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ABSTRACT: Recently, indefinite versions of classical inequalities of Schur, Ky Fan
and Rayleigh-Ritz on Hermitian matrices have been obtained for J-Hermitian ma-
trices that are J-unitarily diagonalizable, J = I, & (—I), 7, s > 0. The inequalities
were obtained in the context of the theory of numerical ranges of operators on
indefinite inner product spaces. In this paper, the subject is revisited, relaxing the
constraint of the matrices being J-unitarily diagonalizable.
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1. Introduction

For J = I, @ (—I;) = diag(1,...,1,—1,...,—1), r,s > 0, consider C"**
endowed with an indefinite inner product |[-,-] defined by [£,n] = (J€,n),
where (£,n) = £*n. Let M,(C) denote the algebra of n x n matrices over
the field C of complex numbers. A matrix A € M,(C) is said to be J-
Hermitian if A = A*, where A* = JA*J denotes the J-adjoint of A. A matrix
A € M,(C) which commutes with its J-adjoint is called J-normal. A J-
normal matrix U € M, (C) is said to be J-unitary if UU* = U*U = I,,. The
J- unitary matrices form a group denoted by U(r,s) [2, 7. The study of
operators on indefinite inner product spaces has various motivations. There
are many articles on this subject in mathematical physics, operator theory
and operator algebras. (We cite some recent ones [13, 1, 12].)

For A, C € M, (C), consider the J-tracial numerical range
WZ(A) = {tr(CUAUY) : U € U(r,5)}, (1)

which was investigated for J-Hermitian matrices A, C' under certain condi-
tions [5, 18]. For J = I,,, W/ (A) is called the C-numerical range of A, and is
simply denoted by W (A). Recently applications of the C-numerical range
to NMR spectroscopy and to quantum control and quantum information the-
ory have been discussed ([6, 23]). We also consider the well-known classical
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numerical range defined by

W(A) = {(A, §)/(£.§) : £ € C°,(£, ) # 0},

and the following sets

WI(A) = {[AL,€)/€.€]: € € T [€,¢] > 0},
W7 (A) = {[A,€)/[€,€] - £ € € [€,€] < 0},
] €, ¢

WY (A) = {[A€.€)/[¢.€] : € € T, [€,€] # 0}

While the sets W (A), WZ(A) are convex, W”/(A) = W/(A) U W/(A) is
pseudo-conver, that is, for any pair of distinct points x,y € W;(A), either
W;(A) contains the closed line segment tx + (1 —t)y, 0 <t < 1 or W;(A)
contains the half-lines tx + (1 — t)y where 0 > ¢t or ¢t > 1 [15] (see also [3]
and [4]). The boundary of W7(A) has been discussed in [22]. For diagonal
matrices C1 = [1 ©0,45-1,Co = 0, ® (—11) ® 05_1, we get W_{(A) = We, (A),
W7 (A) = We,(A). If A,C are J-Hermitian, then it is not difficult to show
that tr(CUAUY) = tr(CUAU™Y), for every U € U(r,s), and so WZ(A) is a
subset of R.

For X € M, (C), we denote by o, (X) (6_(X)) the set of the eigenvalues
of X with associated eigenvectors £ with [£,&] > 0 ([¢,€] < 0). Through-

~—

out, we assume that the eigenvalues of C are ¢y,¢q,--+ ,¢, € 04(C) and
Cri1, Cri2, 5 Crys € 0_(C'), and are non-increasingly ordered
L =>C =2 Cr; Cryl > Cr4-2 > 2 Crtsy Cr > Cri1- (2)

In Theorem 2.1 of [5], it has been shown that if the eigenvalues of A are
not all real, and assuming that ¢, > ¢,,1, then WCJ (A) is the whole real line.
Notice that having in mind the inequality ¢; > ¢, this constraint may be
removed. Thus, in the sequel we assume that the spectrum of A, denoted by
o(A), is real. We recall a tracial spectral inequality on Hermitian matrices
([17, 20]). Suppose that C' = diag(cy, o, ..., ¢,) and A = diag(ay, as, ..., a,)
are real diagonal matrices, whose eigenvalues are non-increasingly ordered:
c1>¢co>--->cpand ap > as > -+ > a,. Then the inequalities

chanJrl i <tr(CUAUY) < z:czaZ (3)

=1

hold for any unitary matrix U. These 1nequa11t1es can be deduced from the
inequality between the diagonal entries of UAU ! and the eigenvalues of



THE J-NUMERICAL RANGE OF A J-HERMITIAN MATRIX 3

UAU™! discovered by Schur in 1923 ([16], p. 218). If A is positive semi-
definite, Schur’s result can be obtained from Ky Fan’s result of 1951 ([16],
p. 228, [10]). The inequalities (3) can be interpreted in the context of the
C-numerical range of A ([8]), and are related to the numerical computation
of the eigenvalues of a Hermitian matrix, especially, Rayleigh-Ritz procedure.
It is also remarkable that Schur’s result is crucial for a proof given by Poon,
based on the theory of majorization [9], of an important theorem on numerical
ranges due to Westwick, by using Morse theory (|21, 25]). A treatment of
majorization based on the theory of numerical ranges was given in [8]. In
[5], spectral inequalities for the trace of the product of two J-Hermitian
matrices that are J-unitarily diagonalizable have been stated and indefinite
versions of the above mentioned classical inequalities have been obtained.
The inequalities were obtained in the context of the theory of numerical
ranges of operators on indefinite inner product spaces. In this note, the
subject is revisited, with the aim of removing certain imposed restrictions,
like relaxing the constraint of both matrices being J-unitarily diagonalizable.

This paper is organized as follows. In Section 2, the characterization of
W7(A) is revisited and the so obtained results are crucial for the development
of the subsequent Sections. In Section 3, we study conditions under which
WZ(A) equals R. In Section 4, we investigate the case of WJ(A) being a
half-line. In Section 5, WZ(A) is characterized for A being a J-Hermitian
nilpotent matrix and C' being a J-unitarily diagonalizable matrix. The main
results are Theorem 5.4 and the Corollaries 5.2 and 5.3 , which generalize
the principal results of [5], namely the mentioned indefinite versions of Ky
Fan’s, and Schur’s results for J-Hermitian matrices.

2. W/(A) for J-Hermitian A revisited
For A\ € 0(A) C R, we set
X, ={£eC™: (A - A" =0}, (4)
For easier reference we state the well-known result [7].

Proposition 2.1. Let A be a J-Hermitian matriz with real spectrum, such
that Ay > Ao > --- > \,,, are all the distinct eigenvalues of A. Then the sub-
spaces Xy, Xy,, .-, X, are mutually orthogonal with respect to [-,-]. More-
over, Xy, is a non-degenerate indefinite inner product space. If X, 1is 1-
dimensional, 7 =1,2,...,m, then A is J-unitarily diagonalizable.
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For the sake of completeness, and inspired by the characterization of W;Z (A)
in terms of W(JA +4J) ( Theorem 4.1 of [14] and Lemma 1.1 of [15]), we
give a short proof of the following result.

