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COUPLED VEHICLE-SKIN MODELS FOR DRUG RELEASE
S. BARBEIRO AND J.A. FERREIRA

ABSTRACT: Percutaneous absorption of a drug delivered by a vehicle source is usu-
ally modeled by using Fick’s diffusion law. In this case, the model consists in a
system of partial differential equations of diffusion type with a compatibility con-
dition on the transition boundary between the vehicle and the skin. Using this
model, the fractional drug release in both components - vehicle and skin - is pro-
portional to the square root of the release time. Often experimental results show
that the predicted drug concentration distribution in the vehicle and in the skin by
the Fick’s model does not agree with experimental data. In this paper we present a
non-Fickian mathematical model for the introduced percutaneous absorption prob-
lem. In this new model the Fick’s law for the flux is modified by introducing a
non-Fickian contribution defined with a relaxation parameter related to the prop-
erties of the components. Combining the flux equation with the mass conservation
law, a system of integro-differential equations is established with a compatibility
condition on the boundary between the two components of the physical model. The
stability analysis is presented. In order to simulate the mathematical model, its dis-
crete version is introduced. The stability and convergence properties of the discrete
system are studied. Numerical experiments are also included.

KEYWORDS: Integro-differential model, Numerical approximation, Stability, Con-
vergence.

1. Introduction

Percutaneous drug delivery is the penetration of drugs from an outside
source - the vehicle - through the skin passing the viable epidermis into
the blood capillaries and the lymphatic system. The delivery device is a
polymeric system which can be a hydrophilic polymer, a hydrogel or an-
other polymeric matrix containing the drug. The polymeric matrix plays the
major role as it should keep the drug available on the skin surface with a
constant concentration over a long time period. In monolithic systems, the
transdermal system has three different layers, an impermeable backing, an
intermediate polymer matrix containing the drug and a skin adhesive layer.
The polymeric matrix is designed to control the drug diffusion through the
system to the skin ([32]).
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2 S. BARBEIRO AND J.A. FERREIRA

Let us consider the vehicle-skin system represented in Figure 1. The ob-
jective is to calculate the concentration of the drug, in the vehicle and in
the skin, at time ¢ in the transversal sections T'(z’) and T'(z”), respectively,
which are parallel to yoz plan.

. z .
vehicle T : T0x) skin

FIGURE 1. The vehicle-skin system

Assuming that both system components are homogeneous the vehicle-skin
system presented in Figure 1 can be modeled as a one-dimensional system.
Then our problem consists on the computation of the drug concentration
c(x,t) at spatial point z and at time ¢ > 0 for x € [—L,, L], where L, and
L4 are the vehicle and the skin lengths and the origin is the transition point.

In this paper we consider the vehicle-skin model defined by the equation
dc 0%c Dy, [t _es 0%
—(x,t) = D= (a,t) + — e —

(z,1) 1’18332( ) T /0 Ox?
with ¢ = v when z € I, = (—L,,0) and i = s when = € I, = (0, L), with the
boundary conditions

(x,s)ds, x € I;,t >0, (1)

dc D2v ! s Oc
Dy oS (=Lt : =20, s)ds =0, 9
gLt + 22 [ F L) ds (2
aC DQ,S t _t—s 80 o
Dl,s%([zs, t) + - /0 e %(LS, s)ds + rc(Lg,t) = 0. (3)

The integro-differential equations for the vehicle-skin system are comple-
mented with the initial drug distribution

c(x,0) = co(x),x € (—Ly, L), (4)
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and with the transition condition at x = 0 defined by

Jc Doy [t s Oc dc Dy [t s Oc
D v _\Yy 7 v ) =D s _\Yy 7 s ) )
1, 833(0 t)+ - /Oe (0,s)ds . 8x(0 t)+ - /Oe 8:1:(0 s)ds
(5)

t > 0. The boundary conditions (2), (3) and the transition condition (5) are
the natural conditions associated with the integro-differential model, as it
will be explained in the next section.

