t) = eu®)lly < [ (latels) = aten(s)ly
+[[Ale(s)) : e(u(s)) — Aleu(s)) - E(Uu(S))HY> ds
Using now properties (2) it follows that

la(e(s)) — aleu(s))lly < Lalle(s) = eu(s
[ A(e(s)) : e(uls)) - Ale,(s)) : elu,
< [lA(eu(s)) = e(uls)) — Aleu(s)) = e(uu(s))lly
FAGe(s)) : e(uls) - Aleu(s) = e(uls)ly
< CO(llu(s) —wu(s)llv + llea(s) — e(s)lly),

where (', in what follows, is a generic positive constant which depends on the
problem data and, here, it is linearly dependent on the norm [|e(w)||;cgq)jxa-
Moreover, the regularity provided in Theorem 1 has been used.
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Thus, we obtain that

Je() = eyl <€ [ (Ihuls) = wa(s)ly +llels) = e(s)ly) ds. (11

where C' is independent of pu, t and e.

We proceed now with the mechanical displacement fields. In what follows,
we suppress the dependence on time to simplify the writing. Taking v =
u —u, € V in the nonlinear variational equation (7) we have

clep; Uy, w —wy,) + jluy, w —w,) = Le,;u —wy),

and taking c(e; u, v —u, +u, — u) instead of c¢(e; u, v —u) in (9), it follows
that

cle;u,uy, —u) > Lle;v —u) — cle;u,v —u,) Yo eU.
We observe that we can not take v = u —u, € U in (9) because, in general,

we can not guarantee that uw, € U.
Since u,, < 0 on I'¢ it is easy to check that

j(uua u— uu) = j(uua u) - j(uua uu) <0,
and the previous equations can be rewritten as

clep; =y, w —uy,) < —Liey;u —uy),
cle;u,u —u,) < Lle;u —v) +cle;u,v—u,) YveUl.

Keeping in mind that

—L(ey;u—uy,) + Le;u—v) = Le;u—uy,) — Lie,;u —uy,)
+L(e;u —v) — L(e;u —u,) Yvel,

and

cley; —uy, u—uy) +cle;u,u —u,) =cle,;u —u,,uw—u,)
+C(€; u,u — uM) _ C(eu; u,u — uﬂ)a

adding the previous inequalities and using properties (1), (4) and the ine-
quality

1
ab§€a2—{—4—b2, CL,b,EER,€>O7
€
we find that
ot = 2, < C(lle = el + llo = wallr + o — ey

+c(e;u, v — uu)> Vv eU.
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Therefore, we obtain the following estimates for the displacement field
1/2 1/2
= wully < C(lle = eully + o = wllif + o = willi {2 0

(12)
+|e(e;u, v — uu)\l/z) Yo e U.

Combining now estimates (11) and (12) and using Gronwall’s inequality we
conclude that
1/2
max {[[u(t) = w,(8) v + le(t) = eu(t)ly } < € max (Jlo(t) - w0l

0<t<T 0<t<T
1/2
1o = w2 o + lele(8); w(t), v(E) = w(£)]?)
(13)
for all v € C([0,77;U). Taking into account that j(w,(t),u,(t)) > 0, using
property (1)(d) we find that

mellw, ()| < eleu(t); wu(t), wu(t)) < Lleu(t); wu(t) < Clluy(t)llv,
and therefore, there exists M > 0, independent of p, such that
s (8)]lv < M > 0.

Hence, there exists a subsequence of (w,(t)) denoted by (w,,(t)) which is
weakly convergent to an element w(t) belonging to V' (since V is a closed
space). Let us prove that u(t) € U, i.e. we shall verify that @,(t) = u(t)-v <
0 on Pc.
Using again properties (1) it follows that c(e,, (t); w,, (), w,, (1)) > 0, and
thus we have,
G, (), wy, (1) < Llep, (8); wp (1) < Clluy, (0)|lv < CM.
where C' is a positive constant independent of ¢, u;, u and e.
Taking limits it follows that
1
im [ (s () 1 (1), do < € = constant,
=0 [l JTe
and, by Fatou’s lemma, we have
0< [ lim {{twn O] ()} da <t [ ()] (1)), da =0,
e 0 =0 Jrg
since u,, (t) converges strongly to w(t) on I'c (the trace operator from V' into
[L2(T'¢)]? is compact). Thus, we find that / [@,(t)]+1,(t) da = 0, which

NG
implies that @,(t) < 0 on ['c. Therefore we have proved that u(t) € U.
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Keeping in mind that V' is compactly embedded in H (Rellich-Kondrachov
theorem) and that the trace operator is also compact from V into [L?(I'x)]?,
the subsequence (w,,(t)) is also strongly convergent to w(t) in H and its
trace is strongly convergent to the trace of w(t) in [L*(T'y)]%. Moreover,
since w,,, (t) — w(t) in H, taking v(t) = u(t) in (13) we have

le(e(t); u(t), a(t) — w,, ()] =0 as py — 0,
and we conclude that

s {Ju(®) — Ol + Je®) — e Oy} =0 a5 w—0. (19
Finally, for any other subsequence (u,,(t)) of (u,(t)) weakly convergent to
another element w(t) € V we can repeat these arguments and we again
obtain that u(t) € U, so the limits are equal to zero, as in (14). Thus we
can conclude that (14) is verified for all the sequence (w,(t)).