Proposition 2.2. Let A be a J-Hermitian matriz. Then:
WA ={reR:t(x+i) € W(JA+iJ) forsome 0 <t <1}, (5)
W'(A)={zeR:t(—x—i) € W(JA+iJ) forsome 0 <t <1}.  (6)

Proof. We prove (5). Let x € W/(A). Then, there exists a non-zero vector
¢ € C" such that [A¢,&] = z and [€,£] = 1. Thus,

(JA+iJ)E &) x+1

= e W(JA+1iJ),

6o feg WAt
being obviously 0 < (&, ¢ )‘1 < 1. The proof of the reversed inclusion is easy
and (6) follows similarly to (5). |

We briefly survey some basic facts on the boundary generating curve, or
Kippenhahn curve, of W(JA+1iJ), where JA and J are Hermitian matrices
([11, 26]). For Hermitian matrices H, K € M, (C), we consider the complex
projective curve I' defined by

I ={[(t,z,y)] € CP?:det(tl, +z H +y K) = 0},
and its dual curve
M ={[(T,X,Y)]€CP*:Tt+ Xz +Yy=0isatangentof I'}.

The real affine part of ", I'* = {(X,Y) € R? : (1,X,Y) € '}, is called
the boundary generating curve, or Kippenhahn curve, of W(H + i K). (For
details on plane algebraic curves, see e.g. [24].) Identifying the real affine
plane R? with the Gaussian plane C, W(H + i K) is the convex hull of the
curve I'*. Every boundary point of W(H +1i K) lies on the curve I'* or on its
bitangent, that is, a tangent (at least) at 2 distinct points. By duality, a real
line a R(2)+b6S3(2)+1 =0, (0,0) # (a,b) € R? is tangent to I'* if and only if
det(I,+a H+bK) = 0. A real line aR(2)+0S(2) = 0, (0,0) # (a,b) € R?, is
tangent to ['* if and only det(a H+b K) = 0. The boundary generating curve
['* passes through the origin z = 0 if and only if the line ¢ = 0 is tangent to
the curve I' at some point [(¢,2,7)] = [(0,z,y)] € CP.
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Proposition 2.3. Let A be a non-scalar J-Hermitian matriz. Then X is a
real eigenvalue of A if and only if x = Ay is a tangent line to I'* passing
through the origin.

Proof. Consider the family of lines z = Ay, whose homogeneous line coordi-
nates are (1 : —X : 0). A line x = Ay is tangent to the Kippenhahn curve of
W(JA+1iJ), if and only if

det(JA —)\J) =0,
which is clearly equivalent to A being a (real) eigenvalue of A. |
Proposition 2.4. [15, 22| Let A be a J-Hermitian matriz such that
W (A) = [M,+00) or W(A) = (My, +0)

and
W7(A) = (=00, M) or W’(A) = (—o0, My)
for My, My € R. Then My, My are eigenvalues of A.

Proof. By (5) and (6), the lines R(z) = M;(z), R(z) = My 3(z) are real
tangents to the Kippenhahn curve I'* of W(JA +i.J). In fact, if W/(A) =
(M1, +00), then © = My is tangent to the Kippenhahn curve of W (JA +
i J), at least at one point with positive imaginary coordinate. If W/(A) =
(Mi, +00), then x = My is tangent to the Kippenhahn curve at the origin
of the affine plane. An analogous analysis is valid for W7(A). Thus, by
Proposition 2.3 My, M, are eigenvalues of A. |

The boundary of a compact subset K of the complex plane is denoted by
OK. A support line of K is a line containing at least one point of K and such
that K is contained in one of the two half-planes defined by it.

Proposition 2.5. Let A be a non-scalar J-Hermitian matriz. Then, W (A) =
W7 (A) = R if and only if there exists a non-degenerate closed interval [p, q|
simultaneously contained in W7 (A) and W7(A).

Proof. (=) Trivial.

(<) Assume that [p, q] C W7 (A) and [p,q] C W7(A). Consider p € W/(A)
and ¢ € W/(A). We show that (—oc,p] C W/(A). Having in mind (5) and
(6), there exist complex numbers z,w € W(JA + i J) such that

z=t(p+1), 0<t<1, w=—t'(¢g+1), 0<t <1.
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Since W(JA +iJ) is convex, then [z,w] C W(JA 4 i¢J). The endpoint z
lies in the upper half-plane, while w lies in the lower half-plane. The line
segment [z, w] intersects the real line to the left at the origin. This implies
that (—oo, p] C WZ(A). Similarly, we can show that [¢, +00) C W/(A), and
it follows from the connectedness of W7 (A) that W/(A) = R. By analogous
arguments we can prove that W7(A) = R. |

Theorem 2.1. Let A be a non-scalar J-Hermitian matriz. Then W (A)
is a right half-line W{(A) = [M;,+00), or W/(A) = (M, +0c0), for some
M, € R if and only if WZ(A) is a left half-line W7 (A) = (—o0, Ms], or
W7 (A) = (—o0, My), for some My € R and My > M.

Proof. (=) W/(A) and W7(A) are unbounded connected subsets of R ([15],
Theorem 2.3 (c),(iv)). Suppose that W/(A) = [M;,+o0) or W/(A) =
(My,4+0o0). Then, for My € R, we consider the following possibilities:

(a) WZ(A) = [My,+00) or W!(A) = (Ms, +00)

(b) WI(A) = (00, My], My > Mo;

(c) WI(A) = (—o0, Ms), My < Ms;

(d) W'(A) =R.
If (a), (c) or (d) occurs, then there exists a real non-degenerate closed interval
contained in W7(A) and in W7(A). By Proposition 2.5, W/(A) = W/(A) =
R, contradicting the hypothesis. (<) This assertion is proved by similar
arguments. |

The following theorem gives necessary and sufficient conditions for Wj{ (A)
to be a half-line or the whole real line.

Theorem 2.2. Let A be a non-scalar J-Hermitian matrix. Then:

(1) W(A) = W/(A) = W/(A) =R if and only if 0 is an interior point of
W(JA+ilJ).

(2) W{(A) is a half-line if and only if either 0 is a reqular boundary point
of W(JA+iJ) or0¢ W(JA+il).

Proof. (1) (=) It W/(A) = W/(A) = W/(A) =R, then {1,—1} C W/(A),
{1,-1} € W/(A), and there exist 0 < t;,ty,t3,t4 < 1 such that #;(1 +
i), to(—=1+1), —t3(14+1), —t4(—1+1) € W(JA+1iJ). The origin is an interior
point of the convex quadrilateral with vertices t1(1 + ), ta(—1414), —t3(1 +
i), —t4(—1 + 1), and which is contained in W(JA + ¢ J).
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(1) («=) If 0 is an interior point of W (JA + i J), then there exists a ball
centered at the origin contained in W (JA +iJ) and (5) and (6) imply that
W/l(A) =W/ (A) =R

(2) (=) Let A be a non-scalar J-Hermitian matrix, J # £1I, and suppose
that W/(A) does not coincide with the real axis. If 0 is an interior point of
W(JA+iJ), then W/(A) = R, a contradiction. Thus, either 0 ¢ W (JA+i J)
or 0 € OW(JA +iJ). The hypothesis 0 is a boundary sharp point leads
to a contradiction, since it implies that there exists & € C"** such that
(JA+i J) = 0 ([10], p. 50, Theorem 1.6.3) so that A = —i&, which implies
W/ (A) =R ( [5], Theorem 2.1), a contradiction.