The introduced integro-differential model replaces the known model defined
by the classical diffusion equation

dc O%c
a(l’,t) :Dzﬁ(l',t),$€]z,t>0, (6)
for i = v, s, with the initial drug distribution (4) and with the boundary
conditions p P
c c
a _va =Y, 5 LS7 = - L57 ) .
8x( t)=0 83:( t) re(Lg, t),t >0 (7)
In this classical model is usually assume that
dc dc
D,—(0,t) = Dy—(0,1),t >0 8
22(0,0) = Dy (0,1 0

on the transition boundary between the two components.

The classical diffusion model (4),(6), (7), (8) was considered for instance
in [20], [28], [38], [39] and it is established by using the Fick’s law for the flux
Ji(x,t) at point x at time ¢, which states that

Oc
withi =vifzx €, = (—L,,0) and i = s if z € I, = (0, Ly).

The solution of the classical diffusion equation (6) has the unphysical prop-
erty that if a sudden change in the concentration is made at a point in the
polymer or in the skin, it will be felt instantly everywhere. This property,
known as infinite propagation speed, is not present in drug conduction phe-
nomena and it is a consequence of the violation of principle of casuality by
the Fick’s law (9) for the flux. This problem was also observed in heat con-
duction problems in mathematical models based on the Fourier law for heat
flux for instance in [8], [29], [40]. For reaction-diffusion systems the same
drawback was observed in [18], [19].

The Fick’s law for the flux is based on Brownian motion in fluid systems.
The assumptions of the Brownian motion are not compatible with biological

Ji(x, t) =-D
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barriers as the human skin. In fact the transport of substances across this
membrane is a complex phenomenon comprising physical, chemical and bi-
ological interactions. Its evident from the published results that Fick’s law
often does not offer a good approximation to dermal absorption (see e.g. [1],
[27], [30}).

It should be also pointed out that the movement of the drug particles in
the polymeric device is not of Brownian type being the particle flux not well
described by Fick’s law. For instance, the structure of the polymer chains of
hydrogel based devices can change in contact with water or can depend on
the pH and on the ionic strength of the surrounding environment. At the
same time the drug trapped inside of the hydrogel starts to diffuse out of
the network. Often the transport mechanism in this type of systems does
not follow Fickian diffusion. In fact, the results obtained in experimental
context support the previous sentence ([6], [10], [25], [31], [33], [34], [36],
[37], see also [35] and the references contained in this last paper). However,
often we find in the literature mathematical models for percutaneous drug
absorption considering the system vehicle-skin established by using Fick’s
law (see e.g. [20], [22], [23], [28]).

Let us consider that the flux J; has two main contributions: one of the
Fickian type,

oc
JZ7F(3},t) = Dl’laaj(gj7t>’
and another, —J; p/(x, t), taking into account the memory effect of the diffu-
sion phenomena. This means that J;(z,t) = J; p(z,t) + Jip(x, t).

The flux J; 5 at point 2 and at time ¢ is considered as being a consequence

of the concentration variation at point x and at some passed time,

oc
Jiv(z,t) = —Dz,z'%(ﬂ?,t —Ti),
where ¢ = v, s, 7, and 7, are the relaxation time associated with the vehicle
and with the skin, respectively.
Taking a first order approximation to the flux and integrating the first
order differential equation, we obtain

8J¢7M 1 . DQ’Z' 80
i (x,t) + - Jim(x,t) = - ax(:z:,t)
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with

D 7 t _t=s
Jin(z,t) = — = / e i gc (z,s)ds. (10)
0

T i
Note that, when 7; — 0, the flux J;(z, t) defined by (10) tends to the classical
Fick’s flux. Considering now the mass conservation law
dc . _8JZ
ot Oz

we obtain (1).

Equation (1) can also be obtained if we assume that the vehicle and the skin
have a viscoelastic response to the sudden strain induced by the penetration
of the drug. In this case the flux J; jr is related with the viscoelastic stress
o; by

80'2'
Jim(z,t) = D2,¢%($,t),
and 3 .
P9, t) + —ay = e(x, 1) (11)
8t T

The definition (11) for the viscoelastic stress o; is a particular case of the def-
inition given in [9], where on the second member of (11) a linear combination

of ¢(x,t) and a—j(az,t) was considered. The approach of Cohen, White and

Witelski ([9]) was largely followed in the literature. Without be exhaustive
we mention [11]- [17], [24].