]

2. Numerical results with a fully discrete scheme

We now introduce a finite element algorithm for approximating solutions of
both variational problems V' P and V' P,, and present some numerical results
which demonstrate the convergence behaviour.

The discretization of the two problems is done in two steps. First, we
consider the finite element spaces V" C V and B" C L>(Q)) C Y given by

Vi ={w" € [C(Q)"; wff” c [P(Tr))*, TreT", w"=0 on I'p},
B"={"eL>*(Q); & € P(Tr), TreT"},

where Q is a polyhedral domain, 7" denotes a triangulation of {2 compatible
with the partition of the boundary I' = 09 into I'p, I'y and I'¢, and P,(7}),
g = 0,1, represents the space of polynomials of global degree less or equal to
q in T'r. Here, h > 0 denotes the spatial discretization parameter. Moreover,
we define the discrete admissible displacements convex set U" = UNV": that
is,

Ur={w" eV, w'"=w"-v<s" on Tl
where s" is an appropriate approximation of the gap function s.

Secondly, the time derivatives are discretized by using a uniform partition
of the time interval [0, 7], denoted by 0 =ty < t; < ... <ty =T, and let k

h
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be the time step size, k = T'/N. Moreover, for a continuous function f(¢) we
denote f, = f(t,).

Using the forward Euler scheme, the fully discrete approximations of prob-
lems VP and V P, are as follows.

Problem V P". Find a discrete displacement field u"™ = {u!*}N_ < U"
and a discrete bone remodeling function et = {ezk}flvzo c B" such that
hk—eo and form=1,..., N,

clem® u* ph — uty > L ot — u*) vl e U,

ent —ent | hik hk hk
n 77,
T — a(enfl) + A(enfl) : 6(“’71—1)7
where e is an appropriate approximation of the initial condition ey and w/*
is defined as the solution to the following problem,

e UM (el ubl® v — k) > Liel;v" — ) vo € U

Problem VP!, Find a discrete displacement field u}* = {(u,)}*})_ C
Vi oand a dzscrete function e = {(e, )"}V . C B" such that (e, )3 = el and

form=1,..., N, '
c((e)ns (w)", 0") + ()", 0") = L(e)y"s0") Vot € VI

n

L k(eu)n_l - a((eu)n 1) +A((€u)n Ik 5((uﬂ)zﬁl)’
h

where ¢ is an appropriate approximation of the initial condition ey (which
we assumed, as in the previous section, equal to the initial condition for the
Signorini’s problem) and (u,)4* is the solution to the following problem,

(uu)gk S Vha C((eu)g (uu)gka h) ‘|‘j((uu)gk7"’h) = L(eg; 'Uh) vo' e V.

From the properties (1), using classical results on nonlinear variational
equations and nonlinear variational inequalities (see [9]), it is straightforward
to obtain the existence and uniqueness of solution to both fully discrete
problems (see also [5] for theoretical results for the approximation of an
asymptotic bone remodeling rod model without contact).

We notice that the above discrete problems were solved by using a penalty-
duality algorithm introduced in [1]. The numerical schemes were imple-
mented on a 3.2Ghz PC using MATLAB.
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2.1. Numerical results for a one-dimensional example. As a first
example, we consider a one-dimensional setting. A bar which occupies the
domain 2 = (0, 6) is assumed to be in contact with an obstacle (deformable
or rigid) on its right corner, so s = 0m. A positive compression force is then
applied on its left end, which enforces the body to maintain the contact with
the obstacle (see Fig. 2).

9[0BISqO

FI1GURE 2. Example 1D: A bar in contact with an obstacle.

The following data have been employed in the numerical simulations (poly-
nomial approximations as in [11] for C(e), a(e) and A(e) are used):

+e
A(e) = Ag + Are,  Ag = —216 (100 days)~!, Ay = 216 (100 days)”,
§0=0.892, ~=1740Kg/m?, f=0N/m? ¢g=8x10"2GPa, s=0m,
Co = 25.60 GPa, Cyi=252.08GPa, ay= —1296 x 107*(100 days)~.,
a; = —1296 x 1072 (100 days)_l, ay = 216 x 1072 (100 days)_l.

1
I'p=0, T=100days, C(e)= : (Co + Cre), ale) = ag + are + aze?,

Moreover, we assume that the initial bone remodeling function is given by
eo(r) =0 Va e (0,6).

Our aim here is to show the numerical convergence of the solution when the
deformability coefficient p tends to zero as stated in Theorem 3. Therefore,
two fine uniform partitions of both the time interval and the domain have
been considered with the discretization parameters h = k = 0.001.