(2) (<) Firstly, suppose that 0 ¢ W(JA +iJ). Then there exist two
support lines of W(JA+i J) passing through 0, which are a;R(2)+b3(z) =0
and asR(2) + b.3(2) = 0 satisfying (0, 0) # (a1, b1), (az,b2) € R?, ajas # 0.

Let the points z; + 1y;, z;,y; € R, j = 1,2, with y; > 0,52 < 0, belong to
the mentioned support lines and to W (JA + i J). Hence, the support lines
are of the form R(z) = M13(z), R(z) = My3(z) and they are tangents to
OW (JA+1iJ) at the tangency points z; = t1(M; + i) and zo = —to(Ms + 1),
for some 0 < t;,ty < 1. By Proposition 2.3 and Proposition 2.4, W/(A) is a
half-line with endpoint M;.

Now, suppose that 0 € OW (JA +iJ) is a regular point. Then there exists
a unique support line R(z) = M (z) of W(JA + i J) passing through it.
Then, by Proposition 2.2 WY(A) is a half-line with endpoint M. |

Now, we fix some notation:

oo(A) ={X e R: A = M{forsome 0 # & € C with [€,£] =0}, (7)

Xiy = {€€ T AE = [€,€] > 0} U {0}, )
X, = {£ €T Af =g [6.6] < 03U {0}, 9)
Y, = {f € X,: [5,77] = [f,d =0, Vn € X)\,+,\V/C c X)\,,}. (10)

By Proposition 2.1, there exists a basis {&, ..., & ,57, i1, Eyg } Of X,
satisfying [fj,fk] = 0 for j # k and [é'],f]] =1,7=1---,r &, =-1,5=
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r'+1,---,r'+s". The space X, is not invariant under J, but a new J-operator
for which the invariance holds may be defined on X, as follows:

r'+s' r’ r'+s'
T w6 => il — Yz, wr€C (11)
j=1 j=1 j=r'+1

Theorem 2.3. Let A be a J-Hermitian matriz with real spectrum. If og(A)
in (7) contains two distinct eigenvalues A1, g, then W/ (A) = R.

Proof. The spaces Y),, Y), in (10) are invariant under A. Denote by A, , j =
1,2, the restriction of A to Y, and let J' be defined in (11). If W' (4,,) = R,
for j = 1 or for j = 2, then the relation W/(A) = R is clear. If W/ (A,,)
(A1, +00) and W/ (A,,) = (o0, A2), then by the convexity W/(A) = R.
So, we may assume that W7 (Ay,) = (A, +00) and W/ (Ay,) = (Mg, +00).
Since the operator A, has a unique eigenvalue, then R(z) = A\;3(z) is the
unique support line of W (J'A; +14J'), j = 1,2, from the origin. Hence, the
origin is an interior point of the convex hull of the curves OW (J'Ay, +1iJ'),
j = 1,2. Thus, 0 is an interior point of W(JA + iJ), and by Theorem 2.2
(1), W/ (A) =R. ]

3. When W/(A) is the whole real line

We denote by X|[p,...,q| the principal submatrix of X € M,(C) in rows
and columns p,...,q.

Proposition 3.1. Let A be a J-Hermitian matrix on a Krein space of type
(r,s) satisfying W{(A) = R. Then there exists a J-unitary matriz U such
that for B =UAU™" and at least one of the pairs

By =B[l,r+1], Jy=J[1,r+1], (12)
By =B[1,2,r+1], Jo=J[1,2,r+1], 3)
By=B[l,r+1,r+2], Js=J1,r+1,r+2], (14)

satisfies W*(B) =R, k= 1,2, 3.
Proof. Let A be a J-Hermitian matrix such that W/(A) = R, and so A is non-
scalar. By Theorem 2.2 (1), 0 is an interior point of W(JA+iJ), and so there

exist vectors &1, &, &3 in the Krein space C"** satisfying [A&y, &1] > 0, [&1, &) >
07 [A£27£2] < 07 [52762] > 07 and [A£37€3] - 07 [53753] < 07 ensuring that the

/
p—
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triangle with vertices [A¢;, §;] + 4[5, &), j = 1,2,3, contains 0 as an interior
point.

The linear space X spanned by &i,&5, &3 is 2- or 3-dimensional. If X is
2-dimensional, it has a basis {1, n} satisfying [n1,m] = 1, [2, 0] = —1,
and we may assume that a = [y, 79] > 0. Suppose that there exists a vector
n = cm+ cn € X, (c,c2) # (0,0), which is orthogonal to X. Then
n,m] =c1+ca=0,[nmn =—c+ca=0,and so ¢; = ¢o = 0, which
is a contradiction. Hence, the space X is non-degenerate and the pair (12)
provides the desired result.

If X is 3-dimensional, the space X + J(X) is non-degenerate and is iso-
metrically imbedded in a Krein space of type (3,3). So we may assume that
X is a linear subspace of a Krein space C° of type (3,3), J = I3 ® —I3, with
a basis {1, &, &3}, whose vectors satisty [€1,&] > 0, [£2,&)] > 0, [£3,&] < 0.
Let us assume that there exists a basis {n1,7m2,m3} of X such that the vec-
tors 71, 1o are orthogonal to X. We get [y1m + yam2 + Y313, Y111 + yan2 +
y3n3] = |ys|? [n3,m3]. This contradicts the existence of vectors &, &3 satisfying
[£1,&1] > 0, [€3,&3] < 0. Thus, the space

XNXt={¢eX [£n)=0, VneX}

is at most 1-dimensional.

If X N X" is 1-dimensional, we can replace X by a non-degenerate space
X. C X + J(X) as follows. Let {n1,m2, 173} be a basis of X C C° where
m = (1,0,0,1,0,0), n, = (0,1,0,0,0,0), n3 = (0,0,0,0,1,0). In this basis,
the vectors &1, &9, &3 are expressed as & = uiny + usne + usns, & = viny +
VM2 + v3m3, §3 = wim + wanp + wanz. For ny = (1,0,0,-1,0,0) € J(X)
and a sufficiently small € > 0, let & (€) = ui(m + eng) + uans + usns, &(€) =
v1 (1 4 €nyg) +vane +v3ns, E3(€) = w1 (N1 + €ng) +wone +wsns. For € — 0, we get
[Ag;(€), &(€)] — [AE;, €], and [€;(€). §;(€)] — [§5,&5], 7 = 1,2,3. The origin
is an interior point of the triangle with vertices [A&;(¢), &;(€)] +1[;(€), & (€)],
j = 1,2, 3, for sufficiently small €. The space X (¢) spanned by 1 + €ny, 12, 13,
is non-degenerate for 0 < € < 1 and the pair (13) provides the required result,
having in mind Theorem 2.2 (1).