In heat conduction phenomena equation (1) was used in [8], [29] and [40] in
order to avoid the limitations of the traditional heat equation. In reaction-
diffusion context equation (1) with a reaction term was introduced in [18], [19]
in order to avoid the drawback of the classical Fisher-Kolmogorov-Petrovskii-
Piskunov equation. Equation (1) was studied in [2], [3], [4] and [21] being
used to model the drug diffusion in the skin in [5].

In this paper, our aim is to study the initial boundary value problem
(IBVP) (1)-(5) in two aspects: analytical and numerically. From analyti-
cal point of view, Section 2 focus the stability of the mathematical model.
In Section 3 a discrete version of the continuous model is proposed and its
stability and convergence properties are analyzed. Finally, in Section 4 we
present some numerical simulations to illustrate the theoretical results. The
behavior of the Fickian model and the non-Fickian model is compared nu-
merically.
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2. On the well-posedness of the non-Fickian model

In this section we analyse the stability of the IBVP (1)-(5) with respect to
perturbations of the initial condition.

We use the following notation: by v(t) we denote the z-function if v is
defined in [—L,, Ls] x [0,7] and t is fixed. We represent by (.,.) the usual
L? inner product and by ||.|| the usual L:norm. When we consider each
interval I;,i = v, s, we adopt the following notations: (.,.)r,, ||.|[z2z)- By
HY(—L,, L,) we represent the usual Sobolev space. Let L2(0, T, H'(—L,, Ly))
be the space of functions v defined in [—L,, L] x [0, T| such that, for ¢t € [0, T,
v(t) € HY(—L,, Ls) and

T
| 1@l de < o
0

where ||.||1 denotes the usual norm in H'(—L,, Lg). Let L*(0,T, L*(—L,, Ly))
be defined as L?(0,T, H(—L,, L)) replacing H*(—L,, Ly) by L*(—=L,, Ly).
We establish, in the following result, an estimate for the energy functional

T

t dc D i t_t—_s Jc
B() = )1+ 32 (D 1506y ds+ 220 [ €% 505 dslfgy)

1=0,8

for t € [0,7T], depending on the behavior of the initial condition cy(x,t) for
x € |—Ly, L.

Theorem 1. Let c be a solution of (1)-(5) such that c € L*(0, T, H'(—L,, L))

dc 9*
8_§’ 8_02 € L*(—L,, Ly), for each t € (0,T). Then we have
x

and

E(t) < |leoll?, t € [0,T]. (12)
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Proof: Multiplying (1) by ¢(¢) with respect the inner product (.,.) and
using integration by parts we get

dc Dy, [t _=s0c dc
2 _ _ | — 2 272 Ti R
sl = = 3 (Dulgo Ol + 22| = o) ds 50

; i
1=v,8

t
—c(—Lv,t)(Dlvg (—Lo.t)+ DT“/O e_r_vsgc(—Lv,s)ds>

t
+c(0,t)(Dlvg (0,t) + D2’U/ e 86(0,3) ds
0
9 Doy 1 0nd
~c(0,6)(D150,1) + = / 20, 5) ds)
0

el Loy t)(Drg (L) + =2 /O ¢ L L) ds).

Ts

Taking into account the boundary conditions (2), (3) and the transition con-
dition (5) we establish

dc Dy, [t _=0c dc

2 — J— | — 2 272 T R
Lo = i;g(Dl,zHagt)HLz(m ([T S e ds )
—re(Ly, 1) (13)

As we have

b i 0c dc __80
([ s gon = 53] / 5) sl

4| /
we deduce that

T8 = 32 (Dull Ol —H/ =

1=0,S

dSHL2

80

dSHLz > — 7“0([49,15)2

and we conclude (12).
m
The designation “natural conditions” for the boundary conditions (2), (3)
and the transition condition (5) is justified in the proof of Theorem 1. In
fact such conditions enable us to conclude that the total mass in the vehicle
and in the skin is bounded in time. The same behavior can be observed
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for the gradient of the concentration in both components of the vehicle-skin
system as well for the weighed “past in time” of the concentration gradients.
Furthermore, from the proof of Theorem 1 we conclude that F(t) is decreasing
in time.