In Fig. 3 we plot the evolution in time of the mechanical displacement
of the contact point x = 6 for several values of p (left-hand side) and the
evolution, with respect to u, of the mechanical displacement of this node at
final time 7" = 100 days (right-hand side). As can be seen, the convergence
to the Signorini case (u(6,t) = 0 for all ¢ € [0,100]) is shown.
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18 : 16
* p=2x10
L —— 02 [ 14}
14 e =2x107| |
- =10 12f
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FiGUurE 3. Convergence of the solution when pu — 0.

The errors, given by

hk hk hk hk
By = max { 1wl = ulfllv + 116 — bl }

and obtained for different values of p, are shown in Fig. 4. We notice that
the convergence of the solution when p — 0 is clearly observed (in fact, it
seems that a linear behaviour is achieved).

0.2

048f
046f
0.14f
042f
za
01
008}
006f
004}

0.021

FIGURE 4. Asymptotic convergence depending on pu.
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2.2. Numerical results for a two-dimensional problem (d = 2). As a
two-dimensional example, we consider the rectangular domain 2 = (0,6) X
(0, 1.2) which is clamped on the boundary part I'p = {0} x [0, 1.2]. No volume
forces are supposed to act in the body, a linearly increasing surface force acts
on the boundary part [0, 6] x {1.2} and, finally, the body is supposed to be in
contact with a deformable obstacle on the contact boundary I'c: = [0, 6] x {0}

(see Fig. 5).

L Q

V7Y

M
N

Iy

B

Obstacle

FIGURE 5. Example 2D: A rectangle in contact with an obstacle.

The following data were employed in this example:

T =100days, f=0N/m* g(z,y,t) = (0,—5z) M Pa,
Cle) = 5%(60 +Cle), A(e) = A"+ Ale, & =0.892, ~=1740Kg/m?,
0

ap = —1296 x 10~* (100 days) *,
as = 216 x 1072 (100 days) 1,

a(e) = ag + are + ase’,
a; = —1296 x 1072 (100 days) ™!,

s = 0m,

where the fourth-order tensors C = (Cojkrl)z?,j,k,l:l and C!

(A?)7 =, and Al

i.j=1

and the second-order tensors A
following components:

ij)ij=1

CYq = 25.69GPa, (Y%, =11.67GPa,
C?211 = 09222 = 0G Pa, 09212 = 7GPa,
Clyy; = 11458 GPa, (9 = 252.08 GPa,
Y = OV, = 0GPa, Cly, = 68.75GPa,

A, = 216 (100days)™t, Ay = —216 (100days) !,
Al =216 (100days) !, AL = 216 (100days) ",

011111 - 25208 GPCL,

64(1)2 - 64(2)1 - 07

= (Cliu) ki1
(A})?._| have the
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Moreover, we assume that the initial bone remodeling function is given by
ep(x,y) =0 V(z,y) € (0,6) x (0,1.2).

Taking £ = 0.01, as the time discretization parameter, the mechanical dis-
placement field (multiplied by 20) at final time together with the reference
configuration are plotted in Fig. 6 for a deformable obstacle (left) and for
a rigid one (right). We notice that, if we assume that the obstacle is de-
formable, a clear penetration is produced, but if the obstacle is rigid, then
no penetration is obtained.

F1GURE 6. Example 2D: Deformed rectangle in contact with a
deformable obstacle (left) and with a rigid one (right).

The transverse mechanical displacement of the contact boundary is plotted
in Fig. 7 at final time T for different values of p. As can be seen, the
displacement converges to zero when i — 0 since we assume that the body
was in contact with the obstacle.

x10°

—x—p=2x10"
—_— u:10_4
—*—=2x10"
— — =108
p=2x10"°
— =107

|uu(x,0,100)|

F1GURE 7. Example 2D: Contact boundary depending on p.
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Finally, the results concerning the bone remodeling function are presented
in Figs. 8 and 9. This function is plotted, at final time, in Fig. 8 for the
deformable obstacle (left) and for the rigid one (right). As can be seen, if
the obstacle is assumed deformable, then the bone remodeling function has
large negative values around the left lower corner while on the right part it
has positive values. However, if the obstacle is rigid, the bone remodeling
function is again negative on the left part (with smaller values) and positive
on the right one, but it seems that it is constant through the transverse
direction of the rectangle. This is shown clearly in Fig. 9, where we depict
the convergence of the bone remodeling function, assuming contact with a
deformable obstacle, at final time and on the contact boundary, to the bone
remodeling function of the Signorini contact problem, at the same time and
on the contact boundary.

0.03 0035
0.02 003

0.025
0.01

0.02

0.015

-0.01 001

0.02 0.005

0.03

-0.005
0.04

0.01

-0.05

F1GURE 8. Example 2D: Bone remodeling function after contact
with a deformable obstacle (left) and with a rigid one (right).
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