For the pair (14) a similar treatment can be used. [

If a J-Hermitian matrix A on the 3-dimensional Krein space C? of type
(2,1) has an eigenvector ¢ with [£,&] # 0, then the J-orthogonal space Y of
C¢ is also invariant under A. The restriction B of A to the 2-dimensional
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non-degenerate space Y satisfies W/(B) = R if W/(A) = R. So we may
assume that A is irreducible and there does not exist an eigenvector £ of A

with [£,£] # 0.

Lemma 3.1. Let A be an irreducible J-Hermitian matrix on a Krein space
of type (2,1) with real spectrum and such that W (A) = R. Then there exists
a J-unitary matriz U for which the principal submatriz of B = UAU™! in
the second and third rows and columns has imaginary eigenvalues.

Proof. By the irreducibility of A it has a unique eigenvalue A. By replacing A
by A— X I, we may assume that A is nilpotent. Moreover, by a rotation and a
dilation, we may suppose that for some a,b,c € R and a certain U € U(r, s),

—a—b ¢ 0
B=UAU'= c b 1. (15)
0 -1 a

Considering the (3, 3)-entry of B? = 0, we obtain b = a® — 2a and taking the
(3,2)-entry of B = 0, we find a® + b*> + ¢* + ab — 1 = 0. This equation has
real solutions b if and only if 3a* < 4(1 —¢?). Since a* < 4/3 and b = a® — 2a,
it follows that [b — a| < 2, being b —a = 2 for a = —1 and b — a = —2 for
a = 1. In any case, we get ¢ = 0, which is impossible by the irreducibility.
Therefore, |b — a| < 2, and the result follows. ]

Theorem 3.1. Let C' be a non-scalar J-Hermitian and J-unitarily diagonal-
izable matriz, whose eigenvalues satisfy (2). Let A be a J-Hermitian matriz
acting on C™* and let J' be defined in (11). If there exists a non-degenerate
subspace X such that the restriction A" of A to X satisfies W/ (A') = R,
then WZ(A) = R.

Proof. We apply Proposition 3.1. Firstly, suppose that there exists a 2-
dimensional restriction By of B = UAU™! for which er]l(Bl) = R, being
Ji defined in (12). By a translation and a dilation, we may assume that
c1 = 1, ¢,.1 = 0. The operator By acts on the non-degenerate space X,
being its orthogonal complement X+ also non-degenerate. We have &;,&,.1 €

Xa [617 fl] =1, [ér—i-la €T+1] = —1, [gla §T+1] = 0. Let {527 s 7£7°? £T+27 S 7§T+S}
be an orthogonal basis of X+ satisfying [£;,&;] = 1,5 = 2,---,1,[§,&] =
—-1,j=r+2,---,r+s. For

W(B1) = {ei[Am, m] = erea[Anerr e s, mpan € X [um] = 1,

1, 1) = —1, [, ] = 0},
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the following inclusion holds:
WE(A) DWH(B) + ) ¢lA&. ] = D erijlA&is &,
j=2 =2
and so WZ(A) =R,

Now, suppose that there exists a 3-dimensional restriction By of B =
UAU-! for which W*(B,) = R, where J, is defined in (13). Suppose that
By acts on X. If By is irreducible, by Lemma 3.1 there exists a 2-dimensional
restriction B of A satisfying W/ (B') = R.

Assume now that Bs is reducible and so there exists a vector & satis-
fying [£1,&1] = 1 and Be& = A& for some A € o(By). We may suppose
that the space X is invariant under J, and there exists an orthogonal basis

{€17£27§7‘+1} of X Sa’tiSfying [51751] = [52752] = ]-? [57‘+1a€7"+1] = _17 and such
that

3251 - )\517 X// - C€2 + Cgr—kl: BQ(X”) C Xl/’
where B” is the restriction of By to X”. In the sequel, J” and J"” are defined
analogously to J' in (11). If W/"(B") = R, it is easy to prove that W/ (A) =
R. So, we only have to consider the case (M, +oc) C W/ (B") C [M,+oc).

We remark that W (JyBs + i.J3) is the convex hull of the point A 4 i and the
(possibly degenerate) elliptical disc &€ = W (J"B" +1J"), and so

[B,/£27 52] +1 [B”&“-l-l? 57”4-1] B Z}
<§27 €2> , <€7‘+17 £r+1> .

Let p& + q&-41 € C° be a vector satisfying [p&s + ¢&11,08 + q&ri1] =
Ipl2 — 1g|> < 0 and (p& + q&r41,p& + ¢€41) = 1, and such that the line
through the points A+ and [(B" +il5)(p &+ q&ri1), P& + ¢€r11] is a support
line to the ellipse OW (J"B" 4 iJ") (possibly degenerate). We set

- pé2 + g€

57“-1—1 — 9
Val* = [pl?

and we take p = 0 and ¢ = 1 if the ellipse degenerates. The restric-
tion B” of By to the non-degenerate space spanned by & and &, satis-
fies W/"(B") D (—o00, ) for the above mentioned real number A. For a
vector & with [€,&] = 1, {€1,&,&41} is an orthogonal basis of X. Let
{&, ..., & &2, ..., &pst be an orthogonal basis of X+ satisfying [¢;,&;] =
Lj=3,--- &, &l=—1j=r+2,--- ,r+s.

W(JQBQ + 'l<]2) O&D {
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By a translation and a dilation, we may assume that ¢; = 1, ¢,4; = 0.
Then, for

Wi (B//') = {Cl [Anla 771] - C’I"—|—1 [AnT—Fl; nr+1] : 7’]1, 77T+1 c Cgl _'_ C§r+17
[ m] = 1 [ ] = 0, s, ] = =13

the following inclusion holds:

WCJ(A) i Wim(Bm) + C2 [Aé% 52] + Z Ags; gs Z Crit Agr—&—t; gr—i—t]
5=3

and so WJ(A) contains a left half-line. Considering B", we can show that
WZ(A) contains a right half-line and by the connectedness of WZ(A), we
conclude that WZ(A) = R. |

4. When W/ (A) is a half-line

Theorem 4.1. Let C' be a non-scalar J-Hermitian and J-unitarily diago-
nalizable matriz satisfying (2). Let A be a J-Hermitian matriz with real
spectrum acting on C"°, whose eigenvalues are non-increasingly ordered
a1, o, Qe € 04 (A); Qry1, Qraay o Qprs gy € 0_(A), and oo(A) =
{No}. Let Yy, in (10) be a Krein space of type (m,m’), let J' be defined in
(11), and let A’ be the restriction of A toY),. Then the following holds:

(i) WS (A) is a right half-line (M, +00), or [M,+0c), for some M € R if
and only if W7 (A") = (g, +00) and maxo_(A) < Ay < mino, (A).