We point out that for the Fickian model (6)-(8) we are not able to get any
information to the weighed ”past in time” of the concentration gradients in
both components.

If the boundary conditions (2)-(3) are replaced by the homogeneous Dirich-
let boundary conditions, then using the Poincaré-Friedrichs inequality in both

oc

terms D“H (¢ )H%Q(I,) we obtain
a;- 3

D
2 2,1
(e P ) ds 321,
(14)
Qz
<l + 3 = H/ = ) dslla)
with
2Dy, 2Dy, 2 2
c:nmq—_% f-L§,7?—E}

From (14) we deduce that

22 tsac
P + 3 2 / ©(s)dslry < <l 20, (15)

ZUS

which allow us to conclude, in this case, that

D
. 2 2,1 Tz
i (e + 32 228y [

Z’US

s) ds|2 ):0

Estimate (15) characterizes the drug mass in the vehicle and in the skin at
each time ¢ as well the weighed “past in time” of the concentration gradients.
Such characterization can not be obtained for the Fickian model (6)-(8) even
if homogeneous Dirichlet boundary conditions are considered.

The following stability result is a natural consequence of Theorem 1.

Corollary 1. Let ¢ and ¢ be solutions of (1)-(5) with initial conditions ¢y and

dc 0%*c 0¢ 0%
o, such thatc,é € L*(0,T, H' (=L, L)) and — 5% 52’ It 8:132 € L°(—L,, Ly),
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for each t € (0,T]. Then we have

E(t) < [lco = &ll* + ) Duil

1=0,5

o dcy

dc 5
dr dr HLQ(Il-)? (S [O,T]

The uniqueness of the solution of the following variational problem: find
0
ce L*0,T, H(-L,, L)) such that @—j € L*(—L,, L), c satisfies (2)-(5) and
the following variational equality

dc dc , . dv Dy; (' s Oc, | dv B
Oty 0)+ X (Dua 5o, i+ /O (), Thnds) =0

Ti

h (16)
Vv € HY(—L,, L), also results from Theorem 1.
3. A discrete model

Our aim in this section is to introduce a discretization of the IBVP (1)-(5)
which mimics its continuous counterpart. The discrete model is obtained dis-
cretizing equation (1) by using cell-centered finite-differences in space domain
and the rectangular rule for the integral term.

We define the time grid {¢,,n =0,1,2,...},

to=0, t,y1=t,+k,n=20,1,2,...
where k is the time-step. In the space domain [—L,, L] we introduce grid
{xo = —Lv,x,’ = .Ii_1+h, 1= 1,...,M,.IM = LS},
Ly+ L,

where h = and xy = 0 is the transition point. By z;;1/» we rep-

resent the center of the cell [z, zi11), 1 = 0,...,M — 1, I}, and I;, denote,
respectively, the sets {z;11/9,@ = 0,...,M — 1} and [}, = I} U {zo, xp}.
Let I, = I, N [~L,,0] and I;,, = I;, N[0, L,]. Let x_)5 and xpr41/9 be

the auxiliary points x_y,y = —L, — 5 T2 = Ty + 5 For grid functions

vy, defined in I, U {z_, /2. Tar41/2} we introduce the finite-difference formula
Apvp(241/2) defined as the usual second-order finite difference quotient when
i #0,N—1,N,N+1,M—1, M. Apvp(zg) and Apv,(xys) are defined us-
ing a boundary point, a cell-center point and the auxiliary points x_;/, and
Tpr41/2, respectively. If x; /9 is such that x; or x;;1 is a boundary point or



10 S. BARBEIRO AND J.A. FERREIRA

wy then Apvy(7i41/9) is defined by using w41/, the boundary point or xy
and neighbor cell-center point.

Let D_; be the backward finite difference operator with respect to the time
variable and D, the first-order centered finite difference quotient defined with
respect to the space variable x by the auxiliary point and the cell-center point.
D_, and D, represent, respectively, backward and forward finite difference
operators defined using x and neighbor cell-center points.