(i1) WS(A) is a left half-line (—oo, M), or (—oo, M|, for some M € R if
and only if W' (A') = (=00, \g) and max o, (A) < Ay < mino_(A),

Proof. We prove the only if part of (i). We assume that WZ(A) is a right
half-line. Since A’ is a non-scalar restriction of A, from Theorem 3.1 it
follows that W' (A’) is also a right half-line (A, +00). More precisely, from
Theorem 3.1 and by the method of its proof we can show that W/ (A’) is
neither the whole line or the left half-line. We show that a,.1 < Ay < @,
If o1 < a5y and .y, < 41, it can be easily seen that Wé] (A) contains
a left half-line, which is impossible. If [ay, @, ] N [i1, apys ] # 0 and
a1 F Qpis_miy Qpi1 £ Qp_p, then W‘C](A) is the whole real line ([5]). Thus,
a1 < Qe Iy < Ao, then R(z) = A\gS(2) is the unique support line
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of W(J'A" +iJ') passing through 0. There exists a point [A’E, £] + i€, €]
with [£,&] < 0, (£,€) = 1, near the line R(z) = A\S(z). Moreover, there
exists a vector n with (n,n) = 1 and [An, n] + i[n,n] = t(a,_, + 1) for some
0 < t < 1. The line segment joining the points [A’¢, £]+[€, €] and t(cv,—p,+1)
is contained in W(JA +iJ) due to its convexity, and hence W (A) contains
a left half-line, which is impossible. If a;,1 > Ay, analogous arguments hold,
and the result follows.

We prove the if part of (i). By a translation and a dilation, we may assume
that ¢,41 < 0 < ¢,. Observe that A is the direct sum of A’ in the hypothesis
and

A= Udiag(ala vy Qe Qg 1y e ey O‘H—S—m’) U_la
for some U € U(r —m,s —m'). For an orthogonal basis {1, ..., &4} with
[51751] - = [fragr] =1, [€r+17€7’+1] - = [57"4—5:57“4—8] = —1, the expres-
sion
Z cilAE;, &) — Z Crij[Artjs §rig]
j=1 j=1

has the lower bound

r S

O )M+ (> eryj) My,
j=1 j=1
being W/ (A) C [Mi, +00) = [A, +00) and W7 (A) C (—o0, Ma] = (—00, Ag].
By the hypothesis, [A;,&;] > Ao, j =1, ,r, and [Aj 1y, §j4r] = — Aoy J =
1,---,s, being WZ(A) = (N, +00) if ap_py, > Ao and W (A) = [Ag, +00) if
Qr_m = Ag. Thus,
Z cilA&;, &) — Z CrijlA&rtj, Erigl = [Z ¢j + Z Crijl Ao
j=1 j=1 j=1 j=1
and (i) easily follows.
The assertion (ii) is similarly proved. H

Remark. We notice that an analogous theorem to Theorem 4.1 involving
W7 (A) is valid, with the adequate adaptations.

Theorem 4.2. Let C' be a non-scalar J-Hermitian and J-unitarily diagonal-
izable matriz whose eigenvalues satisfy (2). Let A be a J-Hermitian matric
acting on C"5. The following conditions are mutually equivalent:
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(i) W{(A) is a (right) half-line.
(1) WZ(A) is a (right) half-line.

Proof. By Theorem 4.1, the condition (i) implies the condition (ii). We prove
the converse by contradiction. Suppose that W/ (A) is the whole real line.
By Proposition 3.1, some restriction B of A acting on a 2 or 3-dimensional
space satisfies certain condition ensuring that W (A) is the real line. By
Theorem 4.1 W/(B) = R, which is a contradiction. The assumption that
W/ (A) is a left half-line also leads to contradiction. H

We recall that the discriminant Dj, of a monic polynomial
h()\) — )\m-i-m’ + al)\m-i-m/_l o -

is defined as the resultant, or the Sylvester determinant, of h(\) and h'(X).
The monic polynomial i has a multiple root in C if and only if D; vanishes.

Theorem 4.3. Let J', A, A, C be defined as in Theorem 4.1. If W/ (A') =
(Ao, +00) and ;i1 < Ay < ap_py, a lower bound to the endpoint of the half-
line WZ(A) is given by

r4+s

r s—m’ m
L= Z CpQr—p+1 + Z CripQlrts—m/'—p+1 T (Z ¢j + Z cj)Ao- (16)
p=1 j=1

p=m+1 j=r+s—m’/+1

Proof. Let {C1, ..., Cny Gnaty - - - s Guane + be an orthogonal basis of the Krein

space Y), of type (m,m’) satistying [C1, G] =+ -+ =[Gy Gn] = 1, [Gn1, G| =
o = [Gnamt, Gnamy] = —1. Let J" and K be the linear operators defined on
Y, by J(¢) = ¢, 1 <5 <m; J(G) = —CG,m+1 <k <m+m, and
K(() =7j¢,1 <j < m+m, respectively. For a sequence of decreasing
positive numbers (¢,), n € N, converging to 0 with €; < 1, define:

Ale,) = Alle,) @ A'(e),
Ale,) = A+ Bem™ J' 4 4, ™K,
A//(en) — U diag(aq 4 3€pn, . . ., Qe + 3€n, Qg1 — 3€ns - -+ s Qg — 3€,) U™,

where U € U(r —m, s —m/'), and f3, 7, are nonnegative real numbers chosen
as follows. Let 3 € (0,1) be such that every eigenvalue X of A’ 4+ G+ J’
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satisfies |\ — \g| < €,, n = 1,2,.... By the inequality (K.5) in [19], p. 334,
we have

N = Xo| < 2(m+m/ + 1AM +1) gL/ m+m),
where

1<id,j5<m+m'}.

&
Op = Men’“m/, M = max{|a;| :

Hence 5/ ™+™) <€, (%)1/ (m+m’) " and taking 0 < 3 < M sufficiently small,
it follows that |\ — A\g| < €.

Now, choose 7, € [0,1) so that:

(1) every eigenvalue of A'(e,) has algebraic multiplicity 1;

(2) every eigenvalue X" of A’(e,) satisfies |\ — X| < ¢, for some eigenvalue
N of A + Bemtm' J';

(3) the origin does not belong to W (JA'(e,) + i J).

If every eigenvalue of A’ + B J' has algebraic multiplicity 1, we can
choose v, = 0, and every point z of

T =W(J(A + Bemrt™ T+ J) = Bem™™ + W(JA +4iJ) (17
satisfies |z| > Be™™ /1 /1 4+ A\ > 0.

Suppose that there exists an eigenvalue of A’ + ﬁenmJ“m’J’ with algebraic
multiplicity greater than or equal to 2. The discriminant D(t) of the polyno-
mial g(\,t) = det(AL,ym — (1 —t)(A" + BemT™ J") — t K), with respect to A
satisfies D(0) = 0, D(1) # 0, because every eigenvalue of K is simple. Thus,

D(t) is a non-zero polynomial in ¢, and so it has a finite number of roots.
Every point 2’ of W(J'A'(e,) + ¢ J') satisfies the inequality

[z = 2 = [y (TKE €)] < pnen ™™ Anax(K) = (m 4 m et ™™,

n

for some point z € I" and some unit vector £, Apax(K) denoting the largest
eigenvalue of the matrix K. Hence, we can choose 7, > 0 so that the asserted
conditions are satisfied. Thus, W/ (4(e,)) is a half-line and by Theorem 2.1
of [5] all the eigenvalues of A'(e,) are real.

By Proposition 2.1, A'(e,) is J-unitarily diagonalizable, and we assume
that its eigenvalues are non-increasingly ordered

An(€n), -+ Mi(en) € o (A'(€)); M (€n), s Amri(en) € o-(A'(€,))
and
)\m+1(€n) < )\0 < Am(en)'
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By Theorem 1.1 of [5], every point ¢, of WJ(A(e,)) satisfies

S— !