By c}(x;) we represent the approximation to c(z;, t,) defined by the system
of equations

n+1

D v tnp1—t; :
D_thH(xi) = DLUA;LCZH(:UZ-) Ty i Ze = Anct(x;), x; € I, U{zo},
Ty 4
j=1
D n+1 )
s 1=t .
Dy (x;) = Dy gAnci ™ (i) + =2 Z e Apa (i), x; € Ins U{zn},
Ty “
7j=1
(17)
with the boundary conditions
D n+1 )
v 1=t .
DiyDecy (wg) + k=2 e Decl(m) =0,
Ty, 4
=1
D jn—l—l (18)
s trp1—t; . .
Dy Decit (2ay) + k== Z e~ D.cp(xp) +ref T (zay) =0,
Ty 4
7j=1
and the discrete transition condition on zy
D n+1 b1t
Dy yD_,ci ! el S D_el
Do) RS D )
D jn—i—l (19)
s tnt1—t; .
= D1 Doy (ay) + k23 e = Dac) (o).
S ]:1
The initial values c!)(z;) are given by
A (xi) = co(xi), z; € T, (20)

3.1. Stability analysis.
In order to study the stability of the numerical methods, let us introduce
some notation. We denote by L?(I;) the space of grid functions vy, defined
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in I;,. In this space, we will consider the discrete inner product

(Un, wp)n = (Vn, wa)y + (Vn, wh)s

where
h 3 —
(Uh, wh)v = th(xo)wh(iﬁo) + Ehvh($1/2)wh($1/2) +h Z Uh(33¢+1/2)wh($i+1/2)
i=1
+Zhvh<xN—1/2)wh<xN—1/2)7
M-2
3
(Uhawh)s = Zhvh($N+1/2)wh(33N+1/2) +h Z Uh(33¢+1/2)wh($¢+1/2)
i=N+1
h
+1hvh<$M—1/2)wh<$M—1/2) + th(SUM)wh(SUM),
for vy, wy, € L%(I,). We denote by || - || the norm induced by this inner

product. We also need to introduce the following notation
(Vs W)y = (Vn, Wa) ot + (Vn, Wi st

for grid functions defined on I, U {xy, z)}, where

N-1
h
(Vn, Wh)hot = §Uh(x1/2)wh(x1/2) +h Z OB (Tig1/2)Wh(Ti41/2)
i=1
+§vh(xN)wh(xN),
L M-1
(Uh, wh)hs+ = §Uh($zv+1/2)wh($zv+1/2) +h Z Uh($i+1/2)wh($z'+1/2)
i=N+1
h
+§vh(a:M)wh(xM)
and
[onlls = llonllhus + llonlsrs
with
HUhH;QLH = (U, Un) it
for i = v, s.

The following lemma has a central role in the proof of the main stability
result of this section and it can be proved using summation by parts.



12 S. BARBEIRO AND J.A. FERREIRA

Lemma 1. Let wy, vy, be grid functions defined in I, U {z_1/2, 2N, Tars1 2}
Then

(&UAhUh7 wh)v+(043Ahvh7 wh)s — _@U(D—xvha D—xwh)hv—i— - @UDcUh(xO)wh(xO)
+a, D_vp(xn)wi(xy) — asDyvp(xy)wp(zy)
—as(D_yvp, D_ywp)pst + s Devn(xar)wn (@)

It follows the main stability result.

Theorem 2. Let ¢} be a solution of the finite-difference problem (17)-(20).
Then

Dy
I h+1Hh+kZDlz —xCh’LthHJrk?Z Z

ZUS ’L’US

ey 112 0112
Z i Doy llhis < el
j=1

(21)

Proof: Multiplying (17) by ¢! with respect the inner product (.,.); and
using summation by parts we obtain

HchHHh (chs CZH ) —k Z Dl,iHD—:cChHHhH

D n+1 +1 ¢ -
DI W LR
1= v,S D n+1 1
. a1ty .
— ke (o) (D170D002+1(x0) + =2 kZe o Dccfl(xo))
Ty =1
D2 n+1 N ' (22)
ke @) (DroDoscy ™ a) + 22k Y e Doy (an))
v :1
D n—ij-l
s _tng1—t) .
ket (z )(DlsD G an) + 2Ry e Dxcjh(xN)>
Tg -
7j=1

D s tny1—tj .
e () (DasDec war) + =22k e Duc () ).
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Taking the boundary conditions (18) and the transition condition (19) into
account in (22) we deduce that

e R = (choep™n =k Y Dl D_we 7
1=0,8

D2 n+1 n+1 : (23)
—k? Z X Z D_, th—wCh Ypiv — rcyt Yaa)2

’L’US

As we have

n+1 n+1 ' n+1 .
Z h7 D—xCZ+1 hz+ - _H Z —fC hH%H
j=1
2k
H Dl + _HD—CCCh—HHhH-a
2
using the Cauchy-Schwarz inequality, from (23) we obtain
D2 n+1 '
HC i+ ZD12‘|D—~’CCh+1th+ —Z ZHZ D_ycp |l
Z v,8 1= v,8
1 k ]{2 _ 2k D2 ; _tn7t ;
<Slepllh =5 D DullDaey My + 5 D e —|| Z@ " Dyl
2 2 2 T, 4
1=0,8 1=,8 7j=1
k? D,
-5 3 D s
1=0,8
which leads to
+1 +1 9 22 TL—|—1 tn+17 C] 9
e + &Y DrallD_acy ™ 7y + & Z H Z D_acy |y
1= v,S8 1= v,S8
2’: _ n—_] .
<kl =k > DrillD_acy Ml + £ e g _’H Ze T Doyl
i=v,8 i=v,5 Ti J=1

(24)
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Inequality (24) holds for n > 1 and we get

n 2
i 17 + & Z Dyi||D_ei a4 K Z X

ZUS ZUS

n+1

Do}l

Qz
< lehlli +k Y DrillD-schlliiy + K Z I\D—x chllhis- (25)

ZUS ZUS

Following the proof of inequality (24) and considering (17) with n = 0, it can
be shown that

22
lexll7 + % Z Dil|D—zcpllhis + k* Z D_scplliiy < lehlls- (26)
From (25) and (26) we conclude (21).
=

The following corollaries are consequence of Theorem 2.

Corollary 2. The finite difference scheme (17)-(20) has at most one solu-
tion.

Corollary 3. If ¢}, &} are solutions of the finite difference problem (17)-(20)
with the same boundary conditions and with the initial conditions ¢} and ¢,
respectively, then wy = ¢} — ¢} satisfies

D,
lwp ™M i + kY Dl Dogwp ™y + K2 Z :|

1=0,8 1=0,8 7j=1

n+
tni1 —tj

K D—xwil\iH

< llci — cullx-

3.2. Convergence.

Let e} (x;) = c(xi,t,) — ci(x;) be the global error and let T}'(x;) be the
correspondent truncation error at x; € I;,. We denote by 1y, 1) and T},
the truncation errors in I, ,U{xo}, I sU{xa} and {xn}, respectively. These
errors are related by the following finite-difference equations

n+1
tn41— t
Z e m Aheh(xZ) + T;;;rl(%)

j=1

Dy,
D_teZH(xi) = Dl,vAheZH(xi) T e

Ty
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z; € In,y U{zo},

n+1

2 n+1 tj
2N e Aeg () + T (),

T
s =1

D_ tGZ_H( ,) = Dl,SAheZH(xi) + k

z; € I s U{xp}, with the boundary conditions

n+1
Dy Dot il ) "
1oDeer ™ (o) + - ;3 eh(xo) ho(T0),
D . +1 —tj
Dy Deely ™ (war) + “Ze ' Doc) (war) + ref H(war) = Tyt (war),
S jzl

and the discrete transition condition on zy

n+1

(2% —t; .
DioD_sey ™ an) + k2N e 5 D_ye] (xn)
T S
n+1 +1 :
2, tn
= Dy Dyef ™ (xy) + k . - Ze "D.el(zy) + Ty (xw).
s 0