—-m
E Cm+] Qry1—j—m =+ 3€n) + Crij (@r—l—s—m’—j—H - Ben)
7=1 j=1

3

/

+ Z Cj)\m—j+1<€n) + Z Cr+s—j+1)\m+j(€n)-

j=1 j=1

In an Orthogonal basis {517 S 757‘7 €T+17 .- "ST-I—S} with [gl 51] — = [§T7 57“] -
L [&a1, &) = -+ = [Eas, &rvs] = —1, every point t € WS (A ) is expressed
as r r+s

t=> oA 61— > ¢lAg, &),
Jj=1 j=r+1

Moreover, [A;, €] = lim, o [A(€,)€5,&5], j=1,...,r+s. This implies that
L is a lower bound. |

5. W/(A) for A being a J-Hermitian nilpotent matrix

In this Section, we characterize W (A) for J-Hermitian nilpotent matrices
A. A matrix A is said to have nilpotency index Ny if Ny = min{n € N: A" =
0}.

In Theorem 4.3 we proved that L in (16) is a lower bound of WJ(A),
under the hypothesis W/ (4") = (A, +00). Later, we shall show that L is
the greatest lower bound. Since the restriction of A — X\; I to X, is a J-
Hermitian nilpotent operator, the study of WZ(A), W/(A) and W7(A) for a
J-Hermitian nilpotent matrix A is of interest. So, we are lead to investigate
W/(A) for J-Hermitian nilpotent matrices.

The following lemma is used in the proof of Theorem 5.1.

Lemma 5.1. Let A be a J-Hermitian matriz acting on a Krein space C°
of type (3,3) with J = I3 ® —I3. If there exists a vector & € CY satisfying

A% £ 0 and A3¢ =0, then at least one of the following conditions holds:
(i) There exists a non-degenerate subspace X of type (2,1), or (1,2), for
which the restriction B of PxAPx to X satisfies B> # 0 and B3 = 0;

(11) The matrixz A is nilpotent with nilpotency index less than or equal to
4 and satisfies W{(A) = R.
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Proof. The hypothesis implies that [A%¢, A%¢] = [A€, A3¢] = 0. Thus, A%
has zero J-norm and so we may assume that A%¢ = (0,0,1,0,0,1)T, A¢ =
(0,a2,a,0,b,a)”, where @ € R and b > 0. Let A = (o), with Ra;; = a;; and
Saij = bij. By the relations AP = A, A% = 0 and A%¢ # 0, the matrix A is
represented in the form:

ail —bas a3 Q14 a5 —Q3

—bans —b*as; 1 — b%azs — i bbsg baiys bass —1 + b%ass + ibbsg
;1 —b*ass + 1 bbsg ass Qg6 — thys  bass — tbse —ass

—Qi4 —bays —aye — thyg Q44 Q45 Q46

—ais —bass —bass — ibsg Qs as55 bass + ibsg
a3 1 —b’ass + ibbsg as3 Qa6 bass — 1bse —ass

Case 1. The restriction By of Py,APx, to the space

XO = {(0,$2,$3,0,$5,$6)T : (1'2,333,1}5,$6) - (C4}

1S:
—b2a55 1— 62a55 — ibb56 ba55 -1+ 62a55 + ibb56
By — 1 — b2a55 + 1 bb56 ass ba55 — ib56 —Aass
0 —bCL55 —5&55 — ib56 ass bCL55 + ib56
1— an55 + ’ibb56 ass ba55 — ib56 —Aass

and its characteristic polynomial is det(Ay — By) = (A — (1 — b*)ass)\>.

If as5(1 — b?) # 0, the minimal polynomial of By is A>(A — (1 — b*)ass), and
the space X = {¢£ € C*: B3¢ = 0} is 3-dimensional. By the theory of Krein
spaces [7], X is non-degenerate and satisfies the condition (i) of the lemma.

If ass = 0, the characteristic polynomial of By is A* and so By is nilpotent.
Moreover, some computations yield that if 1 — (1 — b?)bZ; # 0, then the
minimal polynomial of By is A*. The non-neutral vector ¢ = (bsg, 0, bbsg —
i,0)7 is an eigenvector of By associated with the eigenvalue 0. Then the
space X = {£ € C*: [£,(] = 0} is non-degenerate and satisfies the condition
(i) of the lemma.

If ass = 0 and (1 — b?)b%; = 1, the minimal polynomial of By is A?, and
det(M—A) = X [N —(a11 +au) N2+ (ar1ags +|oa | + (Jags |* = ous [2) (1—*)) A
+(1 =) (a1 |aus|® — asslons|® + 2aqs(arsais + brabys) + 2bys(arsbis — braais))).
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If H = api]aus|? — ass|ons|? + 2a4s(arsars + biabis) + 2bs5(a14b1s — biaays) does
not vanish, then by direct computations we conclude that A\? is a factor of
the minimal polynomial of A. In this case, the space X = {& € C®: A3¢ = 0}
satisfies the condition (i) of the lemma.

Case 2. We consider the case H = 0 under the assumption (1 —b?)b%; = 1
(and so 1 — b% #£0).
The restriction of Px, APx, to the non-degenerate space

X2 - {(O,$2,$3,x4,$5,x6)T S CG .y € (C,Q S] S 6}

1s:
0 1 — i bbsg bags 0 —1+41bbsg
1+ ibb56 ass a4q6 — Z.b46 _ib56 —ass
By = | —basys —ays — ibss 44 QU5 Q46 ,
0 —ib56 Qs 0 7;656
1 + 2bbsg ass Q6 —ibsg —ass

and the restriction of Px, APx, to the non-degenerate space

X3 - {($1,$2,$3,0,$5,$6)T € (C6 NS C,] = 1, 2,3, 5,6)}

1S
an —bays a3 Q15 —Qi3
—ba_lg, —b2CL55 1— 62&55 — ibb56 ba55 -1+ b2a55 + ibb56
Bg — 05_13 al — 62(155 +1 bb56 ass b(l55 — ib56 —as33
—aq5 —bass —bass — ibse ass bass + ibsg
06_13 1-— b2a55 + ibb56 ass3 bCL55 — ib56 —Aass

The characteristic polynomials of By and Bs are det(A5 — By) = A3 (A2 —
a44)\ — (1 — 62)|Oé45‘2) and det()\l5 — Bg) = )\3 ()\2 — a11>\ -+ (1 — b2)‘0515|2),
respectively. If ay; # 0, the minimal polynomial of Bs coincides with its
characteristic polynomial. In this case, X = {£ € X, : B3¢ = 0} satisfies
the condition (i) of the lemma. If ay5 # 0, the minimal polynomial of Bj
coincides with its characteristic polynomial, and X = {£ € X3 : B3¢ = 0}
satisfies the condition (i) of the lemma.