The initial values €Y (z;) are given by

&) (z;) =0, z; € I,

Theorem 3. Let ¢} be defined by (17)-(20) and let ¢ be the solution of (1)-
(5). Then for the error e} holds the following

lealli + & D Digll D-vepllii + 5> 2ZH Z

tn—t

J ;
7 D_gepllhiy

1=0,8 1=0,8 7j=1 (27)
sfeone 14 80k
<e e + o0 7 max ’Z}f,

8n?(1 — 8n%k) i=1,...

where n denotes a non zero constant provided that
1— 87k >0, (28)
and ’];f 1s defined by
1 . 1 . . 1 . 1

7;322_7;2(HT;fH%ﬁﬁ((T;f,v(xo))2+(T5,5($M))2)+E(T5,t(m))2)+2 (T3 (xn))*.
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where € 1s such that

Dy,
e — 21 <. (29)
2

Proof: Following the proof of Theorem 2 it can be shown that for e} we

have
D2 n+1 _
612+ 23 Daill Do s + —Z ZHZ “D_seilhis
i:U ,8 1=,
_%D ] ;

< ehae};‘“ - _ZDleD—xehHHhH + Z 21“2 K D—xeng%H

k2 DQZ D n+1 k Tn+1 n+1 k n+1 Tn—|—1
Y H —z€}, th+ + k( )—kep ™ (20) h (o)

1=0,8

—k62+1($N)Tﬁt+l($N) + key ™ () (= repH (ea) + Ty (ar)

(30)
Using the following representation
n n hep ™ (21)2) — ey (20) — n
il (o) = e (wo) + 5Tt D D (i)
i=1
_I_h€"+1( v) = et ey 1p)
2 h/2
it can be shown that
e )T ) < Do P o (0 () g 23),
(31)
where 1 and € are arbitrary non zero constants.
Considering (30), (31) and the inequalities
n n n n 1 n
en (o) Tty (o) + e (wan) Ty (o) < 20% [l ™" + Ih ((Th (w0))?

+H(Ty (2ar)?),

(eh ™) < SRl + S llen

(T;L”Hrl n+1) < n Heh+1H2 Tn—i—lHQ
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we obtain

(L =80k ey ™17 + kY Drall D-seii™ 7y

1=0,8
n+1

3T

’L’US

—:ceng%H

< |lef||* + 2k(e

+k2ze—r—fD“|\Z

1=0,S 7j=1

Dy,
* = D ey s = kDl Dsey™ [

n D—xehth+

(s (T + 5 (T )+ (T an)) + 5 (T3 @))
1 n
(T wn))?)
(32)
If € is fixed and satisfies (29) then, from (32), we obtain
D n+1
2,1 j

lei ™ 7 + kZ Dil|D—sel lhiy + k2z HZ "Doel s

1 2 D2 ’L
< g (IR RS Dull el s+ > D)

1=0,S 1=0,S Ti 7j=1

k n+1

TS
(33)
provided that k satisfies (28).
The inequality (33) implies that, for n > 2,
2 Dy, ' in2
el + k Z DlZHD—CEehHhH— +k Z H Z n D—fCehth’—i-
1 Dy 1 i

<(7=57) (bl =+ k;;g(Dh FR)ID b+ g mox T7).
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As for e,ll it can be shown that holds the estimate

Qz k
lenllz + & Z Dyil|D_sey iy + K Z HD—x T < 17877%%1’

ZUS ZUS

from (34) we deduce

n

n n D2,i —
lerlli + & > Duall Dvefllfis + 5 Y —*1D e

. . 7 .
1=0,5 1=0,5 j=1

1 n=1 1+ 8nk
< T)
B <1 - 877%) 8$2(1 — 812k) i=loon "

i Dogey it

which concludes the proof of (27).

We remark that if uw € C*![—L,, L] — {0} then 7, = O(h) and then

—:CehHhH— + & Z

’L’US ’L’US

D62, = O(h).