Case 3. Let us assume that we have simultaneously: H = 0, ay; = 0 and
g5 — 0. If ‘&14‘24-@11&44 7é 0, then A2 (AZ—(a11+a44)A+(\0414|2—|—a11a44)]) =
0. Thus, the minimal polynomial of A is A\* (A2 — (a1 + auq) A+ |a14]? +ar1a4)
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and does not exist a vector £ € CO satisfying A3¢ = 0 and A%¢ # 0, which
is a contradiction. Hence, |0414]2 + ajjaqqs = 0. Consider the restriction of
Px,APx, to the non-degenerate space X; = {(z1,0, 23,14, z5,76)7 € C° :
r; €C,j=1,34,56}

a;; a3 a0 —ags
13 ass3 ogg —ibsg —ags
By=|—-amn —as ayg O o |,

0 —ibsy 0 0  ibsg
13 asy  aag —ibsg —ass

and the restriction Byg of PyogAPso to the non-degenerate space Xyo =
{(21,0, z3,24,0,26)T € C®: 2; € C,j = 1,3,4,6}:

a1 Q13 Q14 —0q3

Buo = Q_i ags Qg —ass
’ —Q1g —O46 Q44 Q4
Q13 (33 Que —a33

Since |0414\2 + ajjaqs = 0, the characteristic polynomials of By and B,y are
M (X = (a1 + agq)) and X3 (X — (a11 + aqs)), respectively. Assuming that
a11 + agq # 0, one of the following conditions holds:

(1) the minimal polynomial of B, coincides with its characteristic poly-
nomial.

(2) the minimal polynomial of By coincides with its characteristic poly-
nomial.

The condition (2) is equivalent to the existence of a vector £ € C* satis-
fying B4’0§ = (0, 1, 0, 1>T, that iS, a110%46 — A130014 — b13b14 + z'a14613 7& O, or
equivalently, aj1aigg(k + 1) + az(k — i)y/—a11aaq # 0 for ayy = (1 — k?)/(1 +
k%) /—ajiay and by = (2k)/(1 + k?*)\/—ai1ag. If (2) holds, then the non-
degenerate space X = {n € C*: Bion = 0} satisfies the asserted condition.

Suppose that (1) holds, and (2) does not hold. Let 1y be a non-zero non-
neutral vector of X, satisfying Byng = (a11 + a44)n0. We consider the re-
striction Byp of Py5;B4P,5 to the nondegenerate space Xy5 = {£ € Xy :
[£,m0) = 0}. Then, the 4-dimensional J-Hermitian nilpotent matrix By s sat-
isfies B;Z”5 = 0 and Big) # 0. Thus, its Jordan canonical form is necessarily
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of the form

0100
0010
0000
0000

If the 2-dimensional subspace Y = {£ € X, 5 : Bys¢ = 0} satisfies [£,7] =0
for every £,m € Y, then there exists an orthogonal basis &1, &, &3, &4 with

€1, 6] = [§2,62) = 1,[63,&3] = (€4, &4] = —1, and {&§1 + &3, & + &4} is a basis of
Y. In this basis, By is represented by

a1 a2 —ai1 —a2
a2 Gz —a12 —a9
aj;p G2 —ajp —a2
Az Q2 —a12 —a

which implies Bf 5 = 0, contradicting that Bj; # 0. Hence, the space Y is
non-neutral, there exists a non-neutral vector 77 € Y and the non-degenerate
space X = {¢ € Xy5: [§,m] = 0} satisfies the asserted condition.

Case 4. If |ayy|* + a11as4 = 0 and ay; + agyy = 0, then A is a J-Hermitian
nilpotent matrix satisfying A* = 0, and is represented by

( ai 0 a3 Q4 0 —Q3 \
0 0 1—1bbsg O 0 —1 4 1bbsg
A _ 04_13 1 + Zb b56 ass 06_46 —Zb b56 —Aass
—ag 0 —Oue  —a1 0 QU6
0 0 —1ibsg 0 0 ibs6
\ 04_13 1 + ’Lb b56 ass 04_46 —ib56 —ass

The restriction of Py APy to
Y = {(1'1,1'2,1'3,0,0,0) e CC: T € C,j= 1,2,3}

is the Hermitian matrix

ar 0 a3
B = 0 0 1 — b bsg
13 1+1b b56 ass

Since by # 0, we conclude that [—e,e] C W(B) C W(A).
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By considering the restriction C' of P;AP; to Z = {(0,0,0,41,y2,y3) €
CS . z; € C,j=1,2,3} we conclude, by similar arguments to those used for
Y, that [—¢,¢] C W(C) C W/ (A).

Thus, Proposition 2.5 implies that W (A) = R and the condition (ii) holds.

|

Theorem 5.1. Let A be a J-Hermitian nilpotent matrix acting on a Krein
space C'*5 of type (r,s) with A # 0, AN = 0 for some Ny > 3. Then
W/ (A) is the whole real line.

Proof. Let A be a J-Hermitian nilpotent matrix with nilpotency index Ny >
3. Then there exists a non-zero vector & such that AN~1¢ £ 0 and AM¢ = 0.
By replacing ¢ by AM73¢. we obtain a vector ¢ such that A%¢ # 0 and
A3¢ = 0. Moreover, [A€, A%] = 0.

Let X be the non-degenerate space spanned by {&, A¢, A%E, JE, JAE, JA%E},
which may be isometrically imbedded into a Krein space of type (3,3). If
A is replaced by A = A @ diag(0,0,...,0), where diag(0,0,...,0) acts on a
Krein space of type (m,m’), then W/(A) = W/(A), and the nilpotent ma-
trix A also satisfies A2 # 0. By replacing A by some suitable A, the Krein
space on which A acts contains a Krein space Xy of type (3,3). We show
that the restriction A’ of Py, APx, to X, satisfies W/ (A’) = R, where J' is
the restriction of J to Xo.

If the condition (ii) of Lemma 5.1 holds, the result follows. If the condition
(i) holds, then for the there mentioned B we have W/ (B) C W/(A). Since
B? = 0 and B? # 0, the J-Hermitian matrix B is irreducible. By similar
arguments to those used in the proof of Lemma 3.1, we conclude that certain
scalar multiplication of B is J-unitarily similar to the matrix in (15). Since
this matrix has imaginary eigenvalues, by Theorem 2.1 of [5] W/ (A) is the
whole real line. [ ]

The following corollary is a consequence of Theorem 5.1, Theorem 2.1, and
Theorem 4.1.

Corollary 5.1. If a J-Hermitian nilpotent matriz A satisfies WI(A) C
[0, +00), or W/(A) C (—o0,0], then A% = 0.

This corollary is refined in the following.
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Theorem 5.2. Let A be a J-Hermitian nilpotent matrix on a Krein space
C™* of type (r, s) satisfying A> =0 and W{(A) C [0,4+00). Then there exist
non-degenerate subspaces Y and Z of C'** satisfying the following conditions:
(1)C*=Y®Z n{=0YneY, V(e Z AY)={0}, AZ)C Z,
(2) The restriction of P;APy to Z is J-unitarily similar to the direct sum

of J-Hermitian matrices of size 2

acting on a Krein space of type (1,1) for some a; >0, 7 =1,2,...,m.