‘ehHh

The convergence order can be increased if we use a non uniform mesh at the
boundary points and at the transition point zy with a mesh size equal to
the square root of the mesh size of the rest of the grid. In this case, with the
same smoothness requirement it can be shown that

lexlli + & Y Duall D-veplliiy + 5 2’H Z

Z’US Z’US

K D—IG%H%H = O<h3)-

If the concentration it is known at x = —L, for all time ¢, that is, if we
assume a Dirichlet boundary condition at © = —L,, then e} "!(z9) = 0. In

what concerns the term e} *!(z)) of (30) we can prove that

e ) TP ar) < 3 D 2 + Ty ) Y —

1=0,8 1=0,8
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where 0;,7 = v, s, denote positive constants. Then (32) is replaced by

n+1
tn+1 —tj

K D_IG%H%LH

n 2 z
(1= 49°k)[lep 7 +k> DI,Z-HD_xeh“Hmk?Z

1=0,8 1=0,S j=1

Dl,v

< |\62H%+2/€(62+05 — D€y . + 2k(0

kQZ 2ZHZ

17
5 S)HD—wehHHher

K D—:vehth+

) 12, 1,11
+7€((Thfl($zv))2(2nzh+ =) T )5(0—3+0_§)>-

If we fixe 0;,7 = v, s and € such that

Dy, D
€2+03—%§0,0§— — <0,

then, for k satisfying

1 —49°k > 0,
we obtain
D n+1 P
2i AR :
len 17 + kD DuillDwei ™ 7 + £ ) — |l Y e Dol
1=0,S 1=0,S L j=1
1 n+1
2k” enlln +k Z Dy il| D—ve ™ [l
Qz J j
+k? Z l Z D
k 1 2 1,1 1
_ N (g 2 < 1 e )
(T @) G+ 2) + O @5 (5 + )
Following the proof of Theorem 3, it can be shown that
n+1
2z tn+1—tj .
len ™ IR + & Y DullD_seh ™ iy + K Z H > e D_ep iy
1=0,S 1=0,S j=1

is O(hY) + O(h®), where the order h? is associated with the term

(T3 o) g + =

) If we consider locally, at the transition point, a
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non uniform mesh with size equal to the square root of the mesh size of the
rest of the grid, we obtain, globally second convergence order.

4. Numerical results

We compare numerically the behaviour of the proposed model with the
diffusion model considered for instance in [20] and [28], which is defined by
the diffusion equations (6), the initial condition (4), the boundary conditions
(7) and the transition condition (8). The discretization of the the diffu-
sion equations are obtained from the discretization of the integro-differential
model taking Dy; = 0,7 = v, s.

For the simulation we consider that initially there is no drug in the skin
and the concentration in the vehicle is 1, i.e.,

c(x,0)=1, L, <2 <0, c(x,0)=0,0<zx< L.

In all numerical experiments, we use constants values taken from [26]: L, =
0.009, L, = 0.1, D, = 8.901 x 10~ and D, = 4.04 x 10~*. For the boundary
condition we consider » = 0.001.

We start considering for the integro-differential model D;, = 0, Dy, =
8.901 x 107°, Dy s = 0 and Dy = 4.04 x 1071 The results are plotted in
Figure 2.

0.8

0.6

0.2

T=1 T =10 T =100

FIGURE 2. Concentration using the differential model (D) and the integro-
differential model (I-D), 7, = 0.2, 7, = 0.1, with &£ = 0.0001 and A = 0.0001.

The results considering D;, = 4, Dy, = 4.901 x 1073, Dys = 2 and
Dy s =2.04 x 10~ are plotted in Figure 3.

As we expected, in both examples, the propagation velocity of the numer-
ical approximations to the solution of the integro-differential model is lower.

In Figure 4 the values of 7, and 7, change. For smaller values the two
curves are closer.
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Concentration

T=1 T =10 T =100

FIGURE 3. Concentration using the differential model (D) and the integro-
differential model (I-D), 7, = 0.2, 7, = 0.1, with £ = 0.0001 and h = 0.0001.

FIGURE 4. Concentration using the differential model (D) and the integro-
differential model (I-D), 7, = 0.1, 75 = 0.05 (left), 7, = 0.05, 7, = 0.0125
(right) with £ = 0.0001 and h = 0.0001 for ¢ = 10.
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