Proof. We set X = A(C™**). From the canonical form of J-Hermitian
matrices, the equation [A£, A¢] = 0 clearly holds for every £ € C"**, and
X is a neutral subspace of C""*. Hence, there exists an orthogonal sys-

tem {&1, ..., &my Emat, - - -5 Eom ) of vectors in C'* satisfying [£1,&] = -+ =
[§m7€m] =1, [€m+1:£m+1] == [§2m7§2m] = —1, and

X = {xl(fl + gm—i—l) + ...+ xm(fm + §2m) X1, ., Ty € (C}
We may replace J by J' = UJU™! for a suitable U € U(r,s) satisfying
J(&) =€, J(&) =& for 1 <j<m, m+1<k<2m. Let
Y={eC™:[&n =[5 J(n)]=0,ne X},
that is,
Y ={{eC:[6¢]=0,1<j<2m}.

Then Y is a non-degenerate subspace of C"*¥ such that C"™* = X®J' (X)®Y.
Thus, the equation [A¢, n] = 0 holds for every £ € Y, n € C""¥ and so A = 0.

Thus, we may assume that C""* = Z = X & J'(X). Since A(§;+&n+j) =0,
1 < j < m, the matrix A is represented by

(A A
= 3)
for some m x m Hermitian matrix. By choosing a suitable m X m unitary
matrix V', and replacing A by (V & V)A(V* & V*) we may assume that A;
is a real diagonal matrix. Since WY(A) C [0, +00), the matrix A; is positive

semi-definite and having in mind that A(C™"*) = X, A; is positive definite.
|
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We observe that by Theorem 5.2, the indices m,m’ in Theorem 4.1 neces-
sarily satisfy m = m/.

Theorem 5.3. Let C' be a non-scalar J-Hermitian and J-unitarily diagonal-
izable matriz whose eigenvalues satisfy (2). Let A be a J-Hermitian matriz
acting on C™* satisfying (A — Xol,15)" ™ = 0 and WI(A) C [Ay, +00). Then
WZ(A) is the closed (or open) right half-line [M,+o00) (or (M, +o0)) with
endpoint M = Xo(c1 + ...+ ¢+ a1+ ..o+ Cras)-

Proof. Since we have already proved that M = Ag(c; + ... + ¢45) iIs a
lower bound of WJ(A), we show that M is the greatest lower bound. We
may assume that \g = 0, that is, A is nilpotent. For J’ defined in (11),
¢’ = diag(cy, c2) with ¢; > ¢9, and the matrix S of size 2 with first and
second rows equal to (1,—1), we have

WJ//(S) = (01 - Cz)Wi/(S)
Taking into account that
[S(cosht,sinht)”, (cosht,sinht)’] = e — 0

as t — +oo, the result follows from Theorem 5.2. |

The following theorem is a consequence of Theorem 4.3 and Theorem 5.2.

Theorem 5.4. Let C be a non-scalar J-Hermitian and J-unitarily diagonal-
izable matrix with eigenvalues satisfying (2). Let A be a J-Hermitian matric
acting on C"% with real spectrum such that oo(A) defined in (7) is the sin-
gleton {\o}. Consider aq, g, -+ ,0p_p € 01(A), Qpi1, Qryay - Qism €
o_(A), nonincreasingly ordered, and a,+1 < Ao < ap_p,. For Y\, defined
in (10) with A = X, let the restriction A' of A to Y, satisfy W (A') =
(Ao, +00). Suppose that Yy, is a Krein space of type (m,m). Then WZ(A) is
the right half-line [M,400) (or (M,400)) with endpoint

T r+s—m r+s
M = g CjQp—_ji1 + E Cj0ys—mi1—j + ( E cj + E cj)No-
j=m+1 j=r+1 7=1 j=r+s—m-+1

The following corollary is an obvious consequence of Theorem 5.4, and
generalizes Corollary 1.2 of [5].
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Corollary 5.2. (Richter-Mirsky inequality of indefinite type) Under
the conditions of Theorem 5.4, we have

r r+s—m m r+s
TI(CA) > E CjQp—_j41 + g CiQpr4s—m+1—j + (E :Cj + § : Cj)/\()'
j=m+1 j=r+1 j=1 J=rts—m+1

The following corollary is an easy consequence of Theorem 5.4 and extends
Corollary 3.2 of [5].

Corollary 5.3. (Raleigh-Ritz inequalities of indefinite type) For A
under the conditions of Theorem 5.4, the following holds:

(1) If X), = {0}, £ € C"** and £*JE = 1, then £*JAE > a.

(2) If X, # {0}, £ € C"™ and £*JE = 1, then & JTAE > A (§°TAE > N\y)
Zf Cp_m = N (Oér_m > >\0)

The following corollary follows from Theorem 5.4 by letting
C = diag(1,...,1,0,...,0).

For simplicity of the notation, we change the convention for the spectrum of
the J-Hermtian matrix A.

Corollary 5.4. (Indefinite version of Ky Fan’s inequalities) For A
under the conditions of Theorem 5.4 and with o, i1 = -+ = qp = Qi
= Qppm = )\O; U+(A> = {041 > e 2 Oér_m},O'_(A) = {047”+m+1 > e
Qis}, the following holds:
(1) If < k <71 then

IV

r k
Z a; < Zx;JAacj
j=r—k+1 j=1
for all x; € C'*° such that x5 Jv; = 03,5 = 1,--- 7.
(2) Ifr+1<k<r-+s then

r r+S r k
Zaj + Z a; < ZiU;Jij — Z x;Jij
Jj=1 j=2r+s—k+1 j=1 j=r+1

for all x; € C™° such that xJx; = 65,5 = 1,--- 7, afJuy = —0j,j =

r+1,---,r+s.
The following corollary follows from Theorem 5.4 by letting
C = diag(1,...,1,0,...,0)
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and taking {zy,..., %, T11,...,T,4s} as a rearrangement of the canonical
orthogonal basis of (C"** [ ]).

Corollary 5.5. (Indefinite version of Schur’s inequalities) Consider
A = (a;j) under the conditions of Theorem 5.4, and let a}; > --- > al.,. and

/ / : .
Upi1p41 2 77 2 Qg qs b€ aTearragement of the diagonal entries ayy, -+, Gy
and Qpi1p41,°  Qrysrys, TesSpectively. Then, with ap_ i = -+ = o =
Opy1 = =0 = Opym = )‘07 J+(A) = {al > 2 ar—m}aa—(A) = {047’+m—|—1 >

oo > Qpyst, the following holds:
(1) If <k <, then

r r
> s ) a4

j=r—k+1 j=r—k+1
(2) Ifr+1<k<r+s, then

r r+s r r+s

. < - "
PBLIE D DINETED DI T DR
j=1 j=2r+s—k+1 j=1 j=2r+s—k+1

with equality for k =r 4+ s =n.

Final Remarks. In [5], indefinite versions of classical results of Schur, Ky-
Fan and Rayleigh-Ritz were stated for J-Hermitian matrices, J = I, & —1,_,,
0 < r < n,under the condition that all eigenvalues correspond to eigenvectors
with non-vanishing norm. The results on W (A) obtained in this paper allow
the removal of that restriction. Theorem 5.4 generalizes the fundamental
theorem of [5] (Theorem 1.1) and leads to the immediate generalization of
all the results in Section 3.3 of [5].